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Diagram representing the expanding universe of nebulae, as made by 
the obseivei at O, at a particular epoch in his expeiience Each dot 
represents the nucleus of a nebula, and is in outwaid motion fiom 0 
with uniform velocity At any one epoch, in the experience of 0, the 
velocities aie propoitional to the distances from O The points aie 
scattered with increasing density farther and farther away fiom 0, 
the density approaching infinity neai the boundary The boundary, 
which IS receding from 0 in every direction with the speed of light, is 
not itself occupied by points, but the points form an ‘open’ set of 
which every point of the boundary is a limiting point The assembly 
of moving points has the property that an observer on any point also 
sees himself as the geometrical centre of the system in his view, with 
the other points distributed round him with spherical symmetry 
inside a radius defined by the epoch in his exper lence to which the 
diagram refers For each particle-observer, the system is locally 
homogeneous near himself, the density increasing outwards, at first 
slowly, ultimately to infinity The total population of points is 
infinite The particles near the boundary tend towards invisibility, 
as seen by the central observer, and fade into a continuous back- 
groimd of finite intensity 
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PREFACE 

The present volume contains the material origmaUy delivered as 
lectures at the XJmversity College of Wales, Aberystwyth, on the 
Aberystivyth Lectures Foundation, m 1933, under the general title 
‘World-structure problems of time and space and the distribution 
of matter and motion m the umverse’ The titles of the five lectures 
were ‘The cosmological problem’, ‘The earher gravitational solutions 
of Emstein and others’, ‘The kmematic solution’, ‘The pruneval 
ground-plan of the umverse’, ‘The final picture creation, evolution, 
gravitation, hght’ It was part of the conditions of the lectureship 
that the lectures should be pubhshed I desire to express my apprecia- 
tion of the abundant hospitahty I received on the occasions of their 
delivery from the Prmcipal and members of the staff of the Umversity 
College of Wales, Aberystwyth 

Smee the origmal dehvery the material has been considerably 
enlarged An immature account of the mvestigations had been pre- 
viously pubhshed m Zeitschnft fur AstropJiysilc, Band 6, S 1-95, 
1933,f and I desire to thank the editors of this journal for their 
couitcsy in prmtmg so long a contiibution, as well as Professor E P 
Freundlich for his sympathetic welcome of the ideas After the 
lectures it became necessary to develop the whole treatment in 
various directions, so that the present version differs both in spirit 
and m detail from the earher account, it also goes much farther 
A summary of the revised and extended treatment was dehvered as 
a lecture before the London Mathematical Society on May 17th, 1934, 
under the title ‘World-gravitation by kinematic methods’, and a 
more extended treatment was given at the Sb Andrews’ MathematicaK 
Colloquium, held under the auspices of the Edmburgh Mathematical 
Society, July 1934 An account of some aspects of the subject 
was given as the Joule lecture for the Manchester Literary and 
Philosophical Society on February 27th, 1934, imder the title ‘The 
expandmg umverse as a thermodynamic system’, and pubhshed m 
the Memoirs and Proceedings of that Society, vol 78, March 1934, and 
a brief treatment of the subject-matter of Chapters II and VII was 
contamed m an address dehvered before the British Institute of Philo- 
sophy, October 17, 1933, and pubhshed m Philosophy, January 1934 

1“ Correction slip, Heft 3 of the same volume For preliminary account, v Nature 
2 July 1932 
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PREFACE 


In the section dealing with Newtonian cosmology I desire to 
acknowledge the collaboration of Dr W H. McCrea, who is, however, 
in no way responsible for the line of thought I adopt I desire also to 
acknowledge the considerable contribution made by Dr A G Walker 
in the part dealing with the prmciple of least action, and also certain 
assistance from Mr. G J Whitrow of Christ Church, Oxford, in one 
of the developments of Chapter II 

As the work is mtimately concerned with the limitations of the 
so-called ^general’ theory of relativity, I desire to express my pro- 
found admiration for the magmficent work of Professor Einstein. 
My treatment is essentially different from that developed by him in 
his Ehodes lectures at Oxford in 1931, but I had the great privilege, 
on the occasion of Ms then visit to Oxford, of hearing an exposition 
by him of some of his ideas in personal conversation But more than 
that, the whole possibihty of the present treatment derives from 
Einstein’s earher epoch-makmg work m the subject called ^special’ 
relativity It is impossible to state adequately the inspiration afforded 
by Emstem’s pioneer methods 

I wish on this occasion to acknowledge my deep mdebtedness to 
others, in particular to my teachers Mr C H. Gore, late headmaster 
of Hymers, and Mr Chffoid Chaffer, to Dr E. W. Barnes, my 
director of studies at Trimty College, Cambridge, to Professor 
G. H Hardy for teaching me the elements of mathematical rigour 
and more especially for mterestmg me in the theory of sets of points 
(here used) in lectures at Cambridge, to Mr E Cunningham, for his 
lectures on relativity, to Professor S Chapman, who introduced me 
to the power of vector analysis, to Professor A. Y Hill, who taught 
me the elements of scientific research, and who convinced me that 
mathematics, whilst a good servant, is a had master; to Professor 
H F Newall, who gave me my first opportumties of studying 
astrophysics, and has ever smce given unfaihng encouragement, and 
lastly to Lord Rutherford, for Ms msistence on the necessity for 
obtainmg physical msight into physical phenomena If this volume 
contams anything of value, it is due to the teachmg of these friends 
WADHAM college:, oxeord, July, 1934 E A M, 

To Professor K H Fowler, my collaborator and friendly critic on. so many 
occasions, I owe useful criticism whilst tins book was passing through the 
press I am also indebted to Mr R G Collmgwood for certam suggestions. 

December, 1934 E A M 
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This V olume incorporates the substance of lectures delivered 
at the University College of Wales, Aberystwyth, on the 
Aberystwyth Lectures Foundation, March 6th-10th, 1933 


I 

SCOPE OF THE INVESTIGATIONS 


1 . The mvestigations here to be descnbed originated in an attempt 
to gam insight into the phenomenon of the expanding umverse 
Through researches begun and contmued by V M Shpher at the 
Lowell Obseryatory, and further researches undertaken by E Hubble 
at the Mount Wilson Observatory, it is now well known that the 
extra-galactic nebulae show spectra in which the hnes are displaced 
to the red, and for good reasons, which we discuss later, this pheno- 
menon IS commonly mterpreted as indicating that the nebulae are 
receding from us It was found by Hubble that the velocities of 
recession calculated from the observed shifts interpreted as Doppler 
effects are proportional to the distances of the correspondmg objects. 
The nebulae are therefore separatmg from ourselves with velocities 
proportional to their separations from us, and hence are similarly 
separatmg from one another. This phenomenon is known as the 
expansion of the umverse It imphes that the mean density of the 
smoothed-out universe of nebulae is dimimshmg in any neighbour- 
hood as time goes on The existence of the phenomenon of the ex- 
pansion raises questions as to its ongm, its rate, and its probable 
future, and as to its relation to the mean density of the umverse, the 
evolution of individual nebulae, and the evolution of the umverse as 
a whole 

These questions have usually been discussed by means of the con- 
cept of ‘expanding space’. The concept of ‘curved space’, previously 
the province of geometry alone, entered physics with Einstein s 
general theory of relativity, which gave also an account of gravita- 
tion As gravitational phenomena certainly occur, and as they could 
be described m terms of the properties of curved space, it came to be 
beheved that ‘space’ m the neighbourhood of a distribution of matter 
was ‘really curved’ It was a natural step for Emstem to take when 
he assigned a space of uniform curvature for the purpose of the 
description of the world as a whole Emstem convmced himseF that 
a solution of the problems raised by the structure of the umverse of 
matter was impossible withm the domain of Newtoman mechamcs. 
But he evaded them difficulties only hy the addition of a quasi- 
empirical term to his law of gravitation, over and above his replace- 

4021 B 
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ment of the Euclidian space of Newtonian theory by a spherical space 
Such, a spherical space was modified by Enedmaim, in a pioneer 
paper, by making its curvature change with the time Lemaitxe, 
independently, developed the same idea and showed that bis results 
were m harmony with the observed recession-phenomenon 

Since these pioneer investigations, with which important papers by 
de Sitter should he included, a host of writers have explored the 
different possible models that can he constructed for the umverse on 
the basis of general relativity It has been shown that models can be 
described m spaces of positive, negative, or zero curvature, expanding, 
oscillatmg, or contracting, and with positive, negative, or zero values 
of the cosmical constant No criterion has been suggested which would 
decide which of these would be expected to a^pply to the universe 
disclosed by astronomy, nor has any decision been come to as to 
which of these (if any) does in fact correspond to the observed umverse 

It was with no feeling of hostihty to these theories, still less with 
any hostihty to the general theory of relativity, that I began to think 
of the problem for myself As mathematical mvestigations the exist- 
ing theories are of the highest value But their current explanations 
in terms of ‘expanding space’ left me entirely puzzled Motion im- 
posed m consequence of a geometry differing from the geometry 
commonly used in physics was a credible notion. Gravitation as a 
warping of space was a credible notion, though it gave not the least 
hint as to the nature or origin of gravitation, why the presence of 
matter should affect ^space’ was left entirely unexplained. In assign- 
ing structure to space, in restoring structure to structurelessness, 
mathematical physicists had in effect remtroduced an ether f They 
had attributed gravitation to the properties of this ether in relation to 
the matter present, but had thrown httle insight into the situation. 

Also Einstein’s law of gravitation, amazingly successful and satis- 
fymg as it was, was by no means an inevitable consequence of the 
conceptual basis given by describing the phenomena by means of a 
Riemanman metric I had never been convinced of its necessity, and 
when one refiected that there was no more virtue in the value A = 0 
of the ‘cosmical constant’ A than in any other value, its essential 
arbitrariness became more apparent. Again, what was it that was 

f* This IS illustrated by Sir James Jeans’s remark that the great nebulae are ‘mere 
straws floating in the stream of space’, which ‘ought to show us m what way, if any, 
its currents are flowing’ (The New Bo/chgrcmnd oj Bci^ence, 1 935, p 137) 
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curved, when it was stated tliat space is curved’ Still more, what 
was it that was ‘expaudmg’ when it was stated that space is expand- 
ing’ Could the space of tMs room be said to be expanding’ Authori- 
ties differed One would conclude that only the space between the 
nebulae was expanding, another, that the nebulae themselves were 
expanding as well The attempts to describe in terms of phenomena 
what was described by the mathematics almost always resulted in 
fantastic and extravagant conclusions; examples of such mterpre- 
tations occur m Eddington’s briUiant book. The Uxpand%ng Umverse, 
wherein the universe is likened to an ever-widemng runnmg track, 
round which hght rdtimately began to describe its last lap, or to an 
mflatmg balloon, which ultimately bursts 

Mathematicians have ever demed that the concepts they use can 
he really understood by such metaphors This is a reasonable posi- 
tion But I do not share the view that the real nature of phenomena 
IS so obscure that they can only be described in terms of indefinable 
concepts which the plam man, not a mathematician, may for ever 
give up hope of imderstandmg That might be so, but we can never 
estabhsh it. We can but go on trymg to gam msight mto phenomena. 
The gaimng of insight mto a phenomenon is 3 ust as indefinable a 
notion as a mathematical concept But, as with a mathematical con- 
cept, we feel the better for it. It would be as wrong to preach that 
we can never ‘understand’ certam types of phenomena as to preach 
that we must never introduce a new mdefinable concept My 
scientific prejudices in favour of clarity and agamst mysticism were 
brought to a head by a correspondence in The Times, mMay 1932, on 
the subject of the curvature of space, a coirespondence occasioned by 
Su James Jeans’s Ludwig Mond lecture at Manchester. One distm- 
gmshed man of science was even reported as saymg that ‘we do 
not know, and probably shall never know, why space is expanding 
This seemed to be carrjnng scientific pessimism too far, and it 
stimulated me to try to understand the expansion of the umverse for 
myself The result was that from exceedmgly elementary considera- 
tions it was possible to see how it came about that the umverse was 
an expanding system, and why the relative velocities of the objects 
in it were proportional to their mutual distances The development 
of these ideas which had been prompted by a simple, common-sense 
view of the situation is the theme of this monograph The hne of the 
development is obvious and mevitable, granted the initial idea, any 
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matliematician. 'witli sufiicieiit faith in the Tisefnliiess and essential 
truthfulness of the initial idea would have travelled a similar path. 
Accordingly I do not feel personally responsible for the direction the 
investigations have taken, I felt merely that I was uncovering a 
situation already existing The investigations have taken many a 
surprising direction, and have at many a stage contradicted my 
intuitions and differed from my expectations, but always to prove 
themselves m thorough command of the phenomena The adventure 
has been more fascmating than I can say, and I can only wish to 
those who have the patience to read through the pages which follow 
even a fraction of the excitement and exhilaration which attended 
their workmg out 


The ^rincijple of relahv^ty 

2. The outcome of the investigations is essentially independent of 
their application in astronomy. Formally the investigations may be 
said to have for their object the ascertaining of the motions of certain 
systems of particles without recourse to a specific theory of gravita- 
tion The motions obtained are such as must necessarily be followed 
by the particles enumerated in the description of the systems con- 
cerned. The motions are deterimned from kinematic considerations 
only, and are subject only to the condition of being determined by 
observation and bemg described m similar ways hy observers, asso- 
ciated with particles of the system, whose roles m relation to the 
system are indistingnishable The principle of relativity is in effect 
used in a new way, a way which is almost independent of observa- 
tional verification, it is employed in the self-evident form that two 
observers, who stand in equivalent relations to the system and who 
agree to combine their observations (to yield coordinates) according 
to the same rules, will describe the behaviour of any particle by the 
same functions of these coordinates. The actual procedure will be 
clear from the later details 

The principle of relativity is usually stated m the form that laws 
of nature are invariant in form for any arbitrary transformation of 
coordinates This is an exceedingly stringent requirement, imposing 
severe restrictions on the possible forms of laws of nature Here we 
impose the principle of relativity in a much weaker form, imposmg 
far less severe restrictions and so leading to descriptions of per- 
missible motions which are not apparently included, as far as is at 
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piesent known, within the totality of those permissible under the 
‘general’ theory of relativity. The leading idea in our work is not that 
of transformations of cooTd'tYi(it6S but of transformations from obscTVCT 
to ^eg[u%vcdenf observer ^ where the word ecjuivalent will he strictly 
defined in terms of observations and tests which the observers can 
actually carry out. Transformations of coordinates alone are hut 
translations of language, and have not necessarily much to do with 
phenomena An observer can combine his observations to yield 
coordinates of events in an infimte variety of ways, coordmates are 
hut arbitrary constructs out of observations The important thmg is 
not transformations of coordinates but transformations of observers, 
from one observer to another observer A transformation of coor- 
dinates by a single observer, i e a new combination of observed data, 
leads to no new fact about the phenomena; it merely gives an 
alternative description of the phenomena by the same observer, that 
IS, a new description of the same phenomena from the old point of 
view We only get a new fact about the phenomena when we change 
the point of view, that is, when we change the observer And we can 
only institute comparisons between the two points of view when the 
two observers agree to combme their observations (so as to yield 
coordinates) according to the same rules. When these rules have been 
agreed on to be the same, and when we know from the mnex relation- 
ship of the observers that their points of view are similar, then we 
have a right to expect certain similarities in their descriptions In 
particular, when the mner structure of the system defined is identical 
from the two points of view, then its description from the two points 
of view must be identical This is the essence of the principle of rela- 
tivity It will be shown in detail to be the essence of the so-called 
^special’ theory of relativity, the ‘general’ theory of relativity intro- 
duces considerations and concepts which go beyond this We confine 
attention to the coordinates which an observer can construct out of 
his own observations alone, made with his own measuring apparatus 
The general theory of relativity, on the other hand, often employs 
coordinates which may be called ‘mixed coordinates’, coordinates 
constructed from observations made partly with the observer’s own 
measuring apparatus and partly with the apparatus of other observers 
An example is the ‘cosmic time’ t used in relativistic cosmology 
which IS used as a coordinate and which is identical with a measure 
made by a second, distant, observer We shall employ throughout 
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and not, as m the general theory of relativity, chosen to fit the dis- 
tribution of given matter-in-motion present. 

But not the shghtest olaun is made that the method amounts to 
a ‘general’ theory of gravitation The theories of gravitation of 
Newton and Einstem are capable m principle of dealing with the 
motion of any gravitatmg system, whatever its composition Here 
the method is only worked out for certam types of systems, namely 
systems contammg ‘eqmvalent’ particles m the sense defined below 
For these systems, the method prescribes all the details of the motion 
of every particle gwem, to be present m the system, hut it does not 
fuUy prescribe, m its present form, the motion of an additional free 
particle set loose m the system, that is, projected arbitrarily m the 
presence of the given particles formmg the system Whether it is 
open to generahzation so as to make it capable of descnbmg the 
motions of other systems, or of other free particles projected m the 
presence of other systems, will be discussed in general terms, but 
remams for future investigation The position is therefore simiLr- to 
that which would have arisen if the general solution of Kepler’s 
problem (motion of a system consistmg of one free particle and one 
‘heavy’ particle) had been found from general considerations before 
the Newtonian djmamics and gravitation had beenfoimulated.f or if 
similarly the two-body problem had been solved, or if Schwarzschild’s 
form for the metnc round a smgle point-mass had been found before 
Einstein s field equations were known, or again if the motion of a 
particular dynamical system, with a particular Lagrangian function, 
had been ascertamed from general prmciples before Lagrange’s 
equations of motion were known I believe that the required 
generalizations are possible, and that a search for them would repay 
investigation 

3. The mterest of the solutions might appear on this account to be 
distinctly hmited But it seems to me to be considerable for three 
reasons First, the systems studied show that m certam cases 
motions which we conventionally ascribe to giavitation depend on no 
8peci£.c form-ulahon of a law of gravitation at all, not even Emstem’s, 
and therefore suggest that the same is true for any system, namely 
that all gravitational motions will be found to be the only possible 
ones compatible with the prmeiple of relativity and the possibihty 

t As, m fact, it was 
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0^ ofes6iving th-Giiij fr66 from flio restriction involved, in. tlie assump- 
tion that the 'world can be described by a Biiemannian metric and m 
the assumption of specific ‘field equations’ with their present degree 
of arbitrariness Secondly, the motions studied describe gravitating 
systems of which only limitmg cases are described in Einstein’s 
theory , it is a matter of distmct in'terest thus to isolate ne'w solutions 
of the problem of gravitation, of a very simple character Thudly, 
the systems described and analysed by the method seem both suitable 
and adequate for a description of the astronomical umverse, of which 
they reproduce many of the observed features, including several 
hitherto ‘unexplained’. 

The method mvolves no hypotheses or arbitrary assumptions It 
mtroduces no empirical constants , when constants appear, it is 
merely as constants of mtegration or defimte integrals, and they 
correspond simply to the degree of arbitrarmess or generahty in the 
systems discussed The method simply sets about to enumerate the 
hmematic possibihties of the motions of the particles present, and it 
ultimately finds that the possibilities are so narrow that the motions 
are fully prescribed It may be called the study of descriptive 
kmematics, for it merely describes, or rather enumerates observers’ 
descriptions of, motions ■without appeal to any causal concept or 
laws of nature other than the principle of relativity in the above form 
Though descriptions of gravitation m terms of action at a distance or 
in terms of the consequences of a modification of space due to the 
presence of matter are perfectly legitimate, they obscure the inevit- 
abihty of the motions here disclosed It is here claimed that this 
inevitabihty , this independence of any formulation of a Imv of gravita- 
tion, constitutes an advance, however small, on Emstein’s theory 


4. After the method has been worked out -without recourse to 
Einstem s theory , comparison 'will he made between our systems and 
certam systems described m modern relativistic cosmology Other 
writers have already shown that m an ‘expandmg’ space of constant 
negative curvature, as time goes on and the density of matter tends 
to zero, the observable phenomena 'tend to comcidence with a limiting 
form of one of our systems The proof of this wdl be repeated usin g a 
different method This method shows that the equivalence of the 
relativistic and kmematic systems depends primarily not on the 
curvature of the relativistic space, but on a certain dimensionless 
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parameter, equivalence arising when this parameter tends to infimty 
The latter hmit is compatible not only with a hmitmg zero curvature 
for the relativistic space, but with a hmitmg infimte curvature, the 
density meanwhile remammg fimte We thus obtam two distmct 
limiting cases of the relativistic systems and kmematic systems for 
which in the neighbourhood of the observer we get approximate 
coincidence But, observed at any fimte epoch, the kmematic and 
"general relativity’ systems always differ m one fundamental respect 
The kinematic system always contams an mfimty of particles m the 
field of view of any observer, merging towards the limit of visibihty 
into a continuous background The systems of relativistic cosmology 
always contain a fimte number of particles m the field of view of any 
observer, and these are seen agamst a non-lummous background, 
but as the epoch of observation advances, fresh particles contmually 
appear in the field of view, mcreasmg m number to infimty as the 
system tends to pass to approximate comcidence with the kmematic 
system Thus these relativistic systems imply creation of matter 
within the experience of any observer It will be found generally that 
all the systems proposed m general relativistic cosmology imply either 
the creation or the anmhilation of matter withm the experience of 
any observer, i e in time, which contradicts actual experience This 
characteristic therefore compels us to reject all the systems proposed 
in relativistic cosmology m favour of the kmematic systems, which 
always contain, at any epoch of observation, all their particles already 
in existence All the "expandmg space’ solutions thus go, and the 
kinematic solutions alone survive 

Space 

5 A feature of the methods used is that the motions of the systems 
considered are described by means of the flat static space of ordmary 
physics, as remarked above, no recourse is made to a Riemanman 
metric, static or otherwise An advantage of this is that the systems 
can be pictured at once without the intervenmg calculations necessary 
when a Eiemannian metric is used We almost unconsciously embed 
our ordinary eye -pictures m Euclidian space, and so our formulae 
convey eye-pictures When we make comparison with systems 
described by means of a Kiemanman metric, we shall m all cases 
ehmmate the geometry and compare simply the observational data 
that would be collected in the two cases by an assigned observer 

4021 C 
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Systems described by the methods of general relativity are expressed 
in terms of systems of coordmates which are of a conceptual character, 
nerer directly observed, and to picture such systems to the eye or the 
telescope or the photographic plate, calculations are required, some- 
times of a complicated kind, to get from the coordinates used to the 
actual observations which they imply For this reason our treatment is 
essentially of a simpler character than the general relativity treatment 

Throughout our work the standpoint adopted as regards space is 
that the space used for the description of phenomena is essentially 
arbitrary and at the disposal of the observer The phrase ‘physical 
space’ has no meaning The formulation of laws of nature, the 
description of phenomena m terms of coordmates, will be different 
accordmg to the space selected, that is, accordmg to the rules adopted 
for the conversion of observed data into coordinates Laws of nature 
and geometry are complementary, a modification of the one imphes a 
modification of the other But it is always open to an observer to 
choose the flat static space of Euchd m which to embed the events the 
observations of which constitute his fleld of phenomena 

This is an old view It is most clearly expressed, perhaps, m the 
wntmgs of H Poincare In La Sctence et I’Tiypothisef he wrote 
‘La geometrie enolidienne n’a done rien a craindre d’exp6nences 
nouvelles ’ Agam, ‘Auoune exp6nenoe ne sera jamais en contra- 
diction avec le postulatum d’Euchde’ (he is alludmg to the axiom of 
parallels), ‘en revanche, aucune experience ne sera jamais en con- 
tradiction avec le postulatum de Lobatchevsky’, agam, ‘II est done 
impossible d imaginer nne experience concrete qui puisse etre inter- 
pr6tee dans le systeme euchdien et qm ne puisse pas Tetre dans le 
systeme lohatchevskien ’ The reason he gives is summed up in his 
aphonsm ‘Les experiences ont done porte, non sur Tespace, ma.ia sur 
les corps ’ 

This view has tended to be abandoned owing to the successes of the 
general theory of relativity Space has been held to be ‘really’ curved 
near ponderable matter, the space has been held to be influenced by 
the presence of matter. For example, a distmgnished student of 
relatmtyj has written ‘The fundamental rule of general relativity is 
that m all models space, time, and material phenomena are inter- 
dependent; no one of them can be assigned without afiectmg the 

■f Chap "V, L’e3p6rierice et la. geometrie 

t G- C McYittie, Observatory, 57, 63, 1934 
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§ 5 SPACE 

character of the others ’ But this is a rule of procedure, not au 
assertion about some preconceired entity "space’ The field equations 
of relatmty may m fact be regarded simply as a rule for selecting the 
space (calculating the which specify the space) given the matter 
present and its motion, the right-hand side of the equation 

G'iMV ^9iJLV ~ ^^fJLV 

specifies the matter-in-motion given to be present, whilst the left- 
hand side specifies the geometry .f General relativity moulds the 
geometry to the matter-m-motion, and chooses a different geometry 
for every different system It thus forges a weapon very powerful and 
very convenient for certain purposes, but not very convenient for 
others, not convenient, for example, for visualizing the phenomena in 
the space we habitually use m other branches of mathematical physics 
and in ordmary life But we must not argue that general relativity 
thereby denies the vahdity of the use of other spaces for other 
purposes. It is always withm our choice to use a space different from 
the space appropriate to the description of the phenomena by the 
methods of general relativity, in particular, to describe phenomena in 
terms of, or by the use of, the space of ordinary physics I beheve 
that this point of view has at present a considerable degree of accep- 
tance Bor example, the alternative procedures have been described 
by S It Milnerf as follows 'Two courses are open to us (1) We can 
modify the geometry assumed ... so that a mathematically straight 
track (i e its length obeys a stationary principle) still continues to 
represent the non-uniform motion of a particle; this is the method of 
general relativity (2) We can retain the fourfold with unaltered 
geometry and specify a curved track which represents the observed 
motion by weighting each element of its length so that the integral 
weighted length between two points is stationary, this is the method 
of least action Both these methods of describing the motions of 
bodies must be considered equally logical, when one remembers that 
a manifold (even when it is called "'space-time”) is not the actual 
world, but a mental concept, in which real phenomena are represented 

*]* Althougli^ it may be remaiked, tba matter m-uiotion is assixoied to b© described 
m terms of the same coordinates as serve to map the geometry, so that a coniplete set 
of observations of the matter -in motion, by themselves, do not permit the immediate 
calculation of the right band side The geometry has actually to be knovm first, before 
we can pass from observed data to the formulation of the right hand side Thus a 
conceptual element, namely the coordinates, enters explicitly at the outset 

t Proc Boy Soc , 139, 349, 1933. 
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symbolically ’ I should prefer to call the maiufold a ‘mental con- 
struct’ 

The -writings of de Sitter might persuade his readers into t, a, king a 
different -view Thus he writes t ‘We have no intuitive knowledge of 
the kmd of space we hve m,’ thus appearing to imply that we actually 
live in some particular kind of space, again, ‘Euchdian space is a very 
close approximation to the true physical space ’ He appears to 
beheve that space has an inherent curvature, -which, however, he 
thinks we can never determine ‘We shall never be able to say any- 
thing about the curvature -without introducing certam hypotheses ’ J 
But it must be remembered that de Sitter is talking about the 
geometry conventionally assigned for the description of the smoothed- 
out matter-m-motion of the umverse by the general theory of rela- 
tivity The actual geometry remams at the disposal of the observer, 
it is only when he voluntarily agrees to observe the rules of procedure 
of general relativity that de Sitter’s statements are valid 

Bertrand Bussell has also expressed views|| which might be taken 
as affirming that there is a real entity, the space of nature Thus 
‘ The physical problem may be stated as follows to find m the physical 
world, or to construct from physical materials, a space of one of 
the kmds enumerated by the logical treatment of geometry ’ This is 
unexceptionable if he means the problem of actually carrymg out the 
fit of an arbitrarily chosen space to a set of observed data defimng 
phenomena But it is opposed to the view here advocated if he means 
the problem of finding which of the abstract geometries fits physical 
data And his continuation suggests that the latter view is the one 
he has m mind, for he -wntes later ‘Many of the mathematically con- 
vement properties of abstract logical spaces cannot be kno-wn to 
belong or known not to belong to the space of physics,’ as though the 
space of physics was m fact one of these spaces, and, ‘The subject of 
the physical theory of space is a very large one, hitherto httle ex- 
plored ’ I should add that RusseU has here in mind other properties 

f Kosmos, p 117 

i I believe that de Sitter is m error here It will be shown later that if we could 
make observations through long periods of time, then these observations would dis- 
close whether the umverse was following one of the mo del- careers predicted for it by 
relativistic cosmology, and if so what are the universal values of the conventional 
curvature and the cosmical constant Indeed, the same thing could be inferred by 
observatious through a short period carried out with a sufficiently poweiful telescope 
See Part IV 

II M^sttczsm and Log%o 
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wMcli may or may not be assigned to the space chosen to describe 
experience, such as continuity 

Many more quotations might be given The above may serve as 
examples of positions held Here I wish only to establish a pnma 
facie case, a case for the jury, in favour of the view that the observer 
may choose his space arbitrarily The test of this view is not m the 
last resort any academic discussion of its tenability The test is 
whether it works Can we put the pomt of view into practice, and 
describe by means of flat space systems contaimng matter of non-zero 
density for which general relativity would select a curved space**^ The 
investigations here gathered together do m fact put the abstract view 
to apphcation in practice and describe certain systems of matter-in- 
motion in terms of the ordinary space used in physics It would be 
indeed remarkable if this were not possible, if the space which suffices 
for everyday experience and for the whole of physics excluding gravi- 
tation, were also madequate for describmg gravitational phenomena 
It would be no answer to this to say that space might 'really’ have 
a very small curvature, for we should have to define a scale of small- 
ness for the objection to have a meanmg, and the system of nature 
would then have to contain a fundamental length relative to gravita- 
tional phenomena This could not be any "radius of curvature’ of the 
world, for that would be precisely the length we should be anxious 
to assess as large or small We shall in fact show that the world as a 
whole, m relation to the phenomena of matter-m-motion we discuss, 
contains in its description no fundamental length, but only dimen- 
sionless constants f Thus gravitational phenomena should be describ- 
able in terms of arbitrarily adopted fiat or Euclidian space. It must 
be held to be a weakness of general relativity that its method obliges 
it to forgo this choice Clearly a need of present-day mathematical 
physics IS a general method of handhng gravitational problems in 
the space used m other physical problems This view is in violent 
opposition to the demand for a "umfied field theory’, a demand for 
further geometrical modification of the space used so as to be able to 
employ these modifications in describing electromagnetic phenomena 
Both are possible modes of advance We can try to simplify laws of 
nature at the cost of complicating space, or simplify the space at the 
cost of complicating, or at least altermg, the laws of nature 

\ When dynamical concepts are introduced, its desciiption may h© said to contain 
a fundamental mass as well 
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In denying any objective reality to any space used in physics, either 
that commonly used or those selected for the purposes of general 
relativity, I do not vash to imply that spatial relations have no mean- 
ing for us Our tactual experiences alone contradict this Further, 
we can construct spaces hy the use of the indefinable concept of the 
rigid length-measure, and then fit such to experience by pretending 
that we recognize in certain objects exemplifications of rigid length- 
scales But no one has constructed a physics out of tactual data, and 
no one can be sure of having constructed a length-scale of unalterable 
length when transported, whatever that may mean Thus, to be very 
brief, spatial experiences exist and may be said to form part of the 
real world, but they are irrelevant to physics Russell has quoted 
Peano as remarkmg that the word is one for which geometry has 

no use at all. Similarly physics has no use for spatial experiences We 
must endeavour to build up a physics out of observations without 
introducing the indefinable concept of the transport of rigid bodies 

Time 

6 , This brmgs us to the subject of hme, which seems to me to be on 
a totally different footing from space The passage of time is an 
undemable constituent of our consciousness Of two events which 
happen to me, I can always say which occurs first, or whether they 
occur ^at the same time’ Perhaps "always’ is too extreme a state- 
ment* But physics consists of over-extreme statements, and the ideal- 
ized observer with which I identify myself is supposed to be able to 
carry out this judgement of assessing the ‘earher-or-later’ relation 
between two events which occur to him ISTow if we exclude tactual 
experiences, and if further we exclude the use of the indefinable trans- 
portable rigid body, the coincidences of events which we call measures 
are always made at the observer himself They are events which occur 
at the observer The simplest such observation is the reading of a 
^ clock’ at the moment the event occurs This is in principle simply 
the assigmng of a number-sequence or number-continuum to events 
which occur in the observer’s own experience The assigning of such 
a one-dimensional number continuum is possible just because of the 
above-mentioned immediate experience of a ‘before and after’ rela- 
tion or a "simultaneity’ relation between events which occur to the 
observer himself We rely on the immediacy of judgement of the 
time sequence. Near the limit of simultaneity our judgement may 
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fail or may be ambiguous There, the treatment here to be adopted 
breaks down Until it so breaks down, that is to say, excluding too 
great ^nearness m time’ of events that occur to me at myself, I can 
arbitrarily graduate an arbitrarily running clock, and read off from 
its dial the graduation or time-number of any event which occurs to 
me That is a basal judgement made on my experiences And all my 
experiences of the external world, excluding those mentioned above, 
are experiences at myself They constitute my outlook on the world, 
and their totahty forms my data of observation The question arises 
whether such judgements, in the aggregate, form a sufficient basis for 
constructing a physics capable of dealmg with the problems we pro- 
pose to consider, that is, the problems of the motions of particles in 
one another’s presence when such particles can be observed by me 
necessarily by observations recorded at myself. 

Part I of this work is concerned with answering this question The 
answer is in the affirmative in so far as the ground we cover requires 
an answer The whole of our investigations, to which Part I is a 
necessary preliminary, rests on the immediate recognition of a tem- 
poral sequence amongst the events which occur to myself as observer | 

We can make other judgements than recognitions of temporal 
sequence. We can recogmze colours, match them, arrange them m a 
colour sequence We can recognize speeds; we can make an imme- 
diate judgement that one motor-car passes us at a faster rate than 
another (quite apart from watching whether the one overtakes the 
other) Doubtless a quantitative physics covering a certain domain of 
phenomena could be constructed out of such immediate judgements 
But no one has yet employed this course Here I am anxious merely 
to state a case for attempting to reduce the physics we need, considered 
as a set of measures, to measures based on temporal judgements. 

Other judgements will be required to be mtroduced, but not, I 
think, other measures ij We shall need to make immediate judge- 
ments that two particles we observe are or are not in Ime with one 
another — coincide in apparent direction, ox differ But the only 
measurements required will be measures made either with my clock 
or with some one else’s 

The subject of relativity only arises when we consider the experi- 

f The treatment here given is essentially di:fferent from that m Dr A A Robb’s 
A Theory of T^me and Space, though starting from the same basis 

t I refer to measures m terms of arbitrary standards Measures of solid angle 
are req^uired 
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ences of a second observer If there were only one observer in the 
world, there would be no relativity For the one observer could trans- 
form his observations into coordmates m as many ways as he chose, 
and there would be no one to say him nay We require another 
observer, or indeed an army of other observers, whose experiences 
may be compared with one another, before there is any sense in 
speaking of a relativity, before a relativity can possibly exist Rela- 
tivity and sohpsism are incompatibles Relativity is the complete 
demal of the solipsist position Relativity is the comparison of ex- 
periences of different observers Thus it comes about that we intro- 
duce not only the particles we observe, but hypothetical observers on 
these particles outside ourselves There is no need to do so We could 
survey and describe the nmverse from ourselves alone, and let the 
matter rest there We should never contradict ourselves But we are 
not in fact content with descriptions of our own experiences alone , 
we desire to be able to describe what we should expect to see from 
other view-points, so we create, in imagination, other observers The 
other observers may simply be ourselves at some previous stage of our 
experiences, as when the observer in the Michelson-Morley experi- 
ment IS carried by the earth round the sun, but he always implicitly 
assumes the possible hypothetical presence of another observer having 
experiences similar to those he himself formerly had The usual 
statements about changes of frames of reference postulate at bottom 
other observers located in these other, relatively moving, frames 
We shall bring in these other observers, theoretically necessary in 
order that a subject of relativity shall exist, by exphcitly attaching 
a hypothetical observer to other particles whenever we are interested 
in the point of view from these other particles Such other observers 
are to possess, like ourselves, temporal experiences We could not 
provide them with rigid length scales, copies of our own, because we 
could not say a priori what we meant by their being copies Nor can 
we provide them with clocks runmng and graduated in similar fashions 
to our own, because we cannot say a priori what we mean by ‘similarly 
runnmg’ and ‘similarly graduated’ We can, however, suppose them 
furmshed each with some kmd of a clock, somehow graduated, be- 
cause that IS only eqmvalent to saying that each possesses a temporal 
experience It then becomes part of our task to state tests and pro- 
cedures by which the different observers can compare their clocks, 
and come to some common agreement about their graduations, tests 
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by which a second observer can, if necessary, regraduate his clock to 
make it 'agree’, in some sense yet to be fixed, with my own It will 
be shown that such tests can be stated m terms of the totahty of the 
observations (time-measures) which the observers can make on one 
another using their clocks only When these tests have been made 
and the resulting cahbrations effected, it will be found possible to say 
what we mean by a pair of observers m uniform or any other kind 
of relative motion, to derive the Lorentz formulae (or generalizations 
of them) connecting the coordmates they calculate out of their 
observations, and so to estabhsh the formulae of the 'special’ theory 
of relativity without using the indefinable concept of the rigid trans- 
portable length-measure That theory will be shown to depend on 
time-measures only, and to be simply the expression of the equivalence 
of particle-observers who find from their observations that they can 
describe one another as in umform relative motion 
It IS to be particularly noted that we shall not assume as an axiom 
'the constancy of the velocity of hght’ Since we have excluded the 
possession of rigid bodies, we can give no defimtion of velocity until 
we have agreed on certain combmations of time-observations as 
representing velocities, we cannot compare velocities so constructed 
until we have compared clocks, and by the stage at which we have 
succeeded in comparing 'relatively moving clocks’ we have done all 
that the postulate of 'the constancy of the velocity of light’ was 
invented to accomphsh We finally prove that the number conven- 
tionally assigned by each of the 'eqmvalenf observers as his measure 
of the speed of light is the same for all observers 
It IS only with the meamngs so attached to the famous Lorentz 
formulae and to 'special relativity’ that we shall employ them in dis- 
cussing gravitation and world-structure The 'space’ we use wiU be 
throughout constructed out of time-measures Length coordinates, 
distance coordinates, will simply be certain combinations of time- 
measures 

7. For our purposes, once we have constructed space out of time or 
temporal experience, nothing further is gained by fusing the observed 
time-measures and the constructed space-measures further into what 
IS called 'space-time’ The use of this new construct for mathematical 
purposes is at once available if we need it Actually, by way of 
illustrating the independence of our analysis of any belief in a 'higher 
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reality, space-time’, I shaU rarely if evef employ four-dimensional 
analysis even to perform mathematical calculations Still less shall I 
ever mystify my readers by usmg 'bmaqvmry time, perfectly vahd 
as that IS as a geometrical concept What I sometimes lose in 
mathematical brevityf I hope to gam m clarity as to what each 
formula means m experience It is not space-time which is funda- 
mental There is no absolute thing existmg m itself which might be 
caUed ‘the space-tune of the world’ Time-experiences alone are 
treated as fundamental We thus never encounter paradoxes, we 
never find the experienced time-sequence of the observer in apparent 
conflict with the ‘relativity of tune’, as suggested in other treatments 
of relativity. 

In his Background of Science, Sir James Jeans admits that 
‘space means nothmg apart from our perception of objects and time 
means nothmg apart from our experience of events’ This is m 
harmony with the above views But he regards what we here caU 
‘constructed space-tune’ as ‘objective space-tune , and says j; 
‘Nature knows nothmg of space and time separately, being concerned 
only with the four-dunensional contmuum in which space and time are 
welded mseparably together mto the product we may designate as 
“space-tune” ’ This is a most misleading statement To say that 
‘Nature knows ’ is to make an assertion about nature for which we 
have no warrant, we do not know ‘what nature knows’, nor can we 
attach a meamng to the statement All we know are our observations 
of nature, fundamentally related to and expressed m terms of our 
temporal experiences, which we cannot deny Our temporal experi- 
ences are immediate, and we cannot put them on one side This 
immediacy of recogmtion of our temporal experiences is in flat con- 
tradition with Jeans’s next statement ‘Our human spectacles divide 
this [i e “space-tune”] mto space and time, and introduce a spmious 
differentiation between them ’ Why ‘spurious’ ’ This experience of 
ours of a temporal sequence is not spurious, it is, for us, one of the 
most real thmgs m the world To make an artificial construct, space- 
time, out of our experiences, and then say that we ‘separate the con- 
tmuum mto two mgredients’ is to move m a cucle No observer 
‘resolves his experiences mto space and time’ , his temporal experi- 
ence IS somethmg of which he has immediate awareness We shall be 

■J I ■will admit that I have often used the fonr-dimensional Minkowski ‘picture’ as 
a convement way of first doing certain calculations t p 1^1 
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content to put first things first, and base our treatment throughout 
on the obserTcrs’ immediate awareness of the passage of time 

It wiU then appear that there is nothmg ‘objeotiTe’, as Jeans main- 
tains, about the speed of hght When two observers, reducing their 
temporal experiences of one another by the same rules, succeed m 
cahbratmg their clocks agamst one another, and evaluate what they 
choose to define as the speed of hght using the same conventional 
defimtion, they arrive at the same number The ‘constancy of the 
speed of light’ is a consequence of conventions 
To summarize, we begin with temporal experiences, construct dis- 
tance-measures out of them, and combme the two, if we wish, mto 
space-time The only constituent of nature we have mcorporated mto 
our analysis is then the immediate recogmtion of temporal experi- 
ences Relativity is the comparison of the experiences of different 
observers who can commumcate with one another The indefinable 
concept of the transport of rigid length-scales, or the ‘slow transport 
of clocks’,! IS avoided 

Astroncmical Apfhccthons 

8 As stated earlier, the methods here used were origmally developed 
as an attack on the subject of world-structure They necessarily lead 
us to discuss problems of time, space, and relativity, and the problems 
of gravitation The results, the gravitatmg systems we eventually 
describe, have an abstract interest mdependent of then apphcations 
But their final mterest hes in there application to the astronomical 
universe This apphcation is possible if it is assumed that the umverse 
satisfies what IS conveniently called ‘Emstein’s cosmological principle’. 
This IS defined carefully in Chapter III. Here we are content to re- 
mark that it IS sim ply a prmciple of selection, which chooses, out of 
all possible gravitating systems, a certain class as appropriate for 
representing the universe The class selected contams no preferential 
particle as origin, and no unique standard of rest The umverse rmgU 
be representable by a distribution of matter-m-motion which had 
a umque centre of symmetry, with the material distributed symmetri- 
cally about it, or it might have two foci, or it might be a rotatmg mass, 
or two tidally distorted aggregates, or any generalization of these 
Whether it would be expected to be one of these, or whether it would 
be regarded rather as satisfying the cosmological principle, is a meta- 

f Eddmgtoix’s phrase. 
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physical question Here we construct systems satisfying the cosmo- 
logical principle and then use them sunply as standards of com- 
parisonf with which to compare the observed umverse 

The interest of these systems so constructed is then that they are 
found to reproduce many of the observable properties of the astro- 
nomical universe They give at once the phenomenon of the expan- 
sion, and the expansion law (velocity proportional to distance) They 
give the aggregation of the material of the umverse into sub-systems 
possessing a high degree of central condensation, and they predict the 
law of density-concentration, in fair agreement with observation 
They give the form of the trajectories of the constituents of the sub- 
systems They predict the presence, in any given volume of space, 
of particles moving with speeds arbitrarily close to that of light, and 
show how they have attamed these speeds by falhng towards the 
apparent centre of the umverse reckoned in the frame in which they 
are momentarily at rest Lastly, they predict the presence, near the 
centre of any given sub-system, of particles which have come nearly 
to rest relative to this sub-system — ^particles which have arrived in 
this vLcimty from other, distant, sub-systems to which they originally 
belonged The swiftly movmg particles may provisionally be identi- 
fied as the primary agents producing the well-known cosmic rays, for 
their impacts with other particles may be expected to give rise to the 
corpuscular radiations observed m ionization chambers The slowly 
moving particles, which ultimately come to rest relative to the sub- 
system concerned, may be provisionally identified with the ^cosmic 
clouds’ or other obscuring clouds which appear to occupy the vicinity 
of our own galaxy and which are seen as bands of obscuring matter in 
the diametral planes of spiral nebulae Whether these identifications 

t In earlier writings on this subject I used the cosmological principle as a weapon 
of investigation, i e assuming that the universe obeyed it I attempted to infer the 
properties it would have In the present monograph the cosmological principle is 
regarded throughout sunply as a defimtion, definmg what system we propose to con- 
sider In any gravitational problem, we have to define the systems under considera 
tion , for example, if we wish to consider the abstract two-body problem, we confine 
attention to solutions possessmg just a pau of singularities , similarly, if we wish to 
consider rotation of an mcompressible mass, we define our system as one possessmg 
a definite density, definite angular velocity, and definite boimdary conditions The 
cosmological prmciple is sunply used as a definition, a principle of exclusion, enumer- 
atmg the class of systems to be considered and excluding all others It is in no sense 
used as a daw of nature*, or prmciple of compulsion, prescribing what is to happen 
Whether, when a system is set up satisfymg the cosmological principle, it will con- 
tinue to satisfy it, IS a matter always for mvestigation I hope that this explanation 
meets Professor Bmgle’s published criticisms 
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prove justifiable or not, the presence in any region of space of swift 
particles and near galaxies of slow particles would seem to hold good 
on any theory of gravitation 

The present methods give no express account of the rotations of 
galaxies or of them spiral forms But they leave a natural place for 
extensions to these The methods of statistical kinematics represent 
the systems of particles described as quasi-contmuous dust-clouds, 
and so bear the same relation to descriptions of discrete, fimtely 
separated particles as the differential calculus bears to the calculus of 
fimte differences They give average effects only They make no 
allowance for the discreteness of the particles and sub-systems con- 
cerned Certain features exhibited by quasi-contmuous dust-clouds 
appear not to be reproducible by systems of particles with fimte 
separations, the fimte separations seem to forbid the possibfiity of 
satisfymg the cosmological prmciple in its strict form The resultmg 
departures from perfect eqmvalence of particle to particle will involve 
local variations in the aspect of the system from particle to particle, 
and such variations of aspect may be expected to be associated with 
departures of the values of the acceleration from the values obtained 
by statistical methods, these m turn will imply locally non-homo- 
geneous fields, tidal couples and the hke (interpreted dynamically), 
and to these, following Jeans, we may attribute the forms and internal 
motions of the nebulae other than those accounted for by the statis- 
tical theory The problem here seems bound up with the three-dimen- 
sionahty of space, fimte-difference solutions that are possible in one 
dimension seem to have no analogues m three dimensions 

The mvestigations which follow supersede those pubhshed in any 
earher papers, and follow a different logical sequence 
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|| EQUIVALENT PARTICLE-OBSERVERS 

['* 9. The preseat chapter is concerned with, the fundamental ideas of 

Ij' relativity. It proceeds without making use of the experimental facts 

ijj on which the ‘special’ or ‘restricted’ theory of relativity is usually 

Ijl' based, though its results coincide m large part with the formal rela- 

tionships developed in the special theory of relativity, here the 
!1 ‘ results are developed in new contexts, smtable for immediate apphca- 

j tion to prohlems of world-structure Again, it proceeds without re- 

* course to the conceptual methods of the ‘general’ theory of relativity , 

the assumption is nowhere made that phenomena or events can be 
located by means of conceptual coordmates in a Riemanman metric 
1 In general relativity, coordmates are mtroduced at the start as a 

' possible conceptual mode of description of events, and are then 

,j translated mto the possible observations ^vhich they imply, here, we 

I shall begin with observations, and any coordmates used will be con- 

^ structs out of observations that have already been made by the 

relevant observers, or that can m prmciple be made by them The 
object of the mvestigation is thus to construct a calculus on the basis 
of observations that could actually be carried out, without the use of 
indefinable concepts We shall not employ the concept of the trans- 
port of mvariable or rigid length-scales, because this is an inde- 
finable concept. Without considerable analysis it is impossible to say 
I what is meant by assertmg that a given measuring-rod and another 

^ given measurmg-rod in another place or in motion relative to the 

1, first have the same ‘length’, and it is unwise to begin a fundamental 

mvestigation by mtroducmg this notion as an indefinable concept 
^ . Nor shall we employ the concept of the transport of invariable do cks , 

I it is not possible without careful analysis to say what is meant by 

I the assertion that two clocks m different places or in relative motion 

[ keep the ‘^same time’ As a consequence of this act of self-denial, 

I I we shall not be in a position to employ the axiom of ‘the constancy 

,, of the velocity of light to observers in uniform relative motion’; for 
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velocity IS the ratio of a length to a time-difference, and neither 'will 
as yet have been defined Instead we shall state tests, which could 
actually be carried out, by which observers m different places and in 
relative motion could compare them clocks and measurmg-rods, and 
we shall find that when they adopt the same arbitrary conven- 
tions for calculating numbers which they call coordinates out of 
directly observed numbers observed by means of properly compared 
clocks, the numbers they are led to assign to what they agree to 
call the velocity of hght come out, under certain circumstances, the 
same 

It seems to me that here our investigations break fresh ground In 
his admmable Gifford lectures. Dr Barnes has quoted with approval 
an aphorism of Poincare d£ there were no sohd bodies we should not 
have geometry ’ Yet it is remarkable that relativistic cosmology 
describes as systems suitable for representing the world not systems of 
sohd bodies but systems of particles, the nebulae are ideahzed as a 
dust-cloud of particles The rigid body, m these presentations, comes 
in in the foundation of the theory, but plays no direct part m the 
systems of particles in motion they eventually describe In dis- 
cussing particles only it should be possible to proceed on a particle 
basis alone The rigid body plays indeed very different roles in 
different parts of these theories, sometimes as a rigid length-umt, 
sometimes as a theodohte or rigid angle-measurer These two usages 
are to be sharply distinguished, for the metre is an mcommumcable 
unit, primarily, whilst it is possible to commumcate to a distant 
geometer what is meant by an angle of 60° We shall at tunes employ 
the notion of the existence of the theodohte, but not the notion of 
the metre-scale. In so far as our procedure is free from criticism, this 
will prove some advance towards the ideal of describing systems of 
particles with recourse to particles only. 

1 0 . We shall employ the concept of "particle’ , and associate with each 
particle an "observer’ The combination will be called a ‘particle- 
observer’ The particle can be the seat of events, and these events 
can be observed by the associated observer The observer is supposed 
to be capable of describing his observations to other observers and to 
be capable of dispatching, at any given event which occurs at him- 
self, a signal to other observers at the moment of occurrence of the 
event at himself 
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H* Ia applications of relajtivity to world-stmctuiOj a considerable 
part IS played by particles which are equivalent to one another m the 
sense that a given particle-observer A describes his observations on 
surrounding particles in the same terms as any other given particle- 
observer £ describes hs observations on Ms surroundings Tor this 
to have a meaning it is necessary for A and B to agree on codes of 
description of the observations of the events B which occur at them- 
selves, the events E bemg the receptions of signals from other 
particles Further, we by no means wish to confine consideration to 
cases m which every particle is equivalent to every other It there- 
fore seems best to consider first the case of a pair of particle-observers 
who are eqmvalent to one another when attention is paid only to the 
observations they can make on one anothe*, i e excluding observa- 
tions on other particles 


We shall therefore say that two particle-observers A and B are 
eqmvalent when the totahty of observations A can make on B can be 
described by A m the same way as the totahty of observations which 
B can make on A can be described by B When this condition is 
satisfied, we shall write A = B A system of particles is then said to 
satisfy Einstem’s cosmological principle when if A and B are two 
members of the system such that A = B, then Al’s description of the 
whole system is identical with B’s description of the whole system 
Whether the umverse, idealized to a system of particles, may be 
expected to satisfy Einstem’s cosmological principle is partly a meta- 
physical question, whether it does m fact satisfy it is a question of 
experiment and observation, a question of test of fact, whether 
systems can be constructed satisfying the cosmological prmciple is a 
question of mathematics We shall later examme these questions. 
But before we construct systems of particles satisfymg Emstem’s 
cosmological prmciple, it appears to be an indispensable prehmmary 
to mvestigate the conditions under which A is equivalent to B m the 
narrow sense defined above, without consideration of other particles 
(other than A and B alone) which may be present For the moment 
we are content to remark that m a system satisfying Einstein’s cosmo- 
logical principle, it is by no means necessary that every pair of 
particles should be equivalent to one another, the system, described 

t Einsteia ongmaUy stated his principle m the form ‘Alle Stellen des Universums 

n ’ ^35, 1931 This IS a very vague statement, hut 
enml^ted Einstein s name with the more precis© form of the principle 
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m the same way by A and by B, may contam and 'will in general con- 
tam, other particle-observers who will describe the system in different 
terms; though it may contain also any number of particle-observers 
eqmvalent to A and to jB In the present chapter we confine atten- 
tion m the first mstance to the equivalence of specified particle- 
observers A, B, C, 

Clocks 

12 . Our defimtion of eqmvalence is still not complete The phrase 
the totabty of observations A can make on B’ implies the possession 
by A and B of measurmg apparatus In astronomical practice this 
apparatus consists essentially of clocks, telescopes, cameras, spectro- 
scopes, and photometers, an astronomer can tune, count stars, measure 
their spectra and their brightnesses, and ascertain their apparent 
distribution or relative proximity m his field of view In an abstract 
investigation deahng with fundamentals it is necessary, however, to 
reduce this collection of apparatus to its essentials The more abstract 
an mvestigation is at the outset, the more concrete it can be made 
later. We shall therefore mquire what progress can be made by usin g 
docks only. It is m any case necessary to confine attention to a smglA 
piece of measurmg apparatus For two observers might be eqmvalent 
in regard to one piece of apparatus and not in regard to others. 

We shall therefore suppose each observer A and B armed with a 
clock We must say what we mean by a clock, and describe how it is 
to be graduated. 

13 Each observer is supposed to possess a temporal experience. 
That IS to say, of any two events and which occur to himself, 
or at himself, he can make an immediate judgement as to whether 
follows J/j, precedes Ej_, or is simultaneous with E-^ Further, this 
temporal experience is supposed to be contmuous; between any two 
non-simultaneous events B^ and Jig other events can occur at A, and 
be ] udged as precedmg E^ and f ollowmg if is later than Ej_ The 

events which constitute J.’s temporal experience wiU, still further, be 
supposed to constitute a continuum That means that A can corre- 
late the totality of events m his temporal experience with the real 
numbers Associated with any event B which occurs to A is a number 
t, which we call the epoch of B Such a correlation of real numbers 
with the events constitutmg A’s temporal expenence we call a dock. 
It may be pictured as a hand runnmg contmuously round a dial, no 
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matter how 'irregularly’, the dial bemg graduated in some fashion 
and provided with a reTolution-counter When some erent E occurs 
at AL, J. may pnck off the simultaneous position of the hand, by an 
immediate judgement, and read off the epoch ^ of ^ 

jB is supposed also to possess a temporal experience, and to carry 
a clock. The question arises how is B to graduate his clock so that 
he can attach a meamng to saying that he is in possession of a clock 
identical with ^’s We shall solve this problem for the case A = B 
under the further restriction that at some one epoch A and B parted 
company. That is to say, we shall state tests hy which A and B can 
ascertam whether they are equivalent, tests which they could actually 
carry out for various clock graduations 

14. The restriction that A and B once parted company is not an 
essential restriction, it is made in order to afford an easy method for 
A and B to synchromze the zeros of their clocks They are to agree 
that the moment at which they parted company is to be labelled 
H = 0’ If m their experience the two particles never coincided, the 
synchronization of zeros, which may be carried out in a variety of 
ways, by selectmg specific events in their experiences as = 0, is 
arbitrary I have not had the leisure to carry through the analysis 
when J. and B pursue non-mtersectmg trajectories, and this problem 
would certainly repay investigation. Not only so, but it would have 
far-reaching cosmological apphcations. Our object is ultimately to 
construct systems of particles contaming equivalent pairs, and to gam 
insight mto the structure of such systems it seemed best to deal first 
with the case of intersecting trajectories As regards non-intersecting 
trajectories, the simplest case is that of 'relatively stationary particle- 
observers’, but when we dispense with the concept of the rigid 
length-measure it is not at once apparent what is meant by being 
'relatively stationary’. I have in fact analysed this ^stationary’ 
problem, with surprising results, but they will not be treated here , 
they are sufficient to show what a rich field awaits investigation, even 
in that simple everyday case of determination of longitude differences 
by observers provided with clocks and ‘wireless-signalhng apparatus 
Here, then, we confine attention to intersecting experiences 

Possible observations 

15. One of the mam features of the investigation which follows 
IS the recogmtion that if A and B are armed with clocks only, the 
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totality of observations that A can make on £ can be reduced to two 
types 

(1) A can send a signal to JB at tune by his (- 4 ’s) clock, and 
arrange with B that it is returned by £ (or reflected by £) at the 
moment of reception of the signal by £, A can then observe, by his 
own clock, the time of reception of the echo-signal from £, say fg The 
epochs and are numbers observed by A with his own arbitrarily 
graduated clock A can repeat these observations as often as he 
chooses (usmg some method such as the Morse code or coloured lights 
to identify return signals) The determination of as a function of 
h determines ^’s description of £'s motion ‘m the line of sight’ 

(2) A can read £’s clock directly at the epoch by his (J-’s) own 
clock. We can if we like give A a telescope to carry out this operation, 
A simply reads B‘s clock at the moment of return of the echo-signal 
But it IS sufiScient if B transmits, with his return signal, the epoch 

by his (B’s) clock at which the direct signal was received and re- 
turned. Alternatively B can transmit this information at his leisure 
The determmation of the epoch as a function of or of fires the 
behaviour of B’s clock m J.’s experience 
Though such mterchange of signals may be considered as far re- 
moved from astronomical procedure, it is in fact closely connected 
with it. The Doppler effect for B observed by A will be found to be 
simply the differential coeflGicient dtjdt's, once the clocks have been 
graduated so as to be comparable The whole of the present analysis 
can m fact be carried out by starting with Doppler effect observations 
and subsequently mtegratmg them, but the observational procedure 
here outhned, though more abstract, is more primitive 
We shall find that the whole problem of the descriptions of any 
event (not necessarily at A or B) by A and by £ turns on the deter- 
mination by A of the runmng of £’b clock in A’s experience. 

£ can carry out siimlar observations on A He can send a signal at 
time tg by his clock, receive the echo-signal at time <4, and ascertain 
the readmg of A’s clock at the moment of reflection by A, by an 
immediate judgement by A He can then plot #4 and as functions 
ofi'. 

A and £ will then be eqmvalent when is the same function of 
as ^4 IS of tg, and when at the same time is the same function of h or 
as IS of fg or 

We shall show here that consistency of observations implies that 
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the second function is determinate when the first is prescribed The 
reason that the functions are mterconnected is that the same signal 
may be regarded as an outward signal from or as a return signal 
to B The form of the second function is known from the special 
theory of relativity when A and B describe themselves as in ^uniform 
relative motion’, a phrase to which we have as yet given no meamng 
Here we shall not confine ourselves to 'uniform relative motion’, but 
deal with the arbitrary relative motion of equivalent observers We 
shall thus be led to a generalization of the special theory of relativity^f 

Coordinates 

16. It IS possible to conduct the followmg analysis in terms simply 
of the observational data But its relation with 

ordmary physics is better displayed if we now introduce coordinates 
Coordinates are numbers constructed out of observational data 

Particle-observer A has three data of observation associated with 
the event E-^ which was the event of the reflection of a certain signal 
by B Of these three, and are readings on ^’s clock, is a 
reading on B’s clock The description A formulates of the behaviour 
of in J.’s experience should clearly depend on the apparatus used 
by A for observing B’s behaviour, and be independent of the apparatus 
that happens to be in the possession of B We therefore impose the 
reqmrement that coordinates A assigns to event E^ shall depend on 
the measures ifg made by A with A’s clock only, and shall not 
depend on the readmg of jB’s clock (In general relativity is 
frequently used as a coordinate, and called the 'cosmic time’ of the 
event but it cannot be immediately determined by A by measures 
with his own apparatus General relativity uses the word 'coordinate’ 

t The present method suggested itself after I had proposed in lectures at Oxford 
a possible mode of derivation of the Lorentz formulae by idealized experiments in- 
volvmg light signals only, assummg the concept of uniform relative motion and the 
postulate of the constancy of the velocity of hght to two particle-observers in uniform 
relative motion The derivation was effected by Mr G J Whitrow in a paper pub- 
lished m Quart Journ Math (Oxford), 1933 I then found it possible to simplify 
the ingenious hut somewhat comphcated procedure due to Whitrow, and to reduce 
the problem of the proof of the Lorentz formulae to the determination of the runnmg 
of one observer’s clock m the experience of the other observer It then appeared that 
there was no necessity for the restriction to uniform relative motion The investiga- 
tions formmg the present chapter were delivered as lectures at seminars in Oxford in 
the October term, 1933 The relations of the methods here developed to the classical 
methods of derivation of the Lorentz formulae are not discussed here , they have been 
discussed by Whitrow in the paper cited, with full references It is scarcely necessary 
to remark that the present account does httle more than open up the subject 
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to represent any combination of possible measures, whether made by 
one observer or compounded out of observations made by more than 
one observer We shall find that considerable clarity results from 
confinmg the word coordinate to constructs from 'pure’ measures by 
a single observer and excludmg constructs from 'mixed’ measures ) 
Out of the two observed numbers and % determined by immediate 
judgements by A using his own clock, A can construct two other 
independent numbers in an infinite variety of ways We desire to 
construct two numbers one of which we may call the epoch of by 
A's clock, the other the distance of Ej^ by ^’s clock The epoch we 
desire to assign to E^ must for consistency be a number exceeding 
and less than for in any sense m which we can attach a meaning 
to 'earher’ and 'later’ Ejg is later than the event at A of epoch 
earher than the event at A of epoch Further, if we renumber J.’s 
clock-graduations by the addition of a constant we reqmre the 
epoch assigned to Ej^ to be increased by the same constant, and we 
require the distance assigned to Ej^ to be independent of the addition 
of a constant to A’s clock-graduations Lastly, we require that when 
E^ occurs at A, the epoch of E^ shall reduce to the epoch by J.’s clock, 
and the distance shall reduce to zero It is readily shown that these 
conditions imply that the epoch-coordinate of E^ must be of the 

form Uh+id+i’iih-k), 

and that the distance-coordinate of must be of the form 

^ 2(^2 ^i)j 

where i/fi(0) = 0 = simplest choice for and is to take 

= 0, where c is a positive number 

arbitrarily chosen by A We shall now write 

Tjq = ^1) (1) 

and call the epoch of jB^, Rj^ its distance Since > t^, necessarily 

h> h > 0 It should be noted that and are 

purely conventional constructs In this chapter, small letters t^, t^^ 
etc , denote the results of immediate judgements, whilst capitals Tj^ 
and i 2 j 5 denote conventional coordinates 
In order to compare his observations with J.’s, JS must adopt the 
same rules as A for constructing his coordinates of events Ej^ at A out 
of his observations by his clock By agreement with A, he chooses the 
same positive number c and writes 

T'j. = m+a = lo{ti-t^) 


(n 
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B could quite well choose a different number for c But A informs B 
of his choice, and B elects to make the same choice 

17 . From repeated observations of events at B, A can determme 
Rs as a function of 2 ^, and also as a function of {A simply 
draws graphs by plottmg R^ and against T^) Let these functions 
be Rs = c^i2{Ts), t's = fiz{%) Similarly B can determme as 
a function of T^, and as a function of Let these functions be 
R^ = c^2i(^)> — fzii^A) The assignment of distances and epochs 

are shown diagrammaticaUy m Fig 1 , the arrows indicatmg the 
observer makmg the assignments 



A B 

Fig 1 Observations and calculations by equivalent 
particle-observers on one another 


A and B can now try different graduations for their clocks, and for 
each graduation-scheme of either clock compare the functions ^12 
and ^215 the functions and /21 A and B will be equivalent if 
clock-graduations exist such that their graphs are identical, 1 e such 


^12 = ‘^21? = /12 = /215 = /> 


that 
so that 

RB = c<f>(Ts), Ra = <4{Ta), ( 2 ) 


The test of equivalence is thus one that can be actually carried out 
Every alteration of clock-graduations alters the conventional coor- 
dinates T^, Bjsf and so alters the various graphs and the 

functions which describe them 

We shall now assume that it is possible to realize in nature ^equiva- 
lent observers’, that is to say that pairs of observers could be set up 
which would move (or could be moved if necessary by appropriate 
constramts) such that = ^215 /12 — /21 This is the experimental 
basis of our mvestigation The situation contemplated must be 
ideally possible But the mvestigation can also be regarded as an 
abstract geometry The propositions which follow are true of entities 
which are the subjects of the propositions = ^21, /12 =/2i i^de- 
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pendently of whether such entities 'exist’ or not, just as propositions 
of geometry are true of the subjects of certam axioms without the 
'existence’ of these subjects bemg relevant Actually if it were not 
possible to reahze in nature equivalent observers the subject of rela- 
tivity as a branch of experimental philosophy would not exist 

Conditions of equivalence 

18, We proceed to show that if < 5^12 = ^21 = /12 — A 

a relation exists between (j) and / In words, this means that when 
two particle-observers are eqmvalent, their relative motion deter- 
mines the behaviour of either clock in the experience of the other 



Eia 2 Scheme of mterlocked signals 


observer When two observers are eqmvalent, we can say that they 
are provided with identical clocks, where a test of identity is imphed 
which could actually be carried out 
For consider the scheme of signals depicted in Fig 2 Let B 
dispatch a signal at epoch t^ by his clock, and let A reflect it at epoch 
by A’s clock, call this event Ej^ Let B receive this reflected signal 
at by jB’s clock, and call this event Ej^ Lastly let A receive the 
signal reflected at Ej^ at time clock This sequence of 

signals can be repeated as often as we hke, and t[ may be chosen 
arbitrarily The four times t'^, t^ are immediate judgements 

by the observers 

A and B now assign coordinates (epochs and distances) to events 
J® 2 j and Ej^ as follows* 

Event E^ A’s assignments 

Tjg = ~ (^) 

Event Ej^ jB’s assignments 

t'a = WB+t[). RU = Mb-K) 

From these equations, ehmmating and t{, we have 

Tjg Rjsic = 


(4) 
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But 


Hence 
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Bs = c^{TbI B'^ =: 


Ta+<I>{T'^) ^RTb) 

Since 2^, T'j^ depend on one arbitrary variable it follows that if 
IS chosen arbitrarily and found from the first equation and 
substituted in the second, the second must be an identity in T'j^ 

More briefly we may say that the relations may be written, on 
puttmg x=:Ts,y== 

f{y) = x^cf>{x), (5) 

f{x) = y+cl>{y), ( 6 ) 

and these equations are such that if the value of either x ox yi& found 
by solution of one of the equations, m terms oiy ox x respectively, and 
substituted m the other, then the resultmg equation must be an 
identity m the surviving variable Equations (5) and (6) will be found 
to imply the whole of 'special relativity’ and a great deal more. 

Our problem is to determine /, given These equations reduce to 
a question of mathematics the problem of what JS’s clock reads in the 
experience of A, given that A and B are equivalent and that A has 
ascertamed by observation B’s distance-time relation ^ in terms of 
his own (-4’s) coordmates 


19. Let us examme the circumstances in which f{x) = a; is a solution, 
1 e the circumstances in which B’s clock at any event at B reads the 
same time as the epoch conventionally assigned to the same event by 
A (m this case -d’s and jB’s clocks might be said to 'agree’) This 
requires that . , ,, , 

2 / = X = y+(l>{y) 


should give an identity when a; or is ehmmated Adding, we have 
(f>{x) = ^(y). If the 'motion’ of jB in A’s experience is progressive, 
(f> IS one-valued, and we have either x =:= y ox ^ = constant liy = x, 
then (f){x) = 0 = (f)(y) and the two particles are permanently coinci- 
dent If ^ = constant, the two observers reckon one another as at a 
fixed distance apart, and thus at relative rest f It follows that when 


t la this case they have never coincided, and onr assignment of a zero to the clock- 
readings requires reconsideration It is easily seen, however, that m this case the 
Observational relations are now mdependent of the addition of an arbitrary constant 
to the readmgs of either clock 
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relative motion occurs {(j> ^ const ), f{x) cannot be represented by x, 
and so ^ This is Emstem’s fundamental discovery 

It IS convement to say that all events to which A attaches the same 
epoch T form ‘the world-wide mstant t = T for A Thus m At’s 
World-Wide mstant t = T^, B’s clock does not read 2^. If we call 
-B s tune for an event at himself, namely the ‘cosmic time’ of that 
event, then the cosmic tune of an event never agrees with A’s coor- 
dinate tune for the same event when A considers JS as in motion 
relative to himself 


Solution in terms of a parameter function 
20 We now obtam a parametric solution of equations (5) and (6) 
Let /-I denote the function mverse to /, this is easily seen to exist 
Define functions p^.^ by the relationsf 


i>i2(^) =f-H^)-f>f-H0, 

(7) 

PiiiO =f-Hi)+<f>f-H0 

(8) 

Replacing ^ by/(^), we see that these imply 

PiM = 

(7') 

PiiM) = 

(S') 

Hence (5) and (6) may be written 

fiy) — Pi%f{^)> 

(9) 

fix) = P 21 fiy) 

(10) 

Ehmmatmg y, we have p^^fix) = p^^f{x) 


which must be an identity m x Hence py^ and p^.^ are mverse 
functions, they may be considered as mverse operators 
This leads to the followmg rule for constructing solutions of (5) 
and (6) in terms of a parameter function p-\^ Take an arbitrary 
function jPiad)) defined for all | > 0, and possessmg an inverse 
P 2 i(f) Define functions /(^) and by the relations 

( 11 ) 

<^(^) = ( 12 ) 
Then the functions f and <f> so constructed satisfy (5) and (6) For, re- 
placing ^ hjf{^) m (1 1), we have 

, , ^ ^ = fc/(a+JP2i/(a], 

whence, uang (12), 

= PiiM) 

i The notation ^/“^(^) means and similarly for all other functional 

operators 
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It follows that (5) and (6) will be satisfied provided the equations 

fiy) = Pisfi^h f{^) = PnSiy) 

yield an identity in either of the variables when the other is elimi- 
nated This is satisfied since and pjj are inverse functions The 
solution X, y of (5) and (6) may now he put in either of the forms 

y = ^ = f-^P2if(y) (13) 

Moreover, (11) and (12) provide the most general solution of (5) 
and (6) Tor if / and <f> emst, so do and^a^ by (7) and (8), and by 
(9) and (10) these are inverse functions The functions P 21 

play a fundamental part in what follows 

Doppler effects 

21. The physical meanings of the functions p^^^ and p^^^ are readily 
found. We have seen that the observers A and B can TTifl,kp. defimte 
tests of their equivalence in terms of their clock-readings Equations 
(5) and (6) then show that the clock-behaviour function / is deter- 
minate (or at least given by a specific functional equation) when ^ is 
known The time-distance function ^ determines the clock-behaviour 
function j prescribmg the behaviour of ‘identical’ clocks in the ex- 
perience of the relatively-movmg observers carrymg them This 
affords an objective meanmg to the carrying of ‘identical’ clocks by 
equivalent observers We may, however, if we choose, suppose that 
we can make an immediate recogmtion of whether two clocks are 
identical or not The simplest ideal case where such a recogmtion is 
possible is the ease of the atomic clock — ^two ‘identical’ atoms carried 
by the observers Then our analysis at once gives the apparent rela- 
tive rumung of the two clocks, mterms of the relative motion, and this 
IS easily seen to be equivalent to an evaluation of the Doppler effect 
Tor consider the simple signals depicted m Fig 3 



I,- 3 

Tig- 3 Direct and retiim signal made by A 


With onr previous notation -we have 

M^2+k) == 

Tb+<I>{Tb) = h 


where 

Hence 

Also 
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We *waiat to eliminate 2^ between these equations I^rom the pro- 
perties of the function already given 

'J'b+<I>(Tb)=P,J{T^). 

Hencef h=pM or 

Now a signal lea-song B at by B’a clock arrives at A at by 4’s 
clock, and a signal leaving B at by B’s clock arri-ves at A at 

clock. Hence the signal-interval dt'^ recorded on an 
atomic clock at B is received at 4 as an interval dt^ If Vq is the fre- 
quency of the hght emitted by B, v'^ that received by A, then -when 
dffjg = 1/vo, -we must have dt^ = 1/vo Thus if Aq, Aq are the wave- 
lengths corresponding to vj and vq, 


di 


'2 


^0/A 


dt^ 


!P2i(^jb) — 


1 


^ 12 (^ 2 ) 


Thus the differential coefiacient measures the Doppler dis- 

placement for the observation made by A at the epoch of observation 
h = by clock It follows that the differential coefScient 

IS directly observable by A If we denote by 5 (^ 2 ) the Doppler 
shift-ratio observed by A at epoch by -4’s clock, then 

5(^2) “ 5^21(^15) > ^^2 ~ 

dt^ 


SO that 


dtio — 




Consequently, apart from an additive constant, can be found by 
integration of actual observations made at A, namely by integration 
of given that A and B are equivalent. 

Similarly B can determine A's local time by observations of the 
Doppler shift observed at B For from the scheme of signals shown 


Ia 




Fig 4 Direct and return signal made by B 

in Fig 4 it follows by an identical calculation that 
A = Pix{tA) or tj^=Pxi{Q, 

When happens to eqnal Q^IXo)^ = (KIK)a- Thus the Doppler 

1 Similarly, T^-4{Ts) = «, = p^fiFj) = 
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shifts observed at the same local times are identical — a particular 
case of the equivalence of A and B 


22. As an example, suppose that A observes the Doppler shift of 
the light from B to be ccmMant %n Ume, s{t^ = const = s Then 


dt-^ — 


dt^ 

5 

s 


or, since and vanish together, 




h 

s 


Hence 

or, integrating, 
Hence 

and since and 


JP2i(^) = 

are inverse functions, 


PxM) = 


Hence 


(14) 


or 

Hence 


_ 1 r 25 1 25 ■ 

~ 2 [® 52 + 1“”5 5 ^ + 1 _ 




(16) 


(16) 


This determines the time-distance function ^ Accordingly, in terms 
of the coordmates J?^, used by A, A’s observations of the time- 
distance behaviour of B are given by 


J?7? — c 


s^+1 


-T^ 


Hence in terms of the coordinates used by himself, A judges J?’s dis- 
tance to be increasing at the uniform rate 


dTj, ‘^5H1 
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RADIAL VELOCITY 
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Radial velocity 

23. If A's observation of B, expressed in terms of coordinates, are 
stated in the form Rj^ == A defines the ^radial velocity^ of 

B as dR^jdTj^, and denotes this by F(2^) In the example just con- 
sidered, in which s was constant in time, is constant and is 

given by 




(17) 



This IS a well-known formula in the special theory of relativity Here 
we have deduced it merely from the equivalence of A and B, that is 
to say the identity of ^’s description of his observations of B with 
B's description of his observations of A We have thus proved the 
fundamental result that if two particle-observers are equivalent, and 
if the Doppler effects they observe on one another are constant in 
time, then they have a uniform relative radial velocity, or are in 
uniform relative radial motion, m terms of the coordinates we have 
defined In establishmg this result we have supposed that A can 
recogmze an atom on B as being identical with a certain species of 
atom at himself, so as to be able to compare wave-lengths ] But we 
have not assumed the concept of the transport of rigid length-scales, 
or introduced any postulate as to the Velocity of hght’, which we 
have not even defined 


24 It follows that to the extent to which a nebula exhibits a red- 
shift constant in time, if that nebula is ^equivalent’ to ourselves, then 
it IS moving relatively to us in terms of the coordinates commonly 
used in physics, and moreover at a constant relative velocity More 
generally, it can be shown that A s ^ I, whether s is constant in 
time or not, then V as defined is non-zero Any suggested explanation 
of the red-shift observed in a distant nebula as 'due to’ other than 
relative velocity can only be maintained by abandomng the 'equiva- 
lence’ of the distant nebula to ourselves, m the sense in which we 
have defined 'equivalence’ 

t* This recognition is only possible in virtue of the discreteness of atomic properties 
If the woild was composed of atoms shading continuously into one another, no such 
recognition would be possible 
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25 . In the case of a constant Doppler shift s, we have now hy (16), 
(15), (14), and (18) ^ 

M) = (l-FVc2)i^, (20) 


i’laCO = 




( 21 ) 


Relation (20), written in the form = f{Tj^), gives 

( 22 ) 

and so fixes the clock-lbehavioiir at JS m terms of J.’s coordinate time 
for the same event In the world-wide instant =: in JL’s 

coordinates, clock reads the smaller time (1— 7^/c^)^2^ Thus 
judged by A’s clock, jB’s clock is innnmg slow This is a consequence 
merely of the equivalence of the two particle-observers as regards 
them observations of one another 

We proceed now with the general theory, not restricting ourselves 
to constant Doppler shifts or to uniform relative motion 


The velocity of light 

26 . Consider again the signals scheme of Tig 3 We have 
\cif2 t-fj = Bjg = C(I>{Tjq), 

iih+h) = 2^5 

whence T^^(f>[Tjf) == tj^ 


Write this in the form 




(23) 


or 


jRr 


T 


= c 


■B~ 


(24) 


By ^’s clock, Tjq — t^^ is the mterval occupied by the signal in over- 
taking B, since Tj^ is the epoch, hy -4’s clock, of the event Bj^ which 
was the reception by £ of the signal which left A at epoch t^ by -A’s 
clock; further, Rj^ is the distance, by ^’s clock, traversed by this 
signal We define the ratio 


distance described by the si gnal 
interval occupied by the signal 

as the mean outward signal-velocity between the event at A and the 

event Ejg at B By (24) this is constant and equal to c Similarly, 

we have -r, 

As 

^2 — ^JB 


= C, 


(25) 
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■whence the mean m^ward signal velocity between and is also 
equal to c 

Now consider Fig 4 We have 

UW) = t:,. 


■whence 




( 26 ) 


Thus B’s calculation of the outward and mward mean signal- 
velocities, similarly defined, also comes to c The numbers assigned 
by A or by B, to mward or outward mean signal velocities, are thus 
equal and mdependent of the events and concerned The 
number c was an arbitrary number conventionally adopted, by agree- 
ment, by A and by B as a means of constructing coordinates (epochs 
and distances of distant events) out of observations We now see 
that if they define velocities as quotients of conventional distance- 
measures by conventional epoch-differences, they will attach constant 
and equal numbers to the signal-velocity This velocity they will call 
the velocity of hght 

We see that the famous ‘postulate of the constancy of the velocity 
of light’ IS at bottom a convention If two particle-observers are 
eqmvalent m the sense that they adopt similar rules for convertmg 
observations mto conventional coordmates, and if their observa- 
tions on one another are then described m the same terms, they are 
necessarily led to attach equal numbers to their reckomng of signal- 
velocities 


The recogmtion of this state of affaus is due to the gemus of 
Einstein Einstein’s procedure was, however, to assume that a mean- 
ing could be attached to the transport of identical clocks and rigid 
length-scales, and then to assume as a physical fact that the resultmg 
values of the velocity of light, m either direction, would be equal. 
This procedure does not, however, de'vise tests for verifying observa- 
tionally that the clocks and scales earned are identical Moreover 
he assumed uniform relative velocity We have stated an experi- 
mental procedure for verifymg the equivalence of particle-observers 
in terms of observations that could be actually carried out We have 
by this means attached numerical measures to lengths or distances 
obtained by clock-readmgs only. We have not assumed umform 
relative velocity Comparing our procedure with Einstein’s, we may 
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say that we have given a defiLmtion. of equality of distances assigned 
by observers in relative motion, and so have defined rigid length- 
scales at a distance (We shall see shortly that our definition of 
length or distance coincides with that used in ordinary physics ) We 
have then found that the "constancy of the velocity of light’ is an 
a ^ostmor% consequence of the equivalence of the observers 

Generalized Lorentz formulae ^n one dimension 
27. So far we have not required to consider whether A and B were 
"in relative motion along a straight line’, or to attach a meaning to 
this phrase The number F, namely is what we ordinarily call 

the radial component of velocity of B relative to A We shall now 
restrict attention to the case in which a meaning can be attached to 
saying that £ is in a "constant direction’ relative to A, and we proceed 
to consider events JE in hne with B and A. We propose to relate the 
coordinates assigned to such events by A and by B 



Fig 5 Derivation of generalized Lorentz formulae for on© dimension 


Consider the scheme of signals depicted in Fig 5 A sends at time 
by his clock a signal -which passes over B at time hy B’s clock, is 
reflected at a distant particle P m Ime with A and B, and passes 
over B at tune ^3 hy B’s clock, retuxmng to A at time <4 by J.’s clock 
The epochs are directly observed by A, the epochs by B 
A assigns to the event JE of reflection at P the epoch T and distance 
X, where T = X = (27) 

whilst B assigns to the same event E the epoch T' and distance X', 
where = Idt'z-td (28) 

Hence m\ y-u •/ m * /nnN 



x = 

(28) 

T -f* Jl/c = 

II 

1 

(29) 

T'+X'lc = f,. 

T'-X’[c = 

(30) 


We have now expressed certam functions of T, X, T\ X' in terms 
of observations of events at A and B only These can now 

be connected from our knowledge of the relative motion of A and B 
For A'q observations on B are consistent with the statement that 
if IS J.’s epoch for at JS, a signal leaving A at and reaching B at 
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m /I’s measures, describes a distance which is equal to 

£’s distance c^(i2) (m -4’s reokomng) at the event Hence 

^2 ^1 = ^(^2) 

(This IS a particular case of equation (23) ) Similarly, B writes down 


<4 t'z — ^(^ 4 )) 

where t[ is the epoch assigned by B to the event <4 at A Hence 


or by (7') 


h ^(^2) — ^1) 


since tg IS an event at B Similarly, 


or by (7') 


^4 ^(^4) — ^ 3 > 

^3 = i^l2/(^4) 


— i’l2{^4)5 

Since IS an event at A 

Hence from (29) and (30), mtroduced in (31) and (32), 


T-Xlc^p,,iT'-X'lc), 
T'i-X'lc = p^,{T+Xlc) 

These may be rewritten in the more instructive forms 


(31) 


(32) 


T'+X'lo = p^^{T+Xlc), 
T'-X'lc = p,^{T-Xlc), 
or T-hXIc = Pz^{T'+X'lo), 

T-XJc = p^,{T'~X'Jc) ) 


(33) 


These determine B’s assignments T’, X' in terms of A ’s assignments 
T, X and conversely 


28 . In the case in which the Doppler effect of B observed at A is 
constant, its value s defines a velocity 7 equal to dEj^/dT^ or 
dRj^ldT'^, the functions Pz,^, P 21 are given by (21), and we have 
accordingly, by (33), 

T’+X'lc = r-Z'/c _ (*±ffi)* tT-X/c) 

These yield T'^ -X'^ Ic^ = T^—X^ Ic ^ , 


(34) 
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and moreover on solution for T, X or T', X' give 

T' - x-VT 

(1— F7c®)*’ (l_72yg2ji’ (3®) 

T = y __ X'+VT 

(l-F^/e2)i ’ ^ - ( i_72yc2)i (36) 

These are the well-known Lorentz formulae in one dimension We 
have made their derivation turn on the deternunation of the be- 
haviour of B’s clock m ^’s experience and of .d’s clock m £'s 
experience 

29. In the general case we have 

T'^-X'^c^ = Pi2(!r+X/c)jj2i(T-Z/c), 

T^-Xyc^ = P2i(^'+X'Jc):Pi^{T'~X'/c) 

In general T^-X^Jc^ and T'^~X'^jc^ are unequal 
We have supposed the event E to be outside A and B on the same 
^ readily verified that with a simple convention as 
n ^ direction's, negative m the direction 

BA), the formulae hold generally The reader wiU find it an in- 
structive exercise to derive them when E hes between A and B, in 

that case A and B must send oppositely directed signals which arrive 
simnltaneoTisly at JE 


30. For two neighbourmg events {X, T), (X+dX TAdT) 
iX'+dX',T'+dT'), we hare 


0T{X', T'), 


dT'+dX'lc = p[^{T+Xjc){dT^dXlc), \ 
dT'-dX'/c = P 2 t(T~X/c){dT-dX/c), 

^T+dX/c = p^^{T'+X'fc){dT'+dX'lc), 
dT-dXfc = piz(T'-X'fc)(dT'-dX'lc) ) 
Multiplymg together m pairs, we have from the first and fourth, 
PiiiT'—X'lc)(dT'^~dX'yc^) == pi2{T+X/c)(dT^—dXyc^), 
and from the second and third 

Pn(^'AX'lc){dT'^-dX'^lc^) = p'2,{T-XJc)idT^-dX^/c^) 
These state the same fact, since 
dT'+dX'fc 

dT+dXJc -2’i2(T+X/c) = 
dT'-dX'/c 

dT-dXJc -2’2 i(T— X/ c) = 




I 

( 

i 


I 

t 


§ 30 GENERALIZED LORENTZ FORMULAE IN ONE DIMENSION 43 
Tinas dT^—dX^lc^ is a co variant The relations show tiiSitdT'^—dX'^ jc^ 
vanishes when dT^-dX^c^ vanishes Thus if the particle P is moving 
with the velocity dXJdT = c in the experience of A, it is moving with 
the same velocity dX' JdT' = c m the experience of B 
We have, moreover, that the quadratic form 

[pi2{T+X/c)p^^(T-X/c)]iidT^-dXyc--) 

is numerically equal to the quadratic form 

\j>'A T'-X'Jc)p'^^{ T'+X'jc)'\\dT'^-dX'yc^). 

Bearmg in mind that A and B are iismg (relatively) different sign 
conventions for their ^-measures (the one, X positive when towards 
the other observer, the other, X positive when away from the first 
observer) we see that the quadratic form m question is an invariant, 
takmg the same value in A’s assignments and B’s When A and B 
are in uniform relative velocity, and are reciprocal constants, 
and the quadratic form reduces to dT^—dX^jd^ It is readily shown 
that the form dT^-dX^jc^ is equal to the form dT'^-dX'^jc^ only 
when A and B are in uniform relative velocity 


^Cosmic" Ume 

31. Smce the formulae we have derived relating to coordinates used 
by two observers coincide, for uniform relative velocity, with the 
Lorentz formulae, it follows that the velocity V occurring m the 
Lorentz formulae as specifying the relative velocity of the two 
observers is equal to what we have caUed dX^ldT^ This is accord- 
ingly what we mean by ‘velocity’ m ordmary physics, as for example 
m the electromagnetic theory or m Einstein’s addition formulae (see 
below) It IS a differential coefficient constructed by A out of his own 
measures, namely the constructs and 2]^ It should be care- 
fully distmgmshed from dX^ldt'^, which may be called 4 ’s reckomng 
of the cosmic’ velocity of B, usmg B’s measure of time, the ‘cosmic’ 
time t's of events at B The latter is a ‘mixed’ differential coefiicient, 
employing partly 4’s measures, partly B’a It can be shown that as 
dX^JdT^ c, dXj^jdtj^-^co, thus if a particle is moving with the 
velocity of hght, m the experience of an observer A, its ‘cosmic’ 
velocity IS infinite 

Eor consider formulae (39) apphed to events at B Tor such events, 
T = ts, X 75 = 0, T = Zp, X = X^, and we have accordinglv 
_ 1 dt's 1 




dTj^^dXj^lc 


'Bf 


dT^- 
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Now let ^ 00 From earlier results, this means that the 

oppler effect observed by ^ on £ at epoch by ^’s clock tends 
to infimty, s ^ oo Then dt'^ -> 0, and smce p[Sb) wiU be m general 
hmte the second equation shows that dX^ldT^ c f It foUows that 
dXsIdt's 00 Thus an infimte Doppler shift at B observed by A 
imphes that B is movmg with the velocity assigned to hght, m ^’s 
experience, whilst its ‘cosmic’ velocity is infimte Other coordmates 
may be differentiated with regard to ‘cosmic’ time, yielding other 
varieties of ‘cosmic’ velocities, but in aU cases these tend to infimty as 
the velocity of B, m the experience of some other eqmvalent observer 
approaches that of light Such ‘cosmic’ velocities are frequently 
employed m relativistic cosmology, and have occasionaUy been mter- 
preted as meaning that particles are movmg with speeds exceedmg 
that of hght, m cases where an analogue of dX^/dt's is very large 
This IS a misunderstandmg Any fimte value of dX^/dt^, however 
large, corresponds to a coordmate velocity dXs/dT^ numerically less 
than c The meamng of dt ^-^0 as dX^/dT^ -> c is that when B 

appears to A to be movmg with the speed of hght, B’s clock stands 
still in A s view 

^ assigned to an event by A, and the velocity 
dXJdT, are the time and velocity commonly used m physics and m 
ordmary life For example this T is the time used m timmg a race, 
statmg athletic records, or arrangmg a railway tune-table, the world- 
wide instant t = T js what we ordmarily mean by simultaneity 
Every individual observer can, and m fact does, adopt for hu mon 
purposes the Newtoman concept of a world-wide time Whether this 
IS evenly flowmg’ or not is irrelevant and meanmgless It suffices 
that the observer can unambiguously attach an epoch T to every 
event he can observe, and that this epoch T has a defimte sigmficance 
m terms of hght-signals , events with the same T are what we ordmarily 
call simultaneous It is only when he compares his experiences with 
those of a second observer that he may find, and m general will find, 
that this other observer will attach a variety of epoch-numbers T' 
to events labelled T by the first observer To the first observer T is 
always the epoch of occurrence of the event as reckoned by the 
observer’s own clock 

t This can also be established by starting with = 1, using 

and differentiatmg 
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AltetTiative deduction of the Lorentz formulae for uniform motion in 
one dimension 


32. The following method may be appreciated by the reader who 
finds our analysis m terms of functions a httle mdirect It is a 
shorter method of derivmg the Lorentz formulae for uniform motion 
m one dimension 


Equations (5) and (6) connectmg two observers A and B are derived 
exactly as before We now assume that c^(^) is the Imear function 
Vii (0 <c F <; c), and have accordingly 



f{y) = a;(l-F/c), 
fix) = y{\+Vlc) 


Hence 



Put 

o 

II 

(40) 

Then 

•Km - 



= o?x, 

(41) 

say, where 

“ 1+F/c (<^ < “ < !)• 

(42) 

Operate with ip 

on both sides of (41 ) Then 



= i]j{o?x) 

A particular solution is ^(r) = otx Write m general']’ 

= ocxY{x) 

Then aW(i;) = aW(a2£c), 

or W{x) = 

Hence T(a:) = W{<x^^x) (n mtegral) 

Let n~>co Then since 0 < a < 1, 0 ^nd 

W{x) = ^( 0 ), 

assuming T to be continuous Hence tji{x) = axT{0) Introducmg 
in (41) we have ’F(O) = Clearly the upper sign is reqmred, and 
so ^{x) = oix Hence 

l-Vlc\i 


= (l-VyC^)ix 


(43) 

nyr ^ amongst the many possible procedures, was suggested to me by 

Mr G J Whitrow 
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Accordingly = (i_ 72/^2) ^43,^ 

Relations ( 43 ) enable A and B to calculate the epochs of events at 
A or R as directly recorded by A or R in terms of the epochs assigned 
to the same event by B or A, respectively They are essentially more 

primitive than the Lorentz formulae, which we proceed to deduce 
from them 

33. We first notice a result of interest The relation 

== 

already deduced, is m this case 

Ts-t^ = Bsic, 

and so IS compatible with the statement that the hght covers the 

distance with speed c in a time T^-t^ It may also be written 
since Rrt — FT, 




Tb — t . 


Vt, 


-V’ 


which IS compatible with the statement that the light makes up its 
starting handicap F(^ (the distance of B at epoch f.) m time 
at the rate c-V Thus c-F is A’s reckonmg of the speed of the 
signal relative to B This statement must not be confused with 

e statement that relative to B, %n B’s reckomng, the speed of the 
signal is c 

34 . We now deiive the one-dimensional Lorentz formulae, employ- 
ing again the notation of Pig 5 We lepeat the meaning of the 
symbols for convemence A signal leaves A at by A ’s clock, passes 
orer B at by B’s clock, is reflected at a distant particle P, passes 
Bon the return journey at time by B’s clock, and returns to A at 
4 by ^ s clock ^ The distant particle P is m line with A and B The 
numbera are actual observations Prom these observations 

A and B assign epochs and distances to the event B of leflection at P 
A writes down 

B writes down 


^ = iih+h), X = Mh-W, 


Hence 


= UW), 

T+X/c = 
T'+X'/c = t'„ 


A 2<^(^3 ^ 2 ) 

T-Xjc = 
T'~X'lc = 


By the formulae ( 43 ) already found, A can compute by his clock 
me epochs and of the events and ^3 at B He flnds 

( 1 - Vyc^)%, i' = (1- V^lc^)% 


<2 
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But Since Ins observations have already found £ to he in motion with 
uniform velocity dRgjdT^ = he can write down 


or 


= Fig, c(^4-^3) = Ffg, 

i'2 79 } to = ^ 

c-V’ * c-hF 


Comhining these relations, 

T'+X'jc = t; = (l_F 2 /c 2 )if 3 

= = (^\i^T+X|c), 

r-X'/o = t' = (l-F2/c2)% 


= (l-F^/c2)*-^ = 
c~V 

Multiplying together we have 



iT-Xjc) 


and solvmg we have 

^-VT 

(1_F2/c3)*’ 

X'+VT' 

(l-F2/c2)i’ 


T^-X^lc^, 

(44) 

r^r _ T-VX/C^ 
(1_F2/c2)*’ 

(45) 

rp _ T' + VX'/c^ 
(i_F2/c2)I 

(45') 


Lorentz-FitzgeraM contraction 

35 If we take two sequences of events (T',X;),(T',X^) in B’s ex- 
perience, where X^—X^ = const = I and T' is variable, A observes 
these sequences as (?l,Zi), (5"2,X2) given m terms of T', X[, X^ by 
the above formulae For the given common epoch T' by B’s clock 

^ T' Y' 7 

X^-X, = ^ I 

(1-F7c2)i (i_F2/c2)i’ 

and thus assigns a greater value to the distance-separation of the 
events But if A picks out of the sequences events having a common 
epoch y by M’s clock, A finds then 




X,-Z, 

(l_72/c2)I 


The two sequences of events in B’s experience may be taken to define 
a rigid body or rod of invariable length I movmg with B in the direc- 
tion of B s motion At epochs which A considers simultaneous, of 
epoch T , the length A assigns to the rod is Z(l— FVc®)^ Thus m M’s 
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experience the rod appears to have a shorter length m £’s 
experience, when each evaluates its ‘length’ or the positions of its 
ends at epochs smniltaneous for himself f This phenomenon is called 
the ‘Lorentz-Fitzgerald contraction’ 

Lor&fUz fwmulm in three dimeTisicms 
36 To generahze the Lorentz formulae so as to connect 4’s and B’s 
observations of an event ^ at a particle P not in hne with A and B 
we may proceed as follows The analysis is restricted to the case 
where A and B are in uniform relative motion 

A’s puture b’s picture 



(a) (b) 

Fios 6 a, 6b Derivation of Lorentz formulae in three 


Let A send a signal at time hy A ’s clock Let tins be reflected at 
P and return to A at time by .J.^s clock The returning signal passes 
over P at time t' by J5’s clock, and without difiiculty we may suppose 
that P dispatched at time ^2 by jB’s clock a signal which arrived at 
P simultaneously with original signal A and P then construct 
the diagrams shown in Kgs 6 a and 6 b 
Turther, A assumes tentatively that he may make his calculations 
as if the signal from and to B is propagated rectihnearly along what 
to him [A] are the ‘cross-country’ paths PB^, and B makes a 
similar assumption about what to him are the cross-country paths 
A^P , P A^ If these assumptions are not justified, they will show 
themselves as inconsistencies m the ensuing analysis, as we shall see 
A and B now assume Euchdian geometry for the figures they have 
constructed, in particular the Pythagorean theorem This allows 
them to assign numbers y, y' to the ‘lengths’ of the ^perpendiculars’ 
PN, P N m their diagrams from P (or P') to the line of motion AB, 
and numbers z' to the projections of AP, PP' on this line All the 
lengths AP, P^^^, PP^, PP', P'-dg are known from the light- 
See Supplemejitary Kotes, p 59 
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timefa, as are AB-^, AB^, BA-^, BA^, and so A and B write down tlie 
following systems of equations j- 


A’s system 

{x—Yt^f+y'i = 
(x~Yt^f+y^ = c 2(«3— i)2 


B’s system 
X'^-Yy'^ = C2(i5'~«')2 
a;'24-2/'2 = c^t^—ty 

(x'+vty+y^^ = c\t’—ty 
(x'+Vty+y'^ = c^t^-ty (46) 


^ In these equations, tj^, t!^, t^ are observed numbers, whilst 
^4’ h a-re the corresponding epochs (of events at A and B 
respectively) assigned by B and A They are known from the rela- 
tions already established, 

^2 = tiil—Y^jcy, 

h = t[{l-T^lcy, = t^(i-y2icy 

Equations (46) thus provide 8 relations for the 6 unknowns 
(^> ^>y), {Y, x', y') in terms of the 4 observed numbers t^, t^, t^ If 

we ehminate t’^, we shall be left with 4 relations connectingc 
t> X, y, t', *', y'. 

From the third of 4’s equations (46) we have 

Substituting for t^ in terms of t^ by means of the first of equations (47), 
and then substituting for t^ from the first of B’s equations (46) , we have 

S ,4S, 

where 


a = 


-7M1 


V+vh) 

Similarly, the last of J,’s equations (46), the second of (47), and the 
second of S’s equations (4:6) gire 




Subtracting the last two equations we find easily 


(48') 


t' = i 




t We are here temporarily using small letters for the calculated coordinates of 
distant events See also Supplementary I^otes, p 59 
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EQUIVALENT PARTICLE OBSERVERS 
Similarly, we can prove that 


These give 



(49) 


vliieli yield relations (45), (45'), which are now seen to hold good for 
point-events ojf the Ivne of motion I’lirther, (48) yields, on using (49), 




= (50) 

so that y = y' There are 4 equations of the type (48), obtained by 
eliminating the 4 variables from the 8 equations (46), pro- 

viding 4 relations between t, oc, y and x\ y\ of which we have found 
3 The other relation reduces as above to y = y' This establishes 
the Lorentz formulae for events in two dimensions outside the line 
of relative motion^ and the extension to three dimensions requires 
no comment It is worthy of note that equations (49) are identical 
with the one-dimensional Lorentz formulae previously obtained, but 
this could by no means have been taken for granted f 


37 We have now completed our derivation of the Lorentz formulae 
Each observer using coordinates {t, x, y, z), where t is the epoch of the 
event by his own clock, can combine spatial coordinates x, y, z by the 
rules of Euclidian geometry, and can make diagrams or maps valid 
for any world-wide instant of Newtonian time t by his clock The 
Lorentz formulae are simply means of passing from one Euclidian 
space and Newtoman time to those of a second equivalent observer 
m umform relative motion 


38. The relationship of J.’s and JS’s spaces is often described by 
constructing a four-dimensional manifold 'space-time' in which an 
event, represented by a pomt of the manifold, is described as of 
coordinates {t,x,y,z) with reference to one set of axes, {t\x\y',z') 
with respect to another This way of regardmg the matter has been 
historically of great importance, but it fails to emphasize the essential 
pomt of the umdirectional 'flow of time’ for each individual observer, 
and it involves a spurious identification of time and space, which 

■f This, however, is often done m text -books 
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require later to be once more separated when formulae come to be 
physically interpreted In our development we shall find it more 
convenient and more insight-givmg to avoid the use of space-time 
and to treat space-coordmates and time-coordinates on the different 
footings on which they first appear 

Linear systems of equivalent observers in non-uniform relative motion 

39. In preceding sections we have found {a) generalized one-dimen- 
sional Lorentz formulae for the coordinates {T,X) {T\X') of any 
event E in line with the equivalent observers A and B, (6) three- 
dimensional Lorentz formulae for any event E in the case of umform 
relative motion of A and B, X^ = X'^ = is natural 

to try to find the generahzed Lorentz formulae in three dimensions, 
for any event E not necessarily lying in the line AB, in the general 
case Xj^ = c<f>{T;g), X'j^ = — If we attempt to do so, using 
Euclidian geometry as in Figs 6 a, 6 b, and assuming rectilinear 
'cross-country’ hght-pathsf PjB^, PB^, etc , we are easily led to 4 
equations of the type (48) which should define t%x\y' in terms of 
t,x,y Actually any one of the 4 equations is redundant, and 
proves to be inconsistent with the other 3 This shows that a false 
f^ypothesis has been made, and if, as we suppose, the geometry may 
be chosen arbitrarily, the only hypothesis in question is the recti- 
linearity of the cross-country hght-paths These must therefore bo 
curved In other words, in the presence of two particle observers A 
and B undergoing relative acceleration, A must assume curvatures 
of hght-paths save perhaps for paths terminating or starting from 
himself Following Einstein, we may suppose that to say that A and 
B are undergoing relative acceleration is equivalent to saying that 
they are moving under the influence of, or in the presence of, a 
gravitational field We infer, therefore, that a gravitational field 
affects the curvature of hght-paths, which is one of Einstein’s funda- 
mental results here obtained by a different method 
It should be possible to determine the curvature of those light- 
paths from the condition of equivalence of the two observers, and 
hence to obtain the generalized Lorentz formulae for any event P for 
the case of general accelerated motion X^ = —c<f>{T'j) 

I have not succeeded in solving this problem Instead of discussing 
possible ways of solving it (which may be left for future research), 

I Doscribod with spood c 
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I shall now proceed to discuss m detail one-dimensional sets of equiva- 
lent observers, by means of the one-dimensional Lorentz formulae 
already found These will be found to give insight, m a prehmmary 
way, into the cosmological problem 


40 . Let three observers, B, C, movmg in the same straight hne and 
havmg at one time been coincident, be such that A ~ Ba,TidA = 0 
We want to find the necessary and sufdcient conditions that B = G 

41 . First, to find the necessary conditions, let us suppose B = C and 
determme the consequences Then for the three parrs (At B) (B C) 

event B m hne with ABC by A, B, and G respectively, then 
T'AX'Ic =Pj3(T-px/c), T'-X'/c == p^iiT-Xjc), 

T"-{-J"[c == p 23 (r' +X'lc), T''-X"/c = pUT'-X' Ic), 

T"+X''lc = Pi 3 (T+X/c), T"-X"/c == p^^{T-Xlc) 

From these we have the operational identities 

TlZ = !P2zPl2i 
Pzi ~ Jp32i^21 

Takmg the inverse of the last identity \ we have 

Pis =jPl 2 i >23 
P 12 P 2 Z P2SP12 

The operators and must therefore commute When they com- 
mute, then ‘product’ determines Smnlarly we prove 

2^23 = Pizfzi = PnPis (54) 

-^12 = ^^ 13^32 == ^ 32 ^^ 13 , (55) 

which are ate Kinsequenoee of the oondition 
These are the necessary conditions 

42 . We now prove that these conditions are sufficient li A = B 

their observations are related by ’ 


( 51 ) 

( 52 ) 


( 53 ) 


wbere 


X5 = c<l>^,{Ts), 
4>21 = 


/12 = /21 


v-z’^1 operators possessing inverses and E =/,/. f 

=A h k This IS easily proved. •'’* 


then 
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Further, inverse functions exist such that for any ^ 

= P2ifi2{0 

These follow from § 20, after a shght change of notation 
Agam, if ^ = O', their observations are related by 

Xa = ci>,,{Ta), T’^=MTc), 

y^=/3i(n), 

where fu=fzi, 

and mverse functions pj^^, exist such that 

C-<^X3{0=PlJxsa), 

t-K{0=PzxMt) 

Let B observe C to have the motion 

X'a = c<i>^{Ta), 

and let C observe B to have the motion 

X'b = C<I>Z2{Tb) 

Further, let B observe (7’s clock to have the behaviour 

Ta=fATo), 

and let C observe 5’s clock to have the behaviour 

T'b^MT'b) 

We require to prove that if p^^p^^ = p^^p^^, then 
4'22 = ~^Z2> /as = /sa 

Consider events at C For these, = 0 Hence we have the 
relations Te+X^/c = p^^{T'a+X'a|c) = p^^{T"a), 

XqJc = Pl^{Tg X'gjc) = Pi^{T"q) 

Hence, since Xg = c^^ziTg), 

T'c+<f> 2 z{Tg) == Pi2P3i(Tc)> (56) 

^c—<f> 2 z{T'c) = PzxPiz{T"o) (57) 

These two equations, by elimination of Tg, determine the function 
<f> 23 , and they then fix Tg as a function of Tg, and so determine the 
function /gg Eliminating Tg we have 

T'c+iAT'c) = Pi2PzxPziPi2{{T'o—^zz{Tg)], (58) 

and this must be an identity true for all T'g 
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Consider next events at B For these, X'j^ = 0 Hence we have 

== j?3i(T^+-3L^/c), 

T^-^X^jc =pn(n) = P^s{T'^-Xyo) 

Hence, since X'^ = 

^p+^32(^r) “ PizP2i{'^b)^ 

T_g <^32 (^r) “ ^31^^12 (^b) 

These two equations, Iby elimination of determine the function 
^ 32 , and they then fix T'^ as a function of and so determine the 
function /32 Eliminating we have 

Pl3P21^^2li^l3{^R'~‘^32(^R)}? 

and this must he an identity true for all 
Xq-w choose T'^= Tq== these identities, (58) and (61) They 
may then he written (reversing the second one) 

t + = Pl2P3li>SlTli{C-i>23{0h 

t-hzit) = P3lPl2Pi.3Tzi{l-^iz3{t)} 

Since P12P31 = P3iPi.i> tKese imply 

^2S = 4’Zly (^2) 

which is one of the desired results 

Further, elimination of ^23 between (56) and (57) gives 

T'o = lb^3Tzl{T''a)+p,^P:.^{^o)l (63) 

and ehmination of ^32 between (59) and (60) gives 
T'b = i[j5l3i>2l(2'B)+P3l25i2(r^)] 

Since 1 ^ 12^31 = 5 ^ 3 ii^i 2 ? equation may be 

mitten _ i\j> 13 P 3 tm+P 2 lPx 3 (n)] (63') 

Hence Tq is the same function of T'^ as T'^ is of Hence 

/23 — /32 

This IS the desired result Hence B = C 


43. We have now proved that the necessary and sufficient conditions, 
given A = B, A ^ C, for the proposition B = (7 to he true, are 

JP 12 P 31 = P3aPi2> 
vMcli implies PxzPix = P^xPxz^ 

and that then the common value of the first is of the second pja 
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44 Suppose now that we have any number of observers equivalent 
m pairs Then for any suffixes m, %,r the followmg conditions must 

Vmrt Pmr!Prn, PrnPmry 

Pnm “ PnrPrm ~ PrmPnr ) 

It now follows that any two ji’s commute, whatever their indices Por 


PmnPts ~ Pmii P jJLnPrixP jjis 

~ PlinPmfxPjjLsPrp, 

^ PyLTiPmsPriJ, 

~ PfjLpPpnPmpPpsPrpPpii 

~ PppPmnPrsPpfi’ 

n, p = m The last equation becomes, since 

PmnPrs PnmPmnPrsPmrt 

~ PrsPmn* (67) 

This proves the commutative property *] 


Now take [i 
PnmPmn ^5 


45 Example Suppose A = B and A~C, and that A and B are 
m uniform relative motion with relative velocity ^ 

and C are in uniform relative motion with, uniform velocity 
Then we have seen that 



Since each operator Piz simply multiplication by a constant 
factor, and ^ 3 ^^ commute, as do pgi 5^13 Hence B = C. 

MoKo^er 


and so the operation p^s is also multiplication by a constant. Hence 
JS and C are m nmform relative motion. If ^23 IS the relative velocity 
of B and C, we have accordingly 



( 68 ) 


Solving for we have 

Y — ^3 L 

Tins IS a particular ease of Einstein’s additive law for velocities 


( 69 ) 


*1 It should to noted that m gonoial tho aro not hnear operators 
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A one-dimensional uumverse of discrete particles 

46. Let us now attempt to construct a one-dimensional system of 
discrete particles satisfymg Einstein’s cosmological prmciple We 
require that all equiYalent particle-ohservers of the system shall 
describe the system m the same way We shall first suppose that 
every member of the system is equivalent to every other member, so 
that the particles are equivalent in pairs We then make each 
particle-observer’s description of the whole system coincide with any 
other particle-observer’s description 


47« Let the observers be . Let J.q observe A-^^A^, ,A^, 

to possess time-distance functions 


The distribution is to be such that observes a similar distribution 
If this condition is satisfied when we transfer from A^ to A it will 
also be satisfied when we transfer from to A^, and so on, and thus, 
by compoundmg transformations, it will be satisfied when we transfer 
directly from A^^ to A^ 

Aq describes the motion of A^ as 


The motion of A^ will be described by as 

where ^n-i the transforms of X^, on going from to 


Hence 


whence 


But 


-Poi{3;+ 

~ ^0,91 ~1J 


Since describes the l)th particle from himself in the same terms 


as -4o describes the — l)th particle from himself Thus 
Now for any suffix r and any argument |, 


§ 47 A ONE DIMENSIONAL UNIVERSE OP DISCRETE PARTICLES 

Pn~Xofo,n-l(^ri-l) = PoiPnofoni'^n)^ 
Po,n—lfo,n—li^n-'i} ^ PloPonfoni^n) 

Eliminating liaye the identity 

Po,n—lPoiPnQ Pn—XoPloPoni 

PonPon ^ PoiPQ,n~lPc,n-lPoi 
A solution of this equation, since the^^’s commute, is 


57 


Pon PoiPo,n-V 
which glares by recurrence 

Pon = iPoi)”'- 

Then = p^Po«. = [(Poi)”]~^boi? 

= (70) 

This IS the complete solution to the problem of findmg thep-functions 
m terms of the p-function connectmg Aq and. Aj^ The one-dimensional 
system IS now fully determined, given only the relative motion of Aq 
and (^1 = A^ 


48 Example In the case of 'nmform relative motion in one dimen- 
sion, the one-dimensional system satisfymg Einstem’s cosmological 
prmciple is given, by the above formula, by 


or 


_ A+TqiM ”' 
1+ToJc \l-VoJc) 

y _ W 

(i+VjcYMi-yjcY’ 


(71) 

(71') 


where ro. IS the observed velocity of the ?zth observer, as seen hy A q 


49 The latter result can be derived without using operational 
methods, as follows We have by Einstein’s addition formula (69) 
(winch IS readily proved directly), 


But 


K,n-)-l — 


1 1^1 ^0,n-hlf ^ 


Y — y 

— ^0,71 


Hence 
or putting 


Fo,. 




-Fn. 


01 


1-Fo,Fo,Wo^^ 


solving. 


+1 — 


1-f 


4021 


I 
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Hence 
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^ + ^n+l = 


(1+Q:i)(l+Qi^) 
l+OC^Oi^ 
(1— q:i)( 1— aj 


whence 


l+aia^ 

1+% l + 


1— ail — 

This recurrence relation gives 

which IS precisely the relation (71) already found 


50. The sequence of velocities , Tq^, has for its limit as -> oo 
the value c Thus the one-dimensional system of discrete particles 
described in the same way from every particle includes an infinity of 
particles, whose velocities tend on each side to the velocity of light 
for the very distant particles. For % large, the differences in velocity 
become small and the number of particles Sn with velocities u within 
a given range 'u-\-hu is given by 





__ hu 2 

c{l-u^/c^) log(l-+VJc)-log{l--VJc) 

It appears that the discrete distribution of velocities approximates 
to a continuous one for n large, for any value of or for all n, for 
1^01 sufficiently small 


Summary 

5 1 • In this chapter the relationships of 'equivalent’ particle-observers 
have been investigated Two particle -observers A and B are equiva- 
lent when A can describe the totality of his observations on B m the 
same way as B can describe the totahty of his observations on A 
When A and B are provided with clocks only as measuring apparatus, 
the observations they can make are the timing of the sending and 
reception of light-signals and the reading of one another’s clocks, 
the latter being physically equivalent to Doppler effect measures 
The observers can ascertam whether they are equivalent by plottmg 
their observations and communicating them to one another, and 
comparing graphs 
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It appears that the special theory of relativity, as embodied in 
the Lorentz formulae connecting 4’s and jB’s observations of an 
event B, is an immediate consequence of the equivalence of two 
observers J. and B who find themselves in ‘uniform relative motion’, 
where the latter phrase is carefully defined in terms of clock observa- 
tions and constructed coordinates The special theory of relativity 
IS an embodiment in symbols of the notion of equivalence Tor the 
case of one dimension, the Lorentz formulae have been generalized 
to equivalent observers in non-uniform relative motion 

It IS shown that each of two equivalent observers can assign 
epochs and distances to distant events, by means of clock-measures 
only, which coincide with the time-assignments and rigid metre-scale 
measures commonly used m physics The ‘constancy of the velocity 
of light’ IS a convention, a consequence of the identity of the conven- 
tions used by the two observers for constructing coordinates out of 
clock-observations, assuming as an observational basis that it is 
possible to realize in nature ‘equivalent’ observers The totahty of 
events to which an observer assigns the same time-coordinate, as 
conventionally defined, form a ‘world-wide instant’ for this observer, 
and such events are simultaneous for this observer, in the sense used 
m physics and commonly used in ordinary hfe The symbols t, f 
occurring in the descriptions of an event E 'hj A and B may be re- 
garded as denoting the Newtoman times of the event in the experi- 
ences of the two observers concerned ‘Simultaneity’ is a concept 
applicable to a pair of events and an observer The interval of time 
between two events in different places, in the experience of a given 
observer, is the difference between their time-coordinates as measured 
by observations with the clock of the observer concerned. 

SUPPLEMENTARY NOTES 

P 48 It 18 to be particularly noted that the phrase ‘ the length of a rigid rod ’ 
has no meaning until we have defined simultaneity, and accordingly has diUexent 
meanings depending on. the observer m whoso experience the simultaneity is reckoned 

P 49 It should b© noted that we appear here to be using ‘mixed’ measures to 
ascertain x and y, since A in equations (46) is makmg use of certain observations hy 
B, but it 18 easily verified that A will obtain the same values for x and y if he 
measures the range J? of F by means of and measures the apparent angular position 
of F, and then uses the cosine and sine of the angle BAP to give him x and y 
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THE COSMOLOGICAL PRINCIPLE 


52 We have already defined a system of particles satisfying 
Emstem’s cosmological principle as such that if A and B are two 
equivalent particles of the system, then the description of the system 
by A (in terms of his clock-measures or associated coordinates) 
coincides with the description of the system by B in terms of R’s 
clock-measures or associated coordinates In this chapter we con- 
sider briefly why such systems are proposed for comparison with the 
universe disclosed in astronomy 

53 We shall throughout use the cosmological principle solely as a 
principle of selection determinmg what systems are to be the objects 
of our study Any system of gravitating particles may he considered 
as forming a 'umverse’ Por example, we might consider a single 
^massive’ particle, and examine the behaviour of small test-particles 
allowed to move freely in its presence We can explore the "position’ 
occupied by such a free particle at various "epochs’ reckoned by an 
observer and his clock situated on the massive particle, and its in- 
ferred velocities and accelerations The gravitational field of the 
"massive’ particle is simply a description of the aggregate of accelera- 
tions undergone by a test -particle at all points of the space constructed 
by the observer on the "massive’ particle By calhng the given particle 
"massive’, we mean here simply that the universe so constructed has 
a centre, namely the massive particle itself, and that an objective, 
observational meaning attaches to the distance of any point of the 
space from the massive particle. By a "small’ test-particle we mean 
a free particle whose presence has no "influence’ on the motion of any 
other free particle. Such a system of one massive particle and one 
free particle is usually called a Keplerian system 

Or we may consider a system consisting of two massive particles, 
and analyse their relative motion When the two particles are 
"equivalent’ in the sense here used, we should describe the particles 
as of equal mass, when they are not equivalent, of unequal mass 
Such a system may be called the two-body or double-star problem 
We may consider similarly three-body problems, and problems of any 
higher degree of complexity. 


61 
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54. We may consider also continuous distributions of matter For 
example we may consider a continuous distribution of matter in 
rotation about an axis with constant angular velocity This, a 
famous classical object of study, may be called the rotational 
problem We may consider further a continuous distribution of 
matter in the presence of a single external massive particle This is 
the tidal problem We may combine the rotational, tidal, and double- 
star problems, and consider two rotating continuous distributions 
in one another’s presence Lastly, we may consider any number 
of rotating continuous distributions of matter in one another’s 
presence 

55. All such systems may be taken as constituting umverses. In 
general, every system of this kind possesses preferential points or 
axes of reference The Keplerian problem contains a preferential 
origin The double-star problem contains two preferential origins 
The tidal problem may also contain two preferential origins. The 
rotational problem contains a preferential origin and a preferential 
axis. Systems could be considered containing preferential planes, 
or preferential directions of density-gradient In all such systems the 
preferential geometrical element could be recogmzed and located by 
means of actual observations conducted on the system 

56 In addition to systems contammg preferential particles or pre- 
ferential geometrical elements, it might be possible to construct 
systems containing no preferential particles or preferential geometrical 
elements These, if they exist, will form a distinct branch of gravita- 
tional studies, worthy of examination on their own merits and on 
account of their own intrinsic interest 
The question arises, if we wish to consider the gravitational field 
of the whole universe, what system are we to propose for examina- 
tion All that the mathematician can do is to ascertam the pro- 
perties of proposed systems, describe the manner in which they 
would be presented to observation, and leave them for comparison 
with the results of astronomical investigation. But the mathematician 
requires some guide as to which systems he should first consider. 

57. The spiral or extra-galactic nebulae, which appear to be the 
bricks out of which the umverse is constructed, may be represented 
to a first approximation by particles And a volume contammg a not 
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too small number of such particles may be represented as filled with 
a qnasi-contmuous distribution of such particles This procedure is 
fully comparable with the representation of a solid or hquid, composed 
of molecules and atoms, by a contmuous density-distribution It is 
called a macroscopic procedure In ordinary physics, macroscopic 
procedure differs from microscopic procedure in that the individual 
molecules and atoms are as it were smoothed out, leaving an average 
distribution of matter whose average properties will correspond to the 
grosser observable properties of the solid or liquid or gas concerned 
In astronomical physics, microscopic procedure would involve the 
consideration of the nebulae as umts possessing each a structure One 
possible macroscopic procedure is to smooth out the material forming 
the nebulae into a quasi-continuous distribution of matter, such that 
the velocity, density, etc at any point m the smoothed-out distribu- 
tion represent tbe average velocity, density, etc in a typical volume 
element, centred at that point, containing a not too small number 
of nebulae Such a distribution may be called a 'hydrodynamicaF 
representation of the umverse — ^hydrodynamical because, in classical, 
non-turhulent hydrodynamics, there is a defimte correlation between 
position and velocity such that at each point there is a unique 
velocity Most schemes of representation of the universe hitherto 
proposed have possessed this hydrodynamical character; we shall 
later consider representations of a much more general kind, which, 
may be called statistical, and which bear the same relation to the 
hydrodynamic mode of representation as a gas, considered molecularly, 
bears to a hquid, considered macroscopically Tor the moment we 
confine attention to hydrodynamical representations. 

A hydrod3mamical representation might be chosen of any of the 
types considered above It might be chosen to possess a single 
density-maximum, in analogy with the Keplerian problem, and either 
to have or not to have rotation about an axis, in analogy with the 
rotation problem It might have two density-maxima in motion, m 
analogy with the double-star problem, or again many density-maxima, 
or one density-maximum producmg tidal distortions in another region 
of relatively high density But more fundamental than any of these 
would be, ^nma facie, a homogeneous distribution of matter The 
behaviour of a homogeneous distribution of matter, possibly in 
motion, might be regarded as a standard of comparison with observed 
phenomena 
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58 It IS a prion fully possible that the world, smoothed out, -would 
not be homogeneous m any sense which might he attached to the 
word It IS possible, ct pnon, that the world might have a umque 
density-maximum in it In that case it should be possible to determine 
the location of this density-maximum by observation, and at every 
other point there should be a unique direction pointing to the position 
of the density-maximum, and the motion of the matter near the 
density-maximum could be regarded as affording a umque standard, 
which might be taken to define "rest’ The behaviour of matter, laws 
of nature, and so on in such a system might well depend upon rela- 
tions involving the distance from this preferential point, the direction 
towards the preferential pomt, and the velocity with reference to this 
preferential point. We should then have no right to beheve in the 
principle of the uniformity of nature as apphed to phenomena at 
different places and involving different directions, nor would the 
statement of laws of nature be independent of the frames of reference 
chosen, so that we should have no guarantee or expectation that the 
principle of relativity would be satisfied 

Again, the world might contain two density-maxima, or a fimte 
number of density-maxima In that case we could define a centre of 
mass or of position m the experience of any one observer, there would 
be one density-maximum or condensation which has the greatest 
distance-coordinate from the observer, and this member would be on 
the outside of the system to this observer If the observer moved 
towards it, it would either remam on the outside or new condensations 
would come into view beyond it, and we should have to discuss m the 
former case an accessible "edge’ or "rim’ to the system, in the latter 
case whether the "new’ condensations were fresh creations or old 
condensations seen in new positions. 

I am well aware that some mathematicians beheve that such 
difficulties are at once swept away if we use the concept of "curved 
space’ I have examined such attempts at explanation with the 
greatest care, and I have found that in all cases the proposed explana- 
tions break down at some pomt Two-dimensional analogies with 
hypothetical inhabitants on the surface of a sphere fad as soon as we 
recall that a survey of the astronomical universe is made by taking 
a photograph with a telescope and camera, and that, for a telescope 
of arbitrarily large light-gathermg power, either the number of 
nebulae that can be counted is finite and therefore contains one 
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faintest and so presumably most distant member, or it is infimte, m 
■winch case either the same nebula is photographed as an mfimte 
number of separate spots or the total number of actual nebulae in 
existence is mfimte The latter -wull he our eventual conclusion Here 
I am only concerned to argue that the phrase ‘curvature of space’ 
used in connexion "with astronomical photographs merely involves 
a mist of mysticism Such photographs can always be interpreted in 
fiat space, and then the assumption of a finite number of density- 
maxima mevitahly leads to some kmd of accessible edge of the 
umverse 

59 Instead, then, of positmg one, two, or any fimte number of 
density-maxima as systems for consideration, the obvious suggestion 
IS to consider a strictly homogeneous density-distribution, if that be 
possible. Unfortunately the concept of homogeneity breaks down at 
the outset as soon as we recognize the possibility of the presence of 
motion m the system. let us examme the concept of homogeneity 

Homogeneity 

60. Our ordmary deflmtion of homogeneity is as follows Let P, Q 
be two different particles in a homogeneous distribution Then the 
density-distribution p is homogeneous if, for any pair P, Q, the 
density at P is equal to the density at Q, p(P) = p(Q) If the density 
p(P) at P IS constant m time m the experience of an observer at P, 
for all P , this definition of homogeneity is 'unambiguous and un- 
assailable A static homogeneous distribution is therefore a descrip- 
tive possibihty, and the mvestigation, if on a dynamical basis, would 
turn on the determmation of a set of forces which would give a state 
of equihbrium at each particle 

Tor free particles, the gravitational field would then have to reduce 
to zero at each particle This is mcompatible ■with the Newtoman 
mechamcs of a system of free particles For if F is the gra'vitational 
potential, the gradients 8YJdx, dV/dy, 8V/8z would have to be every- 
where zero, and accordingly the second derivatives would be zero 
But the sum of the second deriva-tives must equal tTiyp, which is non- 
zero save m the case of an ‘empty’ umverse, p = 0 

To avoid this difficulty Emstein m a classical paper introduced 
a partly empirical correction to the Ne'wtoman law of gra'vitation, and 
succeeded in constructmg, m a fimte curved space, a static model for 
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the uniYerse Tins is in fact incompatible with, the obserTed existence 
of motion in the astronomical nmyerse, but it could ha^e been re- 
] ected a ^non as myolying an absolute standard of i est in the universe, 
which would he a fundamental irrationahty it would be for ever 
impossible to explain how the system of particles hghted on this 
absolute standard of rest, how they "recognized’ it, and indeed the 
whole state of affairs would he tantamount to the postulate of a 
stagnant ether further, the interpretation of the static system m 
terms of observations that could he actually carried out leads to the 
most appalhng difficulties — ^it would lead to the conclusion that we 
should be ahle to photograph ourselves (our own galaxy) as a distant 
luminous patch, at rest relative to ourselves and therefore, when 
plotted in flat space, at a finite accessible point The static uni- 
verse of Einstein is in fact incompatible with the arbitrariness of 
an adopted geometry, which is our present standpomt The static 
universe of Einstein could be discussed in much greater detail, 
but further discussion would but accentuate its difficulties, quite 
apart from its non-correspondence with observation The notion 
of an empirical correction to Newton’s law of gravitation, perfectly 
conceivable when gravitation is treated as an empirical fact of obser- 
vation, is in any case quite out of place m a scheme of thought which 
claims to present gravitation as an inherent constituent of reality as 
disclosed in observation A fundamental discussion of gravitational 
phenomena in the universe at large, such as we here later attempt, 
must leave no room for empirical elements Einstem has, m fact, in 
later writings, rejected utterly any adherence to a hehef in the exis- 
tence of a ‘cosmical’ constant of the nature of an empirical correction 
to the law of gravitation, though it must be stated that Ms law of 
gravitation in its unmodified form is still far from inevitable 

61 Static homogeneous systems bemg rejected, it is natural to 
inquire whether progress can be made by considermg a non-static 
homogeneous system The density p at P may now vary with the 
time, but to measure the time we must mtroduce an observer Con- 
sider then an observer 0, situated on some particle of the system, who 
measures the density at P, at an event P at P to which 0 assigns the 
epoch as p = p(P, t) Then the system will be homogeneous in the 
experience of 0 if the density at P at epoch t is equal to the density 
at Q at the same epoch t, where P and Q are two arbitrary points 

4021 K 
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Thus for Oy p{P,t) ~ piQyt) Let now some other observer, O', be 
situated on some other peurtiole of the system and therefore in general 
m motion relative to 0 Then the two events Ep, Eq at P and Q at 
time t will be in general assigned different epochs tp, tg by O' Hence 
O' will find the densities at P and Q to be equal at different epochs, 
and hence in general, since the density is changing at each point, 
difierent at P and Q at the same epoch m 0'’s experience Thus in 
general, if the system is homogeneous in O's experience it will not be 
homogeneous in 0'’s experience Thus no unambiguous definition of 
homogeneity is possible on these lines The point is that as soon as 
we recogmze the impossibility of an objective simultaneity of two 
events at two different places to two different observers, we are 
forced also to recogmze the impossibility of an objective definition of 
homogeneity the same for all observers Equahty of density is not 
an attribute of a pair of points or particles alone, but an attribute 
of a pair of points or particles considered in conjunction with a speci- 
fied observer, and if it holds for P, Q, and 0, it does not hold in 
general for P, Q, and 0' 

62. The methods of current relativistic cosmology overcome this 
difficulty in the following way Let r be the time measured by the 
clock carried with the observer at P, and let p — p{P,^) be the 
density at P. Similarly let p = p(Qy r) he the density at Qy where r is 
measured by the clock at Q Then the system is said to be homo- 
geneous if for any two points P, Q, p(P,r) = p(Q, t) In this case, 
if we take two other observers 0 and O', situated on particles of the 
system, the events t will be m general non-simultaneous in the experi- 
ences of 0 and O', and so in their experiences the densities at P and Q 
will be equal at different epochs Hence m general a system homo- 
geneous according to the above definition will not he homogeneous m 
the experience of 0 or in the experience of 0' In other words the 
system homogeneous in the above conventional way will not be 
homogeneous in the sense of ordinary physics, either to 0 or to O' 
Ordinary physics, as shown m Chapter II, employs the time t, not 
T, to judge simultaneity, it reckons the epochs of events by a single 
clock earned by a single observer The observers 0 and O' will not 
recogmze, or analyse, the system open to their observations as 
homogeneous 

This IS not a criticism of the definition of homogeneity used m 
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relatiYistic cosmology I merely point out a consequence of it But 
it lias the disadvantage that the nature of this conventional homo- 
geneity IS only definite when the motion of the particles is first pre- 
scrihed For only so are the clock-hehaviours of the particles at 
P and Q prescribed The defimtion imphes that 'identicaF clocks 
have been set up at P and Q, and moreover that they have been 
synchronized as to their time zeros, and therefore implies either that 
they were once at relative rest or that they once all coincided in 
position It requires, moreover, that P and Q are 'equivalent’ 
particles Eelativistic cosmology begins in fact by first prescribing a 
set of motions It does this by selecting a metric, and selecting in this 
metric a certain family of geodesics to represent the equivalent or 
fundamental particles It then ascertains the correspondmg density 
from the 'field equations’ of gravitation There is enormous choice 
possible m this selection of a metric, and in the selection of geodesics, 
and there is choice, too, of the field equations, whether with or without 
the cosmical constant A Thus the density implied by a given metric, 
even after it has been selected, is not completely determinate The 
method selects such metrics as will yield a density p such that p{P, r) 
IS independent of P and a function of r only This restricts the choice 
to some extent, but even so leaves an enormous variety of solutions 
available Amongst them it cannot distinguish The metric selected 
may correspond to space of positive or negative curvature of any 
magnitude, or of zero curvature Moreover it cannot directly com- 
pare the implied observational phenomena, for the spaces are all 
different, a separate space is chosen for each proposed system, and 
troublesome intermediate calculations are required to pass from the 
conceptual geometrical situation to the implied phenomena Eut 
the fundamental objection to, or disadvantage of, the methods of 
relativistic cosmology is that they hegin by guessing the answer In 
the language of general relativity, the problem is to ascertain a metric 
suitable for representing a system which is homogeneous m the con- 
ventional sense defined above Actually, though the choice of metrics 
can be shown to be restiicted, every investigator must perforce 
begin by choosing some metric, that is, by assuming the answer 
Moreover such a guess is fundamentally of kinematic character, the 
investigator prescribes a set of geodesics, a set of timed particle- 
trajectories, and afterwards uses some dynamics, some set of field 
equations, to yield the correspondmg density 
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63. Instead of proceeding m this manner, it is surely much more 
fundamental to start with, some general principle The principle must 
select a class of systems for discussion, and it must replace the attempt 
to start with homogeneity, which has been shown to break down 

64. The attempt to start with homogeneity breaks down simply 
because of the relativity of time-assignments for different observers 
and the non-existence of an absolute simultaneity, the same for all 
observers This is a consequence of the properties of equivalent 
particles. The natural suggestion is to replace the non-available 
concept of an objective homogeneity by the concept of the ^equiva- 
lence’ of all the particles of the system, in the sense defined in 
Chapter II But this does not suffice to determine the system We 
have seen fiom the one-dimensional example of Chapter II that 
systems of equivalent observers may he constructed in an infinite 
variety of manners, by the choice of commuting operator-functions 
Pmn Thus the concept of the eqmvalence of all the particles present 
in the system does not fully replace homogeneity as givmg a deter- 
minate system for discussion We gam our object by making each 
particle -observer not only equivalent separately to each other 
particle -observer, but by makmg each particle -observer equivalent 
to each othei m relation to his observations of the whole system The 
notation A. ^ B implies that the totahty of .A’s observations on 
B are described by J., using his clock, m the same way as the totahty 
of 5’s observations on A are described by B, using B’s clock The 
notation A^B will be used to imply that the totahty of -4 ’s observa- 
tions not only on B but on the whole system are described by A in 
the same way as the totahty of J5’s observations on the whole system 
axe described by B, where A, B are any two particle-observers of the 
system Such a system is a sub -class of the systems satisfying 
Einstein s cosmological principle The whole class of such systems 
18 defined by the proposition if A and B axe two particles of the 
system such that A = B^ then also A = B In the former case, any 
two particles are equivalent, so that for SbWA.B, A = B and B 
In the latter case, J. = B is true only for particles satisfying A = B 
We confine attention for the time bemg to the former case 

Thus Einstein's cosmological prmciple is to be taken as a defimtion 
replacmg the unworkable defimtion of homogeneity, and selecting a 
class of systems for consideration WTiether systems can be con- 
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structed satisfying Einstein’s cosmological principle remains for 
mathematical mvestigation Whether, when they have heen. con- 
structed mathematically, they agree in their observable properties 
with the umverse of nature remams for astronomical investigation 
The principle appears, however, to be the simplest general prmciple 
which has not the obvious objection of beginning by inserting pre- 
ferential view-pomts, frames of reference, a centre or centres of 
symmetry, axes of symmetry, planes of symmetry, all of which would 
render doubtful the application of the principle of the uniformity of 
nature and the principle of relativity The principle prescribes a 
norm of behaviour, against which actual astronomical observations 
may be projected 

65. It must particularly be noted that the piinciple does not mean 
that if A and JB observe a third particle P, then A describes P in the 
same way as £ describes P It means that if J. ’s experiences contain 
a P, then B's experiences contain a Q described by P m the same way 
as A describes P ^’s and P’s pictures are superposable, but the 
superposition is not one of identical particles but of corresponding 
particles This will become clearer in later examples, an instance of 
it has already occurred in the one-dimensional system of discrete 
particles considered at the end of Chapter II 

66. Whether the universe may be expected to be representable by 
a system satisfymg the cosmological principle is a metaphysical 
question To discuss it in detail would be outside the plan of this 
hook We have already suggested that the system of the smoothed- 
out universe, if it violated the cosmological principle, would create 
grave difficulties, of the type of the existence of an absolute standard 
of rest, for example My own private opimon is that the umverse must 
satisfy the cosmological principle, because it would be impossible 
for an act of creation to be possible which would result in anything 
else To create, for example, a universe consisting of only two 
particles would involve a fixation of the "position’ and Velocity’ of 
their centre of mass, in the desert of otherwise-emptiness which space 
would be The featurelessness of space, the non-existence of any 
frame of reference with regard to which the "position’ and "velocity’ 
of the centre of mass could be specified, would preclude the descrip- 
tion of the system which had been created With God all things are 
not possible The individual mathematician can discuss a universe 
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of two particles because he supplies in thought a frame of reference 
not available in actual nature Even in the act of creation, God 
requires, for certam bricks, straw Eor similar reasons I do not beheve 
that the umverse could consist of any fimte number of particles, 
similar difficulties would anse The systems which the cosmological 
prmciple selects for our consideration will always be found to contain 
an mfimty of particles, accessible to observation The systems which 
re atmstic cosmology constructs always contain, at any given epoch 
0 observation, a fimte number of particles accessible to observation, 
/rpu further particles as the epoch of observation advances 

(This will be established later ) This to my mmd mvolves the re- 
jection of the schemes of relativistic cosmology, both on account of 
eir mte population of particles at any one epoch of observation, 
and their requirement of progressive creation 

Such metaphysical questions will not be pursued for the present 
We shall be content to construct systems satisfymg the cosmological 
prmciple, explore their properties, and compare them both with 
0 servation and with the schemes proposed m current relativistic 
cosmology, always regardmg them as the simplest world-schemes that 
could be suggested They are as simple m relation to the study of the 
cosmological problem— the problem of the distribution of matter 
and motion m the universe— as, for example, the study of a ‘homo- 
geneous’ specimen of s%lver is m relation to silver m general Any 
given specimen of silver may not be homogeneous— m the sense of 
course of ordmary physics — ^but we want to tabulate the properties 
of homogeneous silver as a standard of comparison We have only 
one universe to observe, but we still want the eqmvalent of a homo- 
geneous umverse as a standard of comparison, and such standards 
are provided by systems satisfymg the cosmological prmciple, 

68. Our analysis of the notion of homogeneity broke down owmg to 
the impossibility of defimng an objective simultaneity We saw that 
one way of remtroducmg simultaneity, the way adopted in relativistic 
cosmology , was to use the ‘cosmic’ time t, the time kept by the clock 
movmg with the particle near which the density was to be evaluated 
Another way is to ignore the failure of objective simultaneity, and to 
use a Newtonian time t supposed to be the same foi all observers 
buch a procedure is admittedly not logical or self-consistent Never- 
t e ess it suggests the problem of attemptmg to construct a system 
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satisfying the cosmological principle (now suitably modified) within 
the domain of ISTewtonianmechamcs and gravitation, using Newtonian 
relativity, i e the Newtonian rules of transformation from one 
observer’s Newtonian space and time to another observer’s space and 
time This problem has recently been solved, f and the solution is 
given in Chapter XVI It proves to be of no mere academic mterest, 
for it leads to a scheme of conceptual equations identical with the 
conceptual equations of relativistic cosmology The symbols occurrmg 
in the equations are related in identical ways It is only the code of 
interpretation of these symbols in terms of observations — ^the code 
for passing from symbols to sense-data — ^which differs This is re- 
markable, as it IS often considered that all we know about the 
universe is contained m differential equations of certain forms 
Actually it is the interpretation of the symbols which is the sigmficant 
thing The identity of the equations derived in Newtoman fashion 
with those derived in relativistic fashion is the more remarkable in 
that it discloses a deeper parallehsm between the two schemes of 
thought, in this the most fundamental of all gravitational problems, 
than has hitherto been reahzed No sense can be attached to saying 
that the one is more accurate than the other Each is perfect and 
exact in its own domain It is impossible to tell, by looking at the 
fundamental equations, whether they have been derived by the rules 
of the Newtoman scheme or by the rules of the relativistic scheme 
The sole question is the deciding as to what set of rules shall he used 
for predicting observations from the equations I believe that this 
has a deeper significance than has yet been explored. 

69. In constructing systems satisfymg the cosmological prmciple, 
I shall in the first place confine attention to the case in which 
A and B (any two particles) are not only equivalent but are in 
nmjorm relative motion I shall show in due couise that the circum- 
stances are such that they will actually move freely with uniform 
relative velocity, so that the motion is a natural or gravitational 
motion Extensions to relatively accelerated equivalent observers 
could be undertaken as soon as the formal problem of obtaining 
generalized Lorentz formulae in three dimensions has been solved. 
It IS by no means certain that such extensions are possible, or that if 

t Partljr hy the writer alone, partly by the writer and Dr W H McCrea la 
collaboration {Quart J of Math (Oxford), 5, 64 and 73, M^irch 1934 ) 
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possible they will yield anything fundamentally new Actually the 
results obtained with restriction to the case of uniform relative motion 
have exactly the same degree of generahty (same multiphcity of 
arbitrary constants) as the complete set of results given by rela- 
tivistic cosmology They therefore cover a correspondmg ground, m 
simpler fashion The results are m any case so rich, the methods so 
novel, and the conclusions so extraordinary that the special case of 
uniform relative motion of equivalent observers, if special case it be, 
fully justifies detailed consideration, and requires to be discussed 
first before any progess would be likely to be possible with a calculus 
of greater generality 

In Part III we construct systems satisfying the cosmological 
prmciple m the wider sense, i e ^systems containmg other particles 
than the equivalent particles, but still satisfymg the condition that 
for all pairs A, B for which A = jB, then A^B 


PART II 

KmEMATIC WORLD-MODELS 


ly 

ELEMENTARY KINEMATIC CONSIDERATIONS 

70. To gam insight into the properties of systems satisfying the 
cosmological principle, let ns first ignore the relatiyity of time-deter- 
minations and suppose that it is legitimate to adopt Newtoman time 
the same for all obseryers Since such time-determmations coincide 
with actual time-determinations by equivalent observers in the im- 
mediate neighbourhood of the observers concerned, the results we 
obtain will in any case hold good locally 

71. Consider then a system of equivalent particles P, in motion in 
some manner, and satisfying the cosmological principle Each particle- 
observer IS to adopt Newtonian time and Newtonian space Fix 
attention on any one particle-observer 0 of the system and let him 
observe the velocities relative to himself of all other particles P 
Each particle, at any arbitrary time t, will possess a position-vector 
r with respect to 0, and a velocity- vector v Observer 0 can make a 
complete enumeration of the velocities v of particles P, cataloguing 
them in terms of their position-vectors r at all times t He can 
summarize his catalogue in the form of a formula 

Y=f(r,t), (1) 

where the vector-function / is simply a function describing all the 
velocities concerned 

72 Now take a second observer 0' situated on some other one of the 
particles P Since the system is given to satisfy the cosmological 
principle, the description of the velocity-behaviour of the system by 
0 coincides with the description by 0\ Hence the velocity v' relative 
to 0' of any particle whose position-vector with respect to O' is r' is 
given by V=f(r',t), (1') 

where f is the same vector-function as before Now let Tq be the 
position-rector of 0' with respect to 0. Since 0' is situated on a 
particle of the system, the velocity Vq of 0' relative to 0 is given by 

Vo = /(ro,<) (2) 

L 


402i 



74 ELEMENTARY KINEMATIC CONSIDERATIONS §72 

But by Newtonian, relativity 

V' = v-Vo, (3) 

r' = r-r„ (S') 



Fig 7 Eniimeration of velocities by two 
observers O, O' such that 0 = 0' 

Hence f{r-ro,t) := (4) 

Hence / is a linear vector-function of the vector r, and its most 
general expression is of the form of the inner product 

/ = T{t) r, (5) 

where T(i) is a Cartesian tensor (of the second rank) The components 
of the tensor T(() in any frame of reference associated with O must 
he independent of the frame of reference chosen, and so the same in 
all frames of reference It is therefore an isotropic tensorf of rank 
2, and so proportional to the idem-tensor U, of the form li+jj -|-kk in 
any triad of reference (i, j, k), where i.j, k are mutually perpendicular 
unit vectors Here T(t) = F(t)U and T(t) r = F(i)U' r = F(t)r 
Thus y _ rF(t) (6) 

In words, the velocity-vector of P is along and proportional to the 
position- vector OP, for all origins of reference 0 

Thus m a system satisfying Emstem’s cosmological principle, from 
kinematic considerations alone, without any appeal to dynamics, we 
establish the radial character of the motion, and the proportionahty 
of velocity to radial distance So far our result holds only locally 

73. This is a well-known characteristic of the motions of the extra- 
galactic nebulae as judged by the Doppler effects in them spectra 
It IS known as Hubble’s law, smce it was discovered empirically from 
observational data by Di Edwin Hubble, of the Mount Wilson 


i Cf H Jeffreys, Cartesian Tensors 
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Observatory Actually the Doppler shifts in the nebular spectra are 
directed towards the red, so that the inferred velocities are outward 
velocities The above argument does not show why the velocities 
are all outward, as the function F{t) may be negative as far as the 
foregoing deduction goes The fact that Hubble’s law is obeyed by 
the extra-galactic nebulae is a strong piece of evidence in favour of 
the hypothesis that the smoothed-out universe, m which the nebulae 
are represented as particles, is a system satisfying the cosmological 
principle, and is a sufficient justification for the further study of such 
systems It will be noticed that our derivation of v = TF{t) is quite 
independent of gravitational considerations, and holds good locally 
on any theory or law of gravitation whatever It is the most primi- 
tive property of a system satisfymg the cosmological principle 


74. Comparison of the observed velocities of the extra-galactic 
nebulae with their observed distances gives at once the present 
numerical value of the function F[t) If observations made at a 
succession of times t showed an appreciable alteration in the values 
of F{t), we should be enabled at once to evaluate the accelerations 
of the nebulae For, differentiatmg ‘following the motion’ of any 
particle, we have 

= yF{t)+rrit) 

= r[{F{t)y+F'{t)] 

Hence the nebulae have positive, zero, or negative accelerations 
according as ]^'(t)+{F{t)f | 0 

In any range of t m which this expression has a constant sign, this 
integrates in the form 


where is some constant, i e 




^ ^ ^0 

Actually observation is not yet sufficiently precise to disclose any 
day-to-day or year-to-year variation in the observed Doppler shifts 
Within our present accessible range of time-differences, then, the 
motions may be considered uniform To this order of accuracy, 
therefore, F^-\-F' = 0, and so 
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whence v == - ^ . 

t-h 

and IS constant for any one particle This may be written in scalars 

1 dr 1 

r dt~ 

or r = (7) 

which IS the distance-time relation for any one nebula, r being its 
constant Telocity Accordmg to this, at the interval f—fg ago, r was 
zero, and the nebnlae were all close together — in this ideahzation 
coincident The value t — may be evaluated from the observed 
values of r and v for the nebulae Adopting a hnear rate of increase 
of velocity with distance of 600 km. sec per 10® parsecs (1 parsec 
= 3 08x lO'-® km ), the present value of is 

3 08x 10'-® 

= 0-6x101’ seconds, 

500 

or since 1 year = 3 16x 10’ seconds, approximately, 
t—tQ = 2x 10® years 

If we reckon t, our present epoch, from the epoch at which accordmg 
to this evaluation the nebulae were close together, we may take 
= 0, and then 

0 = 1 . ( 8 ) 

where the "present’ value of ^ is 2 x 10^ years 

75. We must later examine under what circumstances the nebulae 
could te moving in this way, with constant relative velocities As 
it stands the estimoition is a gross extrapolation In the meantime 
we proceed ta a further property of the system of particles satisfy- 
ing Emstem’s cosmological principle 

76. We have been adopting IJewtonian time for all observers — a 
sufficiently accurate assumption for observers not too far apart Eor 
such observers, as we saw, "homogeneity’ has a meaning, and the 
system satisfying the cosmological principle will be homogeneous, that 
is, locally homogeneous Let 7i{t) be the number of particles present 
per unit volume, n{t) is independent of position Now since v is fully 
correlated with r, the motion is of hydrodynamical character Then 
since the number of particles is conserved, the hydrodynamical 
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equation of continuity must be satisfied This is, in polar coordinates, 
since V = |v| depends for given t only on r == |r|, 

Since ms a function of t only, we may write this equation as 

1 a , 2 . l dn 

r2^)== (10) 

8r 71 at 

Here the right-hand side is a function of t only We may write 
accordingly , , 

n at 

11 

Integrating partially with respect to r we have 


(11) 


whence 


.2 


or 


1 




Tor this to be consistent with (fi)! we must have 
^(0 = 0 , = Jit) 

Hence the particle-density n{t) vanes according to the law 

1 dn _ 
n dt 


( 12 ) 


-3T(^) 


or n{t) = (13) 

where N is the particle -density at ^ = T, and is arbitrary This 


•| Alternatively, = 0 follows from the consideration that there can be no 
singularity at the origin r = 0 Hubble’s law v == then follows without recourse 
to the cosmological principle Thus Hubble’s velocity distance proportionality may 
be considered either as the most primitive property of a system whose velocity dis- 
tiibution, as recorded hy different observers not too far apart, satisfies the cosmo 
logical principle considered as a definition, or it may he considered as the most 
primitive property, namely an immediate consequence of the condition of hydro 
dynamical continuity, of a system of matter m motion which is locally homogeneous 
This shows how inevitable is the distance velocity proportionality It is remarkable 
that neither of these simple derivations has yet found a place in the standard treat 
ments of the subject based on relativistic cosmology Instead, in those treatments, 
the propoitionality emerges as a mere consequence of mathematical juggling with 
symbols appertaining to curved spaces It is in fact almost always true that the 
complicated mathematical machineiy of general relativity obscures by its very power 
the inner nature of the phenomena it attempts to explore. In this as in other 
examples, fai more insight is gained hy elementary considerations 
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determines the density -behaviour in terms of the function F{t), itself 
given from the velocity-distance proportionality If F(t) > 0, as is im- 
phed by the observed recession, n{t) must be decreasing as t increases 
Thus the system is m a state of continuous diluhon This is a kinematic 
consequence of the expansion For F{i) = Ijt, n[t) = NT^jP 

The world-picture 

77. We pause here to make an important inference from these 
kinematic relations, which are necessarily true locally Suppose that 
a photograph is taken, at time t, of a region of the heavens Let be 
the apparent distance of any one nebula in this photograph Then 
the light recorded in the photograph left the nebula at epoch 
and since t is the same for all the nebulae photographed, 

IS different for nebulae with different values of The observed 
distances are less than the present distances, owing to the recession 
Hence if the distribution is actually locally homogeneous (at time t), 
the distribution in the photograph will be compressed radially, the 
compression increasing with mcreasmg distance This means that 
in the photograph, the density must increase outwards, and the dis- 
tribution as photographed will not appear homogeneous This will 
be found to be a very large effect 

Suppose the nebulae inside a given solid angle do and within a 
given range are counted on a photograph taken at time t 

Let the number be vr\dr-^do If the distribution as photographed 
appeared homogeneous, v would be independent of Actually it 
can be shown, I as a consequence merely of the kinematic formulae 
obtained above, that the number r, which of course must also depend 
on t, depends on accordmg to the first-order formula 

V = r(ri,0 == n(j5)|l-+4^ 

where is the observed velocity af the nebula at distance and 
n{t) IS the particle-density at time t close to the observer, i e. the value 
of V at time t for == 0 

This is a very important formula Owing to the large factor 

the effect is large even for small values of vjo, and it should 
c 

he within the present range of observation Actually Hubble has found 

t See Appendix, Note 1 , 
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evidence of an outward increase of density from the photographic 
counts, when allowances of various kinds are made for the dimmution 
of nebular brightness, as observed, due to recession of the source, and 
consequent displacement of the whole continuous spectrum to the 
red Formula (14) above is an immediate consequence of the velocity- 
distance proportionahty if red-shifts are interpreted as actual motions 
of recession, and its verification would constitute first-hand evidence 
that the nebulae are in actual motion outwards We have already 
seen that if the nebulae can be represented as particles eqmvalent 
to one another in the techmcal sense, then Doppler shifts must 
necessarily be mterpreted as actual motions in the ordinary sense 
used in physics The verification of the above formula would then be 
a piece of evidence m favour of the ‘equivalence’ of the nebulae, and 
so of the obedience of the system of the nebulae to the cosmological 
prmciple 

The. kinematics of a cluster of particles in uniform relative motion 
78. As far as the preceding considerations go, the motion of a system 
obeymg locally the cosmological prmciple might be either one of 
approach or one of recession Let us see whether there are any con- 
siderations distmguishmg between the two 

We have seen that present observations cannot detect the accelera- 
tions, if any, of the nebulae Let us then examme the particular ease 
of a system of particles constrained to move with uniform relative 
velocities, without imposing the restriction that it is to satisfy the 
cosmological prmciple 

79 Consider a cluster of such particles, of any space- and velocity- 
distributions, occupymg at a given moment the interior of a domam 
8 and surrounded by ‘empty space’ For simplicity we shall take 
;S to be a sphere, but the arguments are perfectly general Let 0 
be a particle of the system near the centre of the sphere Con- 
sider the particles in the neighbourhood of some pomt P of the 
cluster The outward-movmg particles will soon penetrate mto the 
‘empty space’ near P, the faster ones getting ahead and forming an 
expandmg frontier The mward-moving particles will travel along 
chords of the sphere, approach to a mimmum distance from 0, and 
then be reckoned as outward-movmg particles, the faster ones again 
ahead After the lapse of any considerable time, only the very slow- 
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mormg particles -will have motions of approach to-wards 0; the re- 
mainder vtII have predominantly motions of recession, approximately 
radially outwards from 0 Ultimately recession prevails for all 
particles The same thmg occurs if the system is viewed from any 
other particle O' 

Let f = he the instant when the system is first giv&n, in the ex- 
perience of the observer 0. Then if is the origmal radius of the 



Era 8 XJltimate recession of all 
particles forming a cluster whea m 
uniform relative motion. 



cluster, 1 e the radius at time at any later time t the distance 
r from O of a particle moving with velocity v hes between 
and vif—Q—rQ Thus 

<r < v{t-t^)+r^ 


or 




t Iq t 

Fox j^o sufficiently large, we have accordingly 


(15) 


^ t— to 

Thus velocity is ultimately correlated with distance The fastest 
particles will be found in a zone on the outside of the expanding 
swaim, followed by and partially mixed with the next fastest, and 
SO on However random the original velocity distribution, a sortmg- 
ont process occurs, the faster- and slower-moving particles segregating 
themselves naturally. Moreover, at any given epoch t, the velocities 
at different distances t tend to become simply proportional to r, 
according to the above equation 
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Thus a cluster of particles surrounded by empty space and con- 
strained to move mth umform velocities exhibits an expansion 
phenomenon, and after a sufficiently long time a predominant 
recession and a correlation of velocity with position aocordmg to a 
velocity-distance proportionahty, reckoned with reference to any 
assigned particle of the system 

80. Such a cluster, contaimng a fimte number of particles and 
surrounded by empty space, does not satisfy the cosmological principle 
It IS not proposed as a model for the umverse But its exammation 
has shown that it exhibits many of the characteristic properties of the 
system of the nebulae It is easy, m fact, to modify the cluster in a 
simple way so as to obtam a system of uniformly movmg particles 
satisfying the cosmological prmciple, as we shall see in the next 
chapter In the meantime, consideration of the phenomena exhibited 
by such a cluster affords such insight mto the origm of the features 
exhibited by the nebulae that it is worth while to examine it further 

81. First we notice that the system tends to assume the hydro- 
dynamic character. Out of chaos we get a systematic distribution of 
velocity, mevitably The frontier, or mdeed any concentric surface, 
acts as a Maxwell’s sorting demon, letting the swifter particles pass 
ahead of the slower ones This is a consequence of the original density- 
mequahty, any system containing a density-maximum wiU tend by 
diffusion to yield a separation of swift particles from slow ones The 
systems usually considered m thermodynamics are enohseA systems, 
possessing aboundary Here the system avoids the usual consequences 
of the second law of thermodynamics partly because it is not walled-m. 

The system passes naturally, of itself, from a state possessing orgam- 
zation m space-distribution but no organization m velocity-distribu- 
tion to a state possessmg less organization in space-distribution and 
greater organization in velocity-distribution 

82 Secondly, let ns consider more closely the ‘imtial’ configuration, 
the configuration at time i = io We have seen that, from this moment 
on, the system m general expands (Very special conditions would 
have to he satisfied hy the velocity-distribution = for the 
system not to expand.) Now unagine that at < = io all the velocities 
are reversed Then by the same argument as before, nnless very 
special conditions are satisfied, the reversed system will also expand 
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Next suppose that the original system is allo^wred to expand some 
little and that then all the Yelocities axe rev^exsed Then the 

s-ystem will be observed to contract to its original {t = configura- 
tion and then expand agam The configuration t = tQ is thus in 
general the minimum volume of the configuration in the reversed 
motion, and so also the minimum volume if the forward motion is 
extrapolated backwards in tune from t == The epoch of Trmnmnm 
volume may be called the natural zero of time for the system, sf = 0, 
and. thus, unless very special conditions are satisfied at the 

epoch t ~ tQ at which the system is iBrst given coincides with the 
natural zero of time for the system Since, if a system be viewed, it 
is necessarily viewed later than the instant t = tQ at which it was 
first given, it follows that any observation performed on a system of 
particles m uniform relative motion will in the overwhelming 
majority of cases reveal the system as an expanding system 

It is possible, indeed, that the system ed t = fQ may possess such 
a distribution of velocities that it begins to contract, ultimately, of 
course, expanding agam In that case observation would reveal the 
system as a contractmg system, durmg an interval following t = tQ 
Such, initial configurations will he highly infrequent compared with 
the configurations for which expansion occurs from t = tQ on It 
follows that if a system is started off or given at == ^q, it is over- 
wLelruingly probable that it wiU. expand 

It IS of course easy to construct the special distributions which 
yield contraction We simply have to take a system at random, let 
it expand a little, and then reverse its velocities, the result is a con- 
tracting system It might be thought in consequence that contract- 
mg systems were as frequent as expandmg ones This is true Ifever- 
thielcss observation will almost always disclose expansion, since the 
contracting phases of a system occur before the natural time-zero, 
wlxilst the expandmg phases occur after it, and an observation, 
necessarily made after the system is first given, is in the enormous 
majority of cases later also than the natural time-zero 

’Whether a system is observed to be expanding or contractmg 
depends on whether the epoch of observation t is such that if >• 0 ox 
t < 0. The infoimation we have about t is that t ^tQ, where is the 
epoch at which the system was first given In general fo = 0, though 
exceptional cases may occur for which fo < 0 or > 0 Only when 
tQ < O is it possible for an observation to disclose contraction 
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83. To be ‘&st giren’ is the same thing as ‘to be created’ It is 
always possible to trace backwards the configurations assumed by a 
system created in time to before the epoch of creatioiij but propositions 
about such configurations are necessarily non-venfiable propositions, 
which accordingly hare no significant content f We may modify 
Wittgenstein’s aphorism ‘The world is everythmg that is the case , 
to ‘The world is everything that can be observed to be the case We 
see that if a system of the kind considered is created, it is enormously 
probable that the epoch of creation t = to coincides with the natural 
time-zero, or epoch of minimum volume, f = 0 It is much easier 
to create a system for which ig = 0 than to create a system for which 
^ 0 For, to do this, the creator has merely to create a system at 
random If a large number of systems are imagined created, then 
for the enormous majority wdl be zero. The chances are that a 
system created at random will be such that = 0, and hence that 
any observation made on the system will disclose it as expandmg 
The phenomenon of the expansion can only be understood by takmg 
mto account a theory of knowledge Contractmg systems are not 
impossible but aie highly improbable 

84. The above considerations refer to the times and epochs measured 
by a smgle observer How these conclusions are modified m the 
experiences of other observers will be exammcd when we construct, 
m the next chapter, a system of uniformly moving particles, wvthout 
constramts, satisfying the cosmological principle Here we n^ice 
that the system here considered possesses a non-zero volume at i = 0, 
and permits only a statistical obedience to the recession law. Slow- 
movmg particles, m the vicimty of the ‘centre’ of the system, may 
disobey the recession law This is found to be the case in the system 
of the nebulae, as observed t 


85 It IS not easy to treat relativistically a system of which the 
mmimum volume is not zero The natural tendency of the mathe- 
matical techmque employed is to construct an idealization in which 
the rmnirmirrt volume IS zero If we adopt the view that the world. 


t That IS non-verifiaLle propositions about the world of nature have no significant 
coltent In geometry, HoJevel all propositions are unverifiabla-they relate simply 
ijli 0 ©iitittios dofinod. by tVio aiXiorns _ 

t It 13 not certain that the Andromeda nebula is reoedmg Its 
negative, but this may be due to the galactic rotation, which is swmgmg the earth 

toward the nebula 
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in the experience of any one observer, was created in time in the 
temporal experience of that observer, it is still a quite open question 
whether it origmated as a geometrical particle or point-source, or 
‘radioactive super-atom’ as conjectured by Lemaitre, or whether it 
possessed at the epoch of creation a finite volume The assumption 
of a non-zero initial volume involves, however, serious difficulties m 
a relativistic formulation For, as we shall see, the relativistic formu- 
lation implies that the very distant particles or nebulae possess speeds 
approaching that of light, which has for a consequence that to 
observers situated on them the whole system must be contracted to 
zero volume The events on them, now capable (in principle) of being 
observed by us, are arbitrarily early m their local time-scales, and 
correspond as closely as we please to the epoch of creation ‘ Creation’ 
or ‘earliness in time relative to the natural time-zero’ is a jpresent 
characteristic (to us) of the most distant members of the system This 
will become clear m the later analysis 

86. In this section we have confined attention to systems of particles 
m uniform relative motion Current relativistic cosmology contem- 
plates world-models in which relative accelerations are present, but 
it does so only at the cost of introducing a continuum of ‘acts of 
creation’ at finite (non-zero) times m the experience of any given 
observer It ensures the satisfaction of the cosmological principle 
(which includes as one property the centrality of every particle in 
the field of the remainder) only by creating fresh particles in the 
vicinity of every already created particle as fast as observations can 
be made from that particle It seems convenient to leave the 
examination of systems of equivalent, relatively accelerated particles, 
until we give an account of current relativistic cosmology Here we 
may be content with having gained insight into the characteristic of 
expansion, as observed to hold good, in contrast to that of contraction, 
from the consideration of a system of particles in uniform relative 
motion Expansion, though of the same mathematical nature as con- 
traction, and equally possible as far as mathematical analysis goes, 
IS the overwhelmingly probable phenomenon when regard is paid to 
observation as our only means of knowledge of the external world 
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THE SIMPLE KINEMATIC WORLD-SYSTEM AND ITS 
PROPERTIES 

87. We have seen that a local velocity-distance proportionahty and 
a local homogeneity are inevitable characteristics of systems satis- 
fying the cosmological principle Local homogeneity is indeed only 
to be expected, for we have seen that the cosmological principle is the 
simplest definition we can adopt which can replace the untenable 
definition of a world- wide homogeneity We have seen also that a 
system of particles constramed to move with uniform relative 
velocities exhibits naturally an expansion, possesses a natural time- 
origin, and tends to assume a hydrodynamical character with a 
velocity-distance proportionahty of the special type V ^ r/^, where 
t IS measured from the natural time-zero These were two mde- 
pendent investigations Let us attempt to combine them, and to 
construct if possible a system of particles in uniform relative motion 
satisfying the cosmological principle 


Preliminary lemma Einstein^ s velocity -addihon formulae 
88 Let {x,y,z,t), {x\y\z',f) be the coordinates assigned by two 
observers A and B in uniform relative motion to any event £7 on a 
particle P in motion If the two observers possess a relative velocity 
U in the direction of the iti-axis, then by the Lorentz formulae 


-Ut 


y =y^ 


^ - ^ ^ 

Consider a neighbouring event on P, of coordinates {x-{-dx, ,^+cZO 
and {x'+dx\ ,t'+dt') Then we define as the velocity-components 
u, v,w of P, as judged by A, the differential coefficients 
dx 


u = 


dP 


dy 


dz 

^=dt’ 


( 2 ) 


and the velocity components u', v', w', as judged by B, the differential 


coefficients 


u — 


dt” 


v' = ^ 
dt'" 


w' = 


dz' 

dt' 


(3) 


These are what are meant by the term ‘velocity’ as customarily used 
in physics, t and t' being always the epochs assigned by A and B to 
the events at P as judged by them respective clocks 
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It follows that 

u’ = _ U—U 

dt—Udxjc^ ~ i—uUlc^’ 

v’ = _ v{i-uyc^)i 

dt—U dx/c^ ' i—uUlc^' ’ 

w' = _ w{l- 

dt—Udxjc^ l—uUjc^ 

These formulae are m fact more general than formulae (1), for they 
are independent of the additions of arbitrary constants to the epochs 
t and t', and so mdependent of the synchronization of the zeros of .4’s 
and B s clocks They could in fact be demonstrated from considera- 
tion of Doppler effects only, converted into velocities, on using the 
equahty of the Doppler effects observed by A and B at one another 
We have already encountered, m § 45, a particular case of the first 
of formulae (4) 


The invmmnt veloc%ty-distribuUon 

89. Now consider a system of particles constramed to move with 
uniform velocities in the experience of an observer situated on some 
assigned member of the system Then they will have umf orm velocities 
in the experience of any other observer situated on any other member 
of the system 

Let A and B be two such observers, moving with uniform relative 
velocity (17,0,0) Let A assign the velocity V, of components 
u, V, w, to any particle of the system, and let B assign to the same 
particle the velocity V', of components u',v',w' 

Let A and B enumerate the velocity-statistics of the system, each 
m his own experience A counts the number of particles with velocity- 
components lymg between u and u-\-du, v and v-\-dv, w &xidiW-\-dw , 
he finds that this number is mdependent of the epoch of observation, 
and lie writes it down as 


V, w) dudvdwy 

assuming that the particles are sufficiently numerous to be treated 
statistically Similarly, B enumerates the velocity-statistics m his 
experience as du'dv’dw' 

The particles coimted by A as mside the velocity domam dudvdw 
surroundmg {u,v,w) will be counted by B as mside the domam 
du'dv'dw' Hence 

fju, V, w) dudvdw = fs{u', v’, w') du'dv'dw’ 
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But by (4), 
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du'dv'dw' 


d{U ,V ,W ) 
8(%, V, w) 


Hence 


{1-uUic^y 


dudvdw 




u-U 


v{l-Uyc^)i w{l- 
1-uU/c^ ’ 1- 


u^lc^y\ {i—u^id 


c^\ 

) 


. 2\2 


-'uUlc^ /{1-uU/c^)^ 

Now let us attempt to construct a system such that ^’s description 
of the velocity-statistics comcides with B’s, for any A and £ situated 
on particles of the system Their velocity-pictures are to be identical 
Then the condition for this is that for any U, 

fA = fsi 

say Then we have the following functional equation for / 

u-IT v(l-U^lc^)^ w{l-U^lc^r\ (1 -Uyc^f 1 ,.^ 
■uUJc^" l-niUlc^ ’ \—iiV{c^ j{l-nUlc^y 
This equation must be satisfied for all values of U occurrmg m the 
system Two similar equations must be satisfied, derived by replaomg 
{U, 0, 0) by (0, U, 0) and (0, 0, U) in turn The three equations of the 
type (5) must be identities m U, %, v, w 

The solution of (5) (see Note 2) is, B bemg an arbitrary positive 

constant, , , , , B dudvdw 

j{u,v,w) dudvdw = — ; r: — r : — — I"; 


j{n,v,w) = 




c*(l- 


& j 


90. This velocity-distrihution has seyeral remarhable properties. In 
the experience of any obseryer situated on an arbitrary member of 
the system, the system is a continuous one, containing a contmuum 
of yelocities defined by 1V| = <, c The density of 

particles (in yelocity-space) increases as [Vj increases, tending to 
infinity as [VI -> c, and the total number of particles 0 < |V| < c is 
infinite The system contams no preferential yelocity standard which 
could be called rest, all velocity-frames are equivalent, and the 
system possesses no velocity-centroid Whatever frame of reference 
IS adopted, particles exist moving in every direction with all speeds 
up to that of hght Solution (6) is m fact simply the expression 
in symbols of the non-existence of a preferential yelocity-frame 
Any asymmetry in velocity-distribution would have picked out a 
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preferential direction, and had the number of particles been finite, a 
velocity-centroid could have been determined 


I 




Lirmtmg spahal distribuUon 

91. Now consider the spatial distribution of the system If t is the 
epoch measured from the moment when the system is first given, in 
the experience of an observer r the radial distance of any particle 
at epoch t, then for t large we have seen that 




r 

V 


(V) 


where V = \Y\ 
may be written 


In terms of coordinates x, y, z measured from A, this 


u ~ 


X 

V 


V 


y 


w ~ 


z 

t 


( 8 ) 


In the experience of this observer, the system thus tends to assume 
the spatial distribution 

^dx dy dz 

T T 






-I 


or if ^ IS the spatial particle-density for f large. 


ndxdydz ^ 



Btdxdydz 

x^+y^-\-z 

^2 



(9) 


This formula expresses the fact that the swifter moving particles aie 
found towards the confines of the system 


Idealized system 

92. Formula (9) invites consideration of the idealized system of 
particles of density-distribution 


n dxdydz = 


Btdxdydz 




) 


( 10 ) 


with the associated velocity-law 


X 

V 


V = 



( 11 ) 


X, y, z, t bemg coordmates and epoch assigned by the observer A on 
the particle at the origin of coordmates 
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It IS to be noticed that this distribution of velocity and density 
satisfies identically the hydrodynamical equation of continiuty, 

as IS easily verified Thus conservation of particle-number is observed 
by the flow 

Let us consider the description of this system m the experience of 
any other observer B situated on some other particle of the system 


93 Let B be on the particle moving with velocity [TJ, 0, 0) and let 
him assign coordinates x\y\z' and epoch V to the event on a particle 
P to which A assigns x, y, z, and t Further let B assign the velocity 
components u', v\ w' to P, A the components u, v, w Then 


/ __ x—Ut 
* “ (1-17^0^)^’ 
, _ u-V 

Hence, since 
we have 


2 /' = y, z' = z, 

v{l--Uyc^)^ 
l-uUlc^ ' 
ylt = V, 

y' 

T 


V = 


xjt = u, 


u = 


7 ’ 


, _ t—Ux/c^ 

- (l_C72/c2)i’ 

1-uUlc^ 


zjt — w. 



( 12 ) 

(13) 


(14) 


Thus the system possesses the same velocity-law for B using P’s 
coordinates as it does for A using J.’s coordinates 


94 Consider now the description of the density-distribution by B 
A counts the particles inside dxdydz at the common epoch t in his 
experience A particle at {x,y,z,t) in A’s experience is found at 
(x%y',z',t') in P’s experience A particle at {x+dx,y+dy,z+d^,t) 
in Jl’s experience is found at (cr'-j-Air', y'-j-Ay , z -\-Az , t -[-A^ ) m P s 
experience, where 

dcr. * r 7 A^/ —Udxjc^ 

^y’ = ^y^ isz -dz, - (I_cr 2 /c 2 )i- 

(16) 

This same particle, at the assigned epoch t' in -B’s experience, mil 
have had coordinates {x' -\-dx\y' -\-dy\z ' where 
x'^dx^ = Aa;'- v!At\ 

y' -\-dy' = y'-\- v'At\ 

z'j^dz' = z'+ w'Af 

N 
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For during the interval (t\ f it has been niovmg with velocity 
{u\ v\ w') Hence, substituting from ( 14) and (15), 


dx* 


dx 




^U' 

t' c^y 



(16') 


(16") 

The first of these, on using (12), gives 


II 

t 

(16) 


Let now n' be the particle-density at {x',y',z') at epoch t' in J5’s 
experience Then for small volumes surrounding the particle (x, y, z) 
or {x\ y\ z^), since the particles counted hy ^ at if will all be counted 
by B at t\ we have if do' and do are elements of volume, 


j n' do' = j n do 

Consider now dx,dy,d 2 and dx\dy\dz' as local sets of coordinates, 
used for defimng positions inside do and do' Then 

do ___ e{dx, dy, dz) _ ^ /d{dx\dy',dz') t' 


do' d(dx',dy',dz 


d{dx, dy, dz) 


on differentiation of (16), (16') and (16") It follows by taking small 
volumes that , 


But by (12) 
Hence 


Bt 


t' 


h2_ ^ 




Bt' 

:'2 I ./2 I «/ 2\2 




(18) 


Thus B describes the density- distribution as 


7h' dx'dy'dz' 


Bt'dx'dy'dz' 






(19) 


This IS identical in form with (10), and accordingly jS’s description 
of the density-distribution coincides with A' s 
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95. ‘Now A and B are equivalent observers, A = B We have shown 
that A’s and £’s descriptions of the velocity- and density-distribu- 
tions of the system defined by (9) and (10) are identical Thus A = B 
Further, A and B are any two particle-observers of the system It 
follows that the system defined by (9) and (10) satisfies Einstein’s 
cosmological principle, and that in the stricter sense that all particles 
occurring are equivalent and possess identical world-views 

This achieves a solution of the problem of constructing a system 
satisfying the cosmological prmciple in flat space The calculation 
we have just performed can equally well be carried out using four- 
dimensional space-time, but this conceals the observational meaning 
of the calculations The kinematical properties of the system will be 
considered shortly 

Accelerations 

96. We have now to discuss the important question of whether the 
system of particles in motion which we have constructed can go on of 
itself, without constraints So far the particles have been supposed 
compelled, by external means, to move with uniform relative 
velocities Will they continue to do so if the constraints are removed ? 

97 In the presence of any distribution of particles, any free particle 
projected from a given point at a given epoch with a given velocity 
will move m general in some determinate way For the only circum- 
stances of Release’ of the particle which we can control are the epoch, 
position, and velocity of projection, all reckoned in the experience of 
an assigned observer 

Now suppose that P is one of our constrained particles and that a 
test-particle P' is released from P at some epoch with the velocity of 
P, in the reckoning of an observer O Then P' originally coincides 
with P, and is at rest relative to P Now describe the motion of P' 
from the point of view of an observer at P The system described by 
(10) and (11) above is spherically symmetrical about the origin, i e 
about 0 But P IS equivalent to 0 Hence the system is spherically 
symmetrical about P Hence, viewed from P, there is no preferential 
direction Hence the particle P' cannot separate from P, for to do so 
would be to select a preferential direction, and no such selection is 
possible If P' had been projected from P with some definite velocity, 
the act of projection would have selected a direction But P' has 
been projected from P, or released from P, with zero velocity relative 
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to P Hence P' remains in free motion permanently comciding with. 
P But P IS in uniform motion relative to 0 Hence the free particle 
P' IS in uniform motion relative to O, and therefoie undergoes zero 
acceleration relative to 0 

But it IS now impossible to distinguish between the motions of 
P and P' Hence the constraint compelling P to move uniformly may- 
be removed, and P will follow the path of the free particle P' That is, 
P will continue to move with uniform velocity and zero acceleration 
in the experience of 0 

Having removed the constraint acting on P, we may pass to every 
particle of the system in turn, and remove its constraint without 
affecting its motion *| The result is a system of particles moving 
freely with uniform relative velocities 

The point of the argument is that P' and P arc central in their own 
frames of reference If we suppose that in some way every other 
particle of the system 'acts’ on P, then the whole 'action’ must reduce 
to zero Therefore, since P is unaccelerated in its own frame, and 
since its own frame is in uniform relative motion with respect to O, 
P must be unaccelerated with respect to O Thus every particle of 
the system is necessarily unaccelerated But the assumption that 
the particles may 'act’ on one another is essentially irrelevant The 
vanishing of the acceleration of each particle P is a consequence of 
the non-existence of a preferential direction m the frame of reference 
in which P IS momentarily stationary 

The acceleraUon-formula 

98 I shall now arrive at the same conclusion by a different line of 
reasoning, by actually calculating the acceleration dNjdt of a free 
test-particle projected with given circumstances of projection The 
resulting formula is of fundamental importance in later developments 
It IS derived by reasoning similar to that used in the earlier sections 
of Chapter IV 

99 Let a free test-particle P' be projected from a particle P of the 
constrained system at epoch t with velocity V in the experience of an 
observer 0 situated on some particle of the system The acceleration 
dV jdt undergone by P' at the epoch of projection, as reckoned by 
will be denoted by g, a vector 0 can observe particles freely pro- 

[ Alternatively, we may lemove all the constraints simultaneously 
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jected from all particles P at all epochs t with all velocities V and 
determine their accelerations These accelerations can be enumerated 
by 0 as a function of the vectors P and V and scalar t 

describing the circumstances of projection Thus we have 

f-g(P,v,*) 


Now consider any other observer 0' situated on some other particle 
of the system, and therefore in uniform relative motion with respect 
to 0 0' will describe the circumstances of projection of the test- 
particle as P',V', If 0' has velocity {U,0,0) with respect to 0, 
and if V is (u,v,w) and V' is {vf then the acceleration g' or 
dV'jdt' IS given by differentiation of formulae (4) with respect to t' 
We have in fact if (/, gf, h) are the components of the vector g, (/', g', h') 
the components of g', 


whence 


du 

dt^ 

g 

II 

, dw 

(20) 

du' 

w 

g' 

II 

II 

(21) 


l-!7Vc2 vU. 

, _ 1-u^ic^ , i-m/c^ wu. 

(l-uUjc^y-(l-uUfc^fc^^'_ 


Trom these formulae, then, fiom a knowledge of g = g(P, Y , t), 0' 
can determine the acceleration g' as it would be measured by himself 
as a function of P, V, t He can then express this result in terms of 
P', V', t\ say g' = Y', t') But 0 and 0' are equivalent particle- 

observers, and therefore the acceleration g' considered as a descriptive 
function of the variables must be identical in form with the 

acceleration g considered as a descriptive function of the variables 
P,Y,f, le g' = g (23) 


100. The physical meaning of this may be examined for a moment 
0 records the acceleration of the particle projected from P with 
velocity V at epoch t as g(P,V, 0 0' records the acceleration of 

the same particle, in his coordinates, as g'(P',Y', f) Hut the latter 
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acoeleiation must be equal to that of a free particle projected from 
a particle P' -witli velocity V' at epoch f in the experience of 0 For 
0 and O' are equivalent We are here using the prmciple of relativity 
in its primitive meaning if 0 and O' are eqmvalent and observe 
identical world-pictures, then the law expressing the acceleration of 
a freely movmg particle m ^’s measures must be identical in form with 



Eia 10 Enumeratioa of accelerations of free particles 
by t-wo observers O, O' such that 0 = 0' 

the law expressmg the acceleration of a freely moving particle m 
0'’s measures The acceleration-law must be unaltered znform when 
we transform from one observer to another equivalent observer 


101 . The scalar numbers f,g,h are functions of the 7 variables 
x,y,z, which we write for brevity m the form 

^ = ^(P,V,0, h = h{V,Y,t) 

The identity (23), together with the transformation formulae (22), 
now gives 


/(P',V',f) 

A(P',V',n 


(l-17Vc2)i 

[l-nUjc^f 

(l-nUjc^y 
1 — f72/c2 
{l-nUjc^y 


i/(P,V,t), 

S'(P,V,^)- 

A(P,V,<)- 


1-Uyc^ nU 


{1-uU/e^y e^ 


■/(P,v,o, 


l—U^jc^ wU 
' {I— uU^f 


./(P,V,t) (24) 


f The tensor fonnnlation of ‘laws of nature’ in general relativity is an, expression of 
conservation of quantity when the value of a tensor is zero in. one system of coordinates, 
it IS so m all On the other hand our use of the principle of relativity is one of conserva 
tion of functiorial form In this respect our application is more intimately connected 
with, the foundations of relativity. Tor relativity starts by establishing the conserva 
tion, under certain circumstances, of the form of the quadratic differential expression. 
General relativity proceeds to generalize this result by con 
centrating on the conservation of value of this expression, calling it ds^ But in doing 
so it loses sight of the remarkable property that not merely two 'numerically equal 
quadratic differential expressions exist connecting the descriptions of the same pair 
of neighbouring events by two observer^, but the two expiessions are identical in 
form In Chapter II we have seen how to generalize this result for relatively ac 
celerated ‘equivalent’ observers 
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These constitute three functional equations for the unknown functions 
S,g,h We have six other functional equations obtained by replacing 
(f7,0, 0) by (0,17,0) and (0,0, U) 

The solution of these functional equations is found in Note 3 Let 
X, F, Z, ^ be four functions of x, y, z, t, %, v, w defined as follows 

p2 P V 

F = l— X, z = t-^ (25) 






or 


x = «2_^!±y!±^ 


F= 1- 






'iix-\-vy-{-wz 


and 


(25') 

^ = ZyXT (26) 

Under the transformation from an observer 0 to an observer O' 
movmg with relative velocity (17, 0,0), the functions X, Y, Z for the 
same motion-event (P, F, t) or (P', V, t') obey the transformation laws 

X' = X, (27) 

^ i-uycs 


F' 


■ (1-uU/cY 

Z' = 

1-uUfc^ ’ 


(27') 


(27") 


so that X, Z^/Y, and^ = Z'^jXY aremvariants under the transforma- 
tion Then the solution of the set of functional equations is 


g = (P_vo JU(f), 


(28) 


where Q{i) is a function of ^ not yet determmed 
Now for any freely movmg particle, the motion at any point of its 
path IS the same as if it had been freely projected at that pomt, at the 
same epoch, with the velocity with which it is passmg through that 
pomt The equations determimng the motion of a free particle are 
accordingly 


dt 


= V, 


dt 




(29) 


102. Ifm (28) we take V = P/^, we have g = 0. Hence a free particle 
projected with, the velocity V == P/^ is unaccelerated The solution 
of the equations dVIdt == 0, dPfdt == V is precisely V = constant, 
P = Y/ Accordingly a test-particle released from one of the funda- 
mental or given particles V = P/^ at rest relative to it remains at rest 
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relative to it There is therefore no distinction between the motion 
of the given, constrained particle and the motion of a free particle 
comcident with it Comcidence persists. Hence the constraint acting 
on the given particle may be removed without affecting its motion 
The constramts on all the given particles may be released m turn, and 
we are left with a natural, unconstramed motion Thus the system of 
particles movmg accordmg to (11) and distributed accordmg to (10), 
m the experience of the particle-observer at the origin, mamtains 
this motion and distribution, and the motion and distribution are 
described in the same way by any other particle-observer of the 
system For any other observer they follow the same laws f 

103. Whether the particles ‘act’ on one another m any way, i e 
whether a law of gravitation’ exists, is an irrelevant (Question We 
may, if we like, assume that they do so act on one another But 
provided the ‘law of gravitation’ is relativistic, i e provided it is 
described m identical terms by equivalent observers {A ~ JB) who 
describe the system equivalently (A = B), the free motion is precisely 
as we have stated it The particles could only move otherwise under 
a non-relativistic law of gravitation’ The motion we have obtained 
is compatible with any relativistic formulation of the ‘law of gravita- 
tion’ , if such be supposed to exist We may impose any kmd of mter- 
action between the particles we like, involving any number of ‘um- 
versal’ constants, y. A, , we may adopt any ‘theory’ of gravitation 
we choose, but provided the mteraction is relativistic, provided the 

t An exactly similar procedure is tacitly foUowed m treatments based on general 
re a mty A gravitational field is contemplated which ongmates from a certain dis 
tnbution of matter m motion The geodesics, or paths of free particles m this field, 
are then calculated Lastly, particular cases of these geodesics are shown to be 
followed by the particles origmally given to be present to ‘cause’ the fiAld , which 
previoraly had prescribed motions, and thus a pr-iort required to be oonstramed in 
S! motions It then follows that no constramts are necessary, so 

that the ongmal constramts, if any, may be removed (I am referxmg to the case of 
zero pressure) The whole pomt, m both the general relativity treatments and m my 
toematie treatment, is that the prescribed motions of the matter ‘producmg the 
Mid are pMticular cases of the paths of free particles in the field It is true that m 
the genera relativity treatments, the ‘field’ or metric is often considered merely 
toematicaUy, without specification of the matter present producmg it, this matter 
bemg later deterged from the ‘field’ equations Smce the field equations are 
mdetermmate to the extent of an unknown constant A, the amount of matter present 
IS also mdetermmate But m any case its motion follows the geodesics defined by 
takmg constant values of the chosen coordmates It is really illogical to associate 
a gravitational field with the presence of matter, but at the same time to begm an 
mvestigation with consideration of an abstract field or metric, definin g a set of 
geodesics without first saymg how much matter is present and what it is domg 
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theory is compatible with its description by equivalent observers in 
equivalent terms, the motion is unaffected f None of our arguments 
are affected in any way We have thus constructed what may be 
called a gravitating system of particles, m the fiat space and Newtonian 
time of any occurrmg particle-observer, whose motion is the same on 
any theory of gravitation Speciahzation of the 'law of gravitation’ 
might affect the function G{^) {a priori) and so affect the general 
paths of free test-particles, but will not affect the motion of the given 
or fundamental particles given to be present and supposed to originate 
the field J 

This IS a most satisfactory result An essential phenomenon hke 
gravitation can only be said to be understood when it has been shown 
to follow mevitably, without arbitrary assumptions or arbitrary con- 
stants, from the compatibihty of the observations which the different 
particle-observers occurring m it can make on one another The 
Newtoman formulation of gravitation is a specific assumption of the 
form of the law which accounts for a certam class of observed motions 
Einstein’s formulation of the form of the law of gravitation is a possible 
restriction on the motions (or alternatively on the possible density- 
distributions compatible with the prescribed motions) contaimng an 
arbitrary constant A We have not obtamed a general formulation of 
the law of gravitation, but we have obtamed a defimte system of 
particles in motion whose subsequent motions are independent of the 
form of the 'law of gravitation’, if such is supposed to exist, and so 
independent of any assumption about the existence or non-existence 
of the 'cosmical constant’ A We have not 'left out’ gravitation The 
uniformity of the motions in our system can be interpreted if we 
please as a balance, at each particle occurring, of the 'forces’ 'due to’ 
every other particle occurrmg The mamier in which this resultant 
zero IS analysed into 'action at a distance’ is arbitrary, and the 

t See Additional Hote, p 112 

I This may be contrasted with general relativity There, given the metric, the 
geodesics or free paths are prescribed mdependently of the field equations adopted 
Thus in general relativity, when we begin with a metric, the free paths are known, 
but the matter ‘causmg’ them depends on the particular field equations adopted, i e on 
the law of gravitation adopted , in our treatment, the matter present, and its motion, 
are known and definite, but the particular forms of the trajectories of add%t%onal 
test particles may depend on the law of gravitation adopted, as far as we have yet 
gone This brmgs mto evidence the fundamental differences between our kinematic 
treatment and general relativity We shall later actually determme the function 
Q-(^) for statistical systems satisfymg the cosmological principle m terms of the matter 
given to be present 

4021 


o 
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analysis could be carried out m different ways But no imposition 
of any relativistic law of gravitation can disturb the set of motions 
we are discussmg 

104. But we have gone farther than merely to determine the motions 
occurrmg We have actually found a considerable restriction on the 
acceleration of any free test-particle The acceleration function 
g(P, V, t) can be taken to be a descriptive formulation of the 'law of 
gravitation’ for the 'effect’ of all the given particles on a free test- 
particle It can be taken as summarizmg the resultant action on the 
free particle of all the given particles present This function we have 
shown to be of the form (28), reducmg g from a descriptive function 
of 7 variables to a single undetermmed function of a single vari- 
able namely G{^) Just as the motion of the prescribed or given 
particles is independent of any specific formulation of the law of 
gravitation’, or law of interaction’, so the motion of a free particle 
IS governed by an acceleration-law of the form (28) independent of 
any specific theory of gravitation As far as we have at present gone, 
the form of the residual factor G[^) might depend on the precise law of 
gravitation’ adopted It will m any case be expected to depend upon 
the arbitrary multiplying constant B occurrmg in the density-dis- 
tribution-law (10) We shall later show that the equations of motion 
(29) can be integrated in full without any knowledge of the form of 
G{^), m a form mvolving exphcitly the necessary six constants of 
integration corresponding to arbitrary values of the position P and 
velocity V at an arbitrary epoch of projection t, and we shall find it 
possible to state a large number of properties of the trajectories so 
found without further particularization of the function O We shall 
thus have gone a long way towards describing the complete 'gravita- 
tional field’ of the system, not only m regard to the accelerations of 
the given particles occurrmg (which we know completely, namely they 
are zero) but in regard to the accelerations of free test-particles used 
to explore the field Tormula (28) the form of the law of gravitation 
as explored by free test-particles at large m the given system It rests 
on no assumption as to the existence of action at a distance or other- 
wise, it rests on no causative principle, it is not derived from any 
assumption of an 'effect’ on 'space-curvature’ or geometry due to 
the presence of matter, it involves no introduction of an ether What- 
ever law of gravitation is imposed, adopted, or formulated, equivalent 
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observers 0 must describe the function g m the same terms, i e must 
arrive at a single umversal function g, and it is then a consequence of 
the eqmvalence of the observers that g is of the form (28) A general 
law of gravitation’ can be none other than a compact statement of 
all the motions of free test-particles released m the presence of a dis- 
tribution of given particles, mcludmg the given particles considered 
as free particles We have effectively formulated the law of gravita- 
tion for a certain system, namely that defined by (10) and (11), in the 
form of a compact statement of a restriction on the motion of all 
possible free test-particles 

Physical interpretation of the acceleration-formula 
1 05 . Let us examine (28) more closely The first thmg which will strike 
the reader is the dependence of the acceleration on velocity V, which is 



Fig 11 Physical interpretation of the acceleration-formula 

foreign to all classical ideas as to gravitation We proceed 
to interpret physically the occurrence of V in the factor P— 

Consider an observer 0 on a given particle taken as origin Then 
a free test-particle moving through P with velocity V at time t, aU in 
the experience of 0, possesses an acceleration dYjdt which by (28) is 
parallel (or antiparallel) to the vector P — Yt It is therefore directed 
towards (or away from) the particle Pq of position- vector with 
respect to 0 Thus m Fig 11, the acceleration of the V-particle at 
P at time t is along the vector PqP = P— 

But Pq is the position, at time t, of that one of the given particles 
which has been moving with a constant velocity equal to V To the 
particle-observer P^, the (P, V, t) projected particle is momentarily at 
rest, for the projected particle (travellmg with V) and Pq possess the 



100 SIMPLE KINEMATIC WORLD -SYSTEM AND ITS PROPERTIES §105 
same velocity in O’s reckoning, and so m the reckoning of any 
equivalent particle, in particular m the reckoning of Pq, to whom 
both Pq and the free test-particle under consideration are at rest 
Now 0 IS the centre of spherical symmetry of the whole system to the 
particle- observer at 0 Hence Jq, an equivalent particle, is the centre 
of spherical symmetiy of the whole system to the particle-observer 
at Pq, and so the centre of spherical symmetry of the whole system 
to any particle-observer at rest relative to Pq It follows that the 
accelerahon of the free particle in flight at P with velocity V is directed 
towards (or away from) the centre of symmetry of the whole system m that 
frame in which the free particle is momentarily at rest 

106. This again is a most satisfactory result A particle-observer at 
P moving with V (V P/0 can survey the system regarding himself 
as momentarily at rest, and ascertain its centre of symmetry He 
thus picks out Pq He then finds that his acceleration is along the 
line ]oinmg himself to Pq Had we adopted some 'theory’ of gravita- 
tion, we should inevitably have concluded on grounds of symmetry 
that the 'resultant action” of all the particles would he directed 
towards the centre of the system m the experience of 0 We have 
not made this assumption, hut our conclusion is compatible with the 
results of this assumption Should V happen to he Pfl, P^ coincides 
with P, P finds himself at the centre of symmetry of the system in the 
frame in which he is instantaneously at rest, and so would be led to 
say that the resultant acceleration, having no preferential direction, 
must be zero This is our earher result 

107 If V IS not equal to P/^, dY Jdt is not zero, V alters with t, Vt 
alters with t, and the position Pq has a definite locus in the system in 
the experience of 0 Pq, the apparent centre of the system to the free 
particle P, does not permanently coincide with any given particle of 
the original system, but moves from particle to particle P, the free 
particle, may be said to follow a curve of pursuit of the apparent 
centre Pq (if the acceleration has the sense of PPq) P may be 
described as steadily falling towards the centre of the system, reckoned 
always iii the frame in which P is momentarily at rest Whether P 
ever overtakes Pq will be a matter for future investigation. 

108. In the meantime we have obtained a physical interpretation 
of the occurrence of the vector-factor P — Yt in the acceleration- 
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formula for P This factor is an embodiment in mathematics of the 
circumstance that the system possesses always an apparent centre 
in any frame 

Accordmg to (10), the given density-distribution for small 
r == IS locally homogeneows, of particle density 

) 

BfcH^ 

But its density increases outwards in the experience of any of the 
equivalent observers 0 To 0 there appears a density-gradient near 
any distant particle-observer 0\ reckoned in the coordinates used 
by 0, but m the same vicimty, reckoned in the coordinates used by 
0\ the density-gradient of the same particles flattens out to zero, and 
the system to O' is again locally homogeneous near O'. The coor- 
dinates used, whether by 0 or O', comcide always with those habitually 
employed in physics We see, first, how far removed from actual 
'homogene%ty in ex'jgentncc is the density-distribution of a system which 
satisfies the cosmological prmciple, i e which possesses Tiomogemous 
descriptions by 0 and O' We see, secondly, that without any recourse 
on our part to anthropomorphic arguments, the free particle P has 
recognized this de facto non-homogeneity, and assumed an accelera- 
tion directed towards the centre of spherical symmetry of this 
recognizably non-homogeneous system 


Meaning of homogeneity 

109 . The cosmic time t' of an event t occurrmg on a fundamental 
particle at P moving with velocity V = is by our earlier results 


given by 


f 




H=\l 


oH^ 




The particle-density near 0, at epoch ^,is At O' at 0'’s epoch 

m 0'’s reckomng, it is Thus 0 and O' assign the same 

numerical values to their local densities at equal local times, and thus 
the system is strictly homogeneous in particle-density m the sense 
employed in current relativistic cosmology. But this featureless 
homogeneity reckoned locally m local times gives no opportunity 
for a physical interpretation of the acceleration-formula, which rests 
essentially on the circumstance that neither 0 nor O', using their own 
coordmates for distant as well as near events, will the system as 
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liomogeaeous This shows the marked advantage of employmg the 
coordinates we have defined and adopted, namely the ordmary 
coordinates of physics Current relativistic cosmology can equally 
well determine the acceleration of a free particle at P, and ascertam 
its direction But in relativistic cosmology the system is described 
as absolutely homogeneous, and therefore centreless, and so no 
physical meaning can be immediately given to the acceleration- 
direction An observer on one of the fundamental particles, usmg the 
ordmary coordmates and procedure of ordinary physics, will, however, 
find the system to be distributed with spherical symmetry round 
himself, with himself as centre, and any other observer, moving with 
any velocity whatever at any pomt at any time, will see himself as 
excentric to the system, and find his acceleration directed towards 
(or away from) the apparent centre m his own view 

The fundamental observer at O reckons the particle -density at 
P at time < as 


£t 



The fundamental observer at P reckons his local time as 



and so estimates the density near himself as or 

£ 1 

d' 

The ratio is given by 

density a t P in P’s reckoning / / FAi 

density at Pm O’s reckomng ^ 

and thus P reckons the density as smaller than O does, at the same 
events at P This arises because to 0 the distribution is subject to 
the Lorentz-contraction due to the velocity V. The density at P at 
a given event at P is smaller m the reckomng of the fundamental 
observer at P than m the reckomng of any other fundamental 
observer 

Local accelerahons 

110. Given any free particle, we can now always find a fundamental 
particle-observer relative to whom the free particle is momentarily 
at rest Consider then a free particle momentarily at rest with regard 
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to a fundamental particle 0 Let its position- vector P or r with 
respect to 0 have modulus r Then its acceleration is, putting 
V = 0 m (28), ^ „ / #2 \ 


^ dt 




For r small, this reduces appioximately to 

(31) 

This IS of the same form as the Newtonian acceleration at the same 
pomt For the local particle-density is and if m is the mass of 

a particle, the Newtonian acceleration at distance r is 

y . ^mB 


and duected inwards, where y is the Newtoman constant of gravita- 
tion TMs IS simply 

3 ^ ^ 

which agrees with (31) provided 

0(1)= (33) 


Now <?(l),m, jB are constants Hence the total effect of ah the 
material present is reproduced as regards local accelerations provided 
yozt The Newtoman constant y is of course defined to be inde- 
pendent of t Our evaluation of an effective y, judged not from two 
ideal particles alone in space (as m the Newtoman defimtion) but 
from the actual local acceleration of a test-particle in the presence of a 
certam distribution of particles m motion, gives y increasing secularly 
as the epoch measured from the natural zero of time The comparison 
suggests that (?(1) is a negative number "f 


111 . The density-distribution given by (10) with the motion (11) 
extends throughout the expanding sphere of radius r = cL If we 
extrapolate the observed local density BjcH^ so as to construct a dis- 
tribution strictly homogeneous m the experience of the particular 
observer 0 concerned, and fiillmg the sphere of radius r = ct, the 

t The local density (at the observer), namely mBfcH^ in mass-units, is by (33) 
eq.ual to —G(l)/{^yf) or [— G'{1)]X 10"^’ gramme cm This is discussed m 
Chapter VI 
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total niimlDer of particles in the extrapolated distribution will be 


|7r(c«)3x 




= (34) 

which IS a constant^ independent of t Thus the ^extrapolated homo- 
geneous system’ has a constant particle population Its mass is 

0(l)cH , , 

= 5^ 35) 

y 

For = 0 6 X 1017 seconds, taking c == 3 X and y == 6 66 X 10"8 iii 
customary units,*!* the mass of the extrapolated homogeneous system is 

0 6xl0i7'x27xl05« 

^ 6-66x10-8 

= 2 43x 10^®[ — 6^(1)] grammes 

The value 2 4x lO^® grammes is that usually assigned to the mass of 
the universe on those cosmological theories which adopt a curved 
fimte space in which to represent the umverse Its analytical expres- 
sion IS simply oH/y^ as here Eddmgton has constructed a considerable 
theoretical edifice on the basis of this number 2-4 x 10^® grammes, the 
mass of 1 5x107® protons, but the number appears to be devoid of 
any profound theoretical significance It is merely the mass which 
would be assigned to the system of the universe by an observer who 
measured the local density, near himself, ascertamed the distance 
of the present epoch from the natural zero of time, by means of the 
velocity-distance proportionahty, and then erroneously supposed the 
system to be homogeneous m the ordinary sense of physics. The 
mass- dimensional number cH/y, where t is the epoch of observation, 
IS common to all evaluations of the mass that can be observed at epoch 
t, on all relativistic cosmologies, as we shall see But this does not 
justify us m assignmg this as the mass of the universe 
On the kmematic model here outhned the total particle-population 
of the system is infimte. This is easily seen by integrating % as given 
by (10) over the interior of the sphere of radius r = ct The 'locally- 
extrapolated’ homogeneous particle-population is, as we have seen, 
finite and constant On the relativistic theories, on the other hand, 
oHjy increases with epoch of observation t Certain of these theories 

t This assumes that we are 3 nstified m. taking for the mtergalactic value of / th© 
value derived hy observations inside the solar system 
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imply a steady increase with t m the total mass observable at epoch t, 
which indeed oo as ^ oo This will be established later. 


’Properties of the ‘hydrodynamic^ or simple Jcinematic system 
112. The 'hydrodynamic’ system of flow defined by 


V't ndrdvd-^- 
ndxdydz - 


(36) 


has many close relations with the world-systems proposed m current 
'relativistic’ cosmology other than that just indicated. These can 
only be discussed after the 'relativistic’ systems have been described 
It IS convement now to summarize the properties of the system, some 
of which we have already discussed 

(1) The system is described m the same way by the same formulae 
(36) by any observer situated on any particle of the system, usmg 
his own coordinates, in flat space constructed out of his own clock- 
measures 

(2) The system is spherically symmetrical round any particle of the 
system, m the experience of the observer attached to that particle 

(3) The particle-density is locally homogeneous near any given 
particle-observer 0 of the system, m O’s reckomng. Departures from 
homogeneity are of the second order in rjet 

(4) The particle-density, m the reckoning of any particle-observer 
0, at any given epoch t, increases outwards 

(5) Near 0, at any fixed distance, the particle-density decreases at 
a rate inversely proportional to the cube of the time 

(6) The system is contained at any epoch t within a fimte expand- 
ing sphere centred round any particle-observer 0, of radius r = ct, 
where t is the age of the system m O’s reckoning. The radius of this 
sphere increases with the speed of hght 

(7) As the distance r tends to c^, 1 e for points nearer and nearer the 
expandmg light-sphere, the particle-density tends to infinity 

(8) The total number of particles m the system is infimte 

(9) The members of the system form at any epoch t in the experi- 
ence of any particle-observer 0 an open set of points of which every 
point of the expandmg sphere r = is a limiting pomt Every 
particle of the system is completely surrounded by other particles 
No particle stands on the 'edge’ of the system 

(10) Every particle of the system is in uniform radial motion out- 
ward from any arbitrary particle 0 of the system, and the acceleration 

4021 p 
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of every particle of the system is zero But the acceleration of a 
freely projected particle, other than the given particles, is not zero 

(11) The domam occupied by the system, though finite in volume, 
has all the properties of infinite space, smce its boundary is for all 
time entirely inaccessible by any hypothetical observer travelling 
with a speed not exceeding the speed of hght 

( 12) The velocities of different particles at any one epoch are propor- 
tional to the distances of the particles from any assigned particle taken 
as ongm, and tend to the velocity of light as the distance tends to ot 

(13) If the particles are supposed to be luminous, then the 
lummosity near the expanding boundary approaches zero, smce the 
particles are receding mth nearly the speed of light (see Note 7) 

(14) At an event S, at epoch t, on a particle P moving with 
velocity V = Pjt m the experience of a given particle -observer 0, the 
local reckoning of the epoch (P’s reckoning) is f = i^(l — V^jc^)^ As 
|V1 c, “> 0 Thus if a particle is supposed to have an evolutionary 
history, the events reckoned by 0 to be now occurring on it are 
events earher m the local time-reckonmg of P. 

(15) If IS the local epoch at P of the event assigned epoch t by O, 
then 0 observes this event at epoch given by 



where s is the Doppler shift at P observed by O.f 

(16) At the event E at P, of epoch ^ m O’s experience and of epoch 

m P’s experience, the radius of the system is ctja O’s experience 

and ct' in P’s experience Thus the radius of the system for the same 
given event depends on the observer who observes that event It 
takes its smallest value for the observer close to the event in question. 
The system has accordmgly no defimte age or radius at any assigned 
event, the age t and radius ot depending on the epoch assigned to the 
event, which depends in turn on the observer ma kin g the assignment. 

(17) A particle-ohserver 0 at the moment of experiencing an event 
p 2 himself is at a much later stage of his own experience, reckoned 
m Ms own time-scale, than P is m his (P’s) time-scale at the event 
El at P which 0 is then observing 

Nevertheless it is impossible for P to obtain foreknowledge of hu^ 
own future by messages from 0 relatmg O’s experiences For if the 

t Tins IS a particular case of the formula given m §§ 21, 22, Chapter II. 
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event at 0 lias an epocli (in O^b reckoning), the message will ke 
received by P at an epocli in O’s reckoning, where 


or 


U 


Hence, on P’s reckoning, 
^2 = 






Thus by the time {t'^) that P has received a commnmcation as to O' b 
experiences at O’s time JP has already had an experience extending 
in kis own time-scale later than It is therefore impossible for P to 
attempt to foretell his own evolutionary future by commumcations 
from 0 

The world-map 

113. Many of these properties are simply displayed in the diagram 
given in Plate I, which represents a cross-section of the system as 
mapped by an observer 0 at epoch t in his experience 0 is of course 
central, and maps from his observations a set of particles, filling the 
interior of the sphere r = ct and more and more crowded towards its 
outer boundary 

The world-picture 

114. This map should be carefully distinguished from the world- 
picture which 0 would photograph at epoch t In the world-map, t is 
the common epoch of all the events mapped In the world-picture, t 
IS the epoch of observation, and all the different events photographed 
have different epochs in O’s reckoning The relation between the 
world-map and the world-picture is readily found as follows 

The number of particles at epoch t mside a solid angle do> and 
between distances r and r-{- dr is 

JStr^drdo) 

At epoch of obseivation t, these appear in the photograph as between 
distances and r^^dr^, where 


t^+rjc = t, 


V = ^-l 


or 


dr = 


r = 


dr-j^ 


l—rjcf 


il-rjct)^ 


and 
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Hence the number may be written 


\l-rj, 


dr^ 


Jet] 


c3 






doj 


Br\ dr-^doj 
cH{t—2rJcY 


( 38 ) 


This IS a system confined within the expanding sphere of radius 
and increasing towards its boundary The outward apparent 
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Pig 12 World map and world-picture for the simple kmematic system 


increase of density near the observer O in the photograph is given by 
expandmg the last expression as 

^3(1+^* 

^n,{l+4=Vlc), ( 39 ) 

m accordance with the general result of Chapter IV, equation (14). 

It IS clear without calculation that the radius of the system as 
observed at time t must be ^ct and not ct For the particles which are 
near the expandmg boundary will be movmg with nearly the speed 
of hght, and so by the time them hght-signals reach the camera they 
will have travelled as far as the hght-signals have travelled, 1 e have 
doubled their distances, accordmgly, smee their distances in the 
world-map are ct, m the world-picture they must be ^ct 
The relations are shown in Fig 12 
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115. Still anotliex aspect of the ■world-picture is worth calculating 
The Telocity-distnbution. la'w 

Bdtidvdw 

c3(1_F2/c2)2 


^ BV^dVda> 

or Its equivalent iorm 

may appear very unlike those customarily met ■with, in physics, such 
as Maxwell’s law in the kmetic theory of gases But it is of a totally 
different character, since it expresses a velocity-count for particles 
whose position and velocity are correlated The best way of envisaging 
this velocity-distribution is to determme the number of particles 
possessing Doppler shifts within given limits If s is the Doppler 
shift ratio for a particle movmg with velocity V , then from 

. 1-fF/c 


l-y/c^ o' 

, dV 4:sds 

we have — = - 

c ( 52 + 1)2 

Hence the number of particles is 
- 1 + 4sds r 


52+1 


\ 52+1 


(52 + 1)2 


( 52 + 1)2 [( 52 + 1 ) 2 -^( 52 - 1)2 

( 52 — 1)2 ds 


doj 




45 ^ 


(40) 


This formula is independent of any conventions as to coordmates, 
and relates solely the numbers counted for different ranges of Doppler 
effect It will be used m due course to compare the present dis- 
tribution with other proposed distributions as regards observable 
phenomena 


116 The advantage of the system discussed in this chapter is that 
it solves, in flat space and in a manner easily pictured, the problem 
of finding a set of particles m motion which are all equivalent to one 
another, and which, therefore possess no accessible boundary Each 
member of the system is equally surrounded by other members 
receding from it The system, in the view of any given member, con- 
tains a boundary or rim or edge, and though the particles tend to 
invisibihty as more and more distant ones are viewed, there is a 
maximum distance which is never exceeded at any given epoch t, hut 
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which, increases proportionally to t, the total radius occupied, in the 
view and reckoning of any arbitrary member, being finite (of volume 
\7rcH^) but expanding It is the system itself which is expanding To 
speak of the space itself as m a state of expansion is meaningless, for 
no meamng can be given to ^expandmg space’ or ^expanding empti- 
ness’ The system is expanding m the ordmary sense in which a rod 
expands when heated the distance between any two members is 
increasing. The distant particles, m the view of any given particle, 
are enormously crowded together, but if we journeyed towards the 
crowded region we should find it not more crowded but 
less crowded than the region we had left If a messenger left our own 
neighbourhood at time t (reckoned by ourselves) with the speed of 
hght, he would arrive at the distant particle P, of speed 7 and at 
present distance r from us, at time m our reckoning, where 


or 

where 


1^7/c 

V^rjt 


The density at ourselves at the moment he left is BjcH^ The density 
at his destmation on his own reckonmg, at the moment of his arrival, 
isSW,wkere (l-V^lc^)H„ 

and thus is equal to 


B (l-VJcf _ B /l-F/c\f 
(1— 7Vc2)^ cH^\l^Vlc] 

which IS less than the density at ourselves, in our or his reckonmg, 
at the moment he left. Thus it is never possible to experience, by 
journeymg to a distant apparently more crowded region, a density 
greater than that experienced at home. Throughout the system’s 
career, dilution of density is a one-way process, however the observer 
travels To experience a greater local density than that at home 
would be m effect, since all locahties are equivalent, to re-experience 
the past, and this is for ever impossible We have already seen that 
neither can a distant observer receive messages about his own future 
evolutionary experiences, by messages from other observers who are 
m effect experiencing later experiences at the moment at which the 
message starts, before he has already experienced experiences later 
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than those about which the message tells Thus neither re-experience 
of the past, nor foreknowledge of the future by direct message, are 
possible The past is a closed book, the future an unreadable one — 
though the future march of density can be found by calculation 
The Lorentz contractions and changes of time-reckoning throughout 
conspire to frustrate any effort to circumvent the one-directional 
character of the temporal experience, which mdeed we posited as a 
basis of our calculations 

117 The system we have described is the extension to a system of 
material movmg particles of that phenomenon which Einstem placed 
at the beginning of his investigations in relativity the phenomenon 
that if two observers in uniform relative motion send out an expand- 
ing light wave, each will for ever see himself as the centre of the 
spherical wave, in his own reckomng In our system each uniformly 
moving particle-observer of the system sees himself for all time as the 
centre of the system, and sees the system arranged non-homogene- 
ously but with spherical symmetry round himself He can of course 
readily assume apparently excentric positions He simply has to 
assume a velocity V different from the value associated (m any frame) 
with the given particle near himself He at once sees himself at a 
vector-distance P — Vi^ from the apparent centre of the system, and 
immediately undergoes an acceleration in the direction of this 
apparent centre 

Strange though the properties of the system may appear, they 
involve no mystifying paradoxes They are all rationally explicable, 
and the calculations relating them are throughout of the simplest 
character They are all capable of bemg described in terms of the 
measures of customary physics, and the system can readily be 
illustrated by a diagram It is completely free from self-contradiction 

Though the system always occupies, in the experience of any 
member of it, a fimte volume, this volume of particles has no Velocity 
through space ’ The system possesses a centre of position in the experi- 
ence of each particle occurring, coinciding with itself, and is 'at rest’ 
as a whole relative to this particle It is equally at rest relative to 
any other particle A particle-observer 0 considers the system as a 
whole to have velocity zero in his own reckoning, but he is not thereby 
entitled to consider it as having a velocity —V in the experience of 
a particle-observer P moving with velocity V In P’s experience the 
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system is agam on the whole at rest Every observer has his own 
space-frame, hnt no meaning can be assigned to askmg what is the 
space-frame common to the different observers 

118. This system achieves m a simple way what has previously been 
accomphshed by the use of a ‘curved expandmg space’ But the 
resulting body of experiences of every given particle-observer is 
essentially different from the experiences of an observer in the 
‘expanding-space’ systems, as we shall see In the next chapter we 
consider the application of this system to the problem of giving a 
rational accoimt of the universe 


ADDITIONAL NOTE 

P 97 If universal constants exist, the function Q controlling the behaviom of add%- 
t%onal test particles may be of the form Q{X, instead of simply 0(^) But the 
motion of the g^ven particles in the simple kmematic system is unaffected 



VI 

THE EXPANDING UNIVEESE OE NEBULAE 

119 . The total number of extra-galactic nebulae capable of being 
photographed down to the threshold of identification with the world’s 
largest telescopes is very large indeed Hubble has pointed out ( 1 934) 
that the nebulae increase with limitmg magmtude at such a rate 
that near the galactic poles they equal the stars in number at about 
magnitude 21 25, which is about the hmit of identification that can 
be reached with long exposures under good conditions with the 
100-mch Mt Wilson reflector He estimates the total number at the 
hmit as 7 5,000,000 nebulae This may be compared with the estimate 
of Shapley of a number of nebulae exceeding 300,000 down to magm- 
tude 18 2, which IS in approximate agreement with a similar estimate 
pubhshed by Seares m 1925 Of 76,000 nebulae catalogued by Shapley 
m 1933, he estimated that the greater number he between 30 million 
and 100 million light-years distance He has also estimated them 
as distributed on the average at the rate of one galaxy or nebula for 
each cube of side 1 3x10^ light-years The corresponding density of 
matter m space if the material formmg the galaxies were smoothed 
out to a continuous distribution, assummg a mass of 10^ suns per 
galaxy (1 sun = 2x 10^^ grammes), is 10“^® grammes per cm and 
a similar estimate has been made by Hubble The true density of 
matter in space may exceed this estimate several thousand times as 
the galaxies may possess much larger stellar populations than 
10^ suns per galaxy, and, besides that, allowance must be made for 
matter m mter-galactic space The number of stars in our own galaxy 
has been estimated as of the order of 10^^ suns, and there is mcreasmg 
evidence that the average galaxy is comparable with our own This 
change alone would increase the mean density of matter in space to 
the order of 10”^® gramme cm 

The galaxies, though showing appreciable local clustering, are distri- 
buted approximately homogeneously in 'our own neighbourhood’, 
say up to 100 million light-years’ distance The actual testing of the 
homogeneity is a matter of some difficulty, since it depends on the 
calculation of distances from apparent brightnesses When certam 
'corrections for red-shifts’ have been apphed, Hubble finds a tendency 
for the apparent density to increase outwards But no allowance has 
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as yet been made for the fact that a photograph of a region of the sky 
shows the nebulae not at a common mstant of time in the experience 
of the observer making the photograph but at a common epoch of 
observation The brightnesses of the more distant ones therefore cor- 
respond to distances which are smaller than the 'simultaneous’ dis- 
tances by lengths which depend on the speed of recession and on the 
time of travel of the hght to ourselves This effect has been computed 
ui Chapter IV, and gives an apparent density in the photograph 
exceeding by a factor 1-f 4t?/c that for a distribution homogeneous in 
the local time scale of the observer Hubble’s result that the apparent 
density mcreases outwards is probably this effect, though it is im- 
possible at present to say whether it is confirmed numerically 

All these nebulae are ammated with a velocity of recession from 
oui selves, if we assume that the observed red-shifts in the spectra may 
be legitimately mterpreted as velocities (We have seen that this is 
the only possible mterpretation if the nebulae are equivalent to one 
another, an effect of difference of gravitational potential would mean 
that if a nebula A observed a nebula JS as possessing a red-shift, 
J. to jB would possess a violet shift, and the nebulae would not be 
equivalent It would be a highly improbable state of affairs that we 
ourselves should be m a region of the universe of lower gravitational 
potential than the region of any other nebula ) Hubble’s law states 
that the velocities are proportional to the distances, whence it follows 
that the relative velocity of any two nebulae is proportional to their 
relative distance, and that the nebulae are all recedmg not only from 
ourselves but from one another 

120. It IS not our object to describe here in detail the fascinating 
researches now in progress on such questions as the clustering of 
galaxies, the sizes, populations, and masses of galaxies, the structure 
of the various objects composing them — stars, Cepheid variables, 
novae, globular clusters — ^their internal motions or the existence 
of clouds of absorbing matter in their vrcmities Some of these we 
shall require to discuss later. For the present we propose to examme 
some of the fundamental questions raised by the above bald summary 

Is the Umverse jimte or infimte^ 

121. The first question which presents itself is whether the total 
number of galaxies that could possibly be observed is finite or in- 
finite Imagme a telescope of very great hght-gathermg power, and 
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let the nebulae visible in it be counted Let the aperture be increased 
and the count repeated, and so on indefinitely. Then either the total 
number of nebulae counted tends to a limit or it does not 

122. The q[uestion of the finiteness or otherwise of the nmverse has 
usually been treated as a single question In reality it is two One 
question is: is the total number of galaxies m the umverse finite or 
infinite’ A second question is: is the region of space accessible to 
observation at any one epoch in the experience of a given observer 
finite or infimte ’ The former question is one of fact The second is 
primarily one of the geometry and coordinates adopted by the 
observer Assuming he has adopted the flat-space and coordinate 
conventions as to distance and epoch defined in the present wort, 
which are those of ordinary physics, the second question is also one 
of fact Are the objects observed found withm a finite volume of 
space at any one epoch or do they extend indefinitely far? 

123. Eddington, in an imaginary conversation described in his book 
The Expanding Ummrse, begins by takmg for granted the answer to 
the first question He says, T want you to imagine a system of say 
a billion stars spread approximately uniformly, so that each star has 
neighbours on all sides.’ A bdhon, though large, is a fimte number 
Let us investigate the consequences of Eddmgton’s hjrpothesis 

If a billion stais can be observed, they can m principle be measured 
as to then distances by parallax observations , or their distances 
can be estimated from their apparent brightnesses Smce the 
number of stars is finite, there will be a greatest distance Select 
the star at this greatest distance. Then m the field of view of a 
telescope large enough to observe this star, it will be discretely 
separate from its neighbours, and wiH appear in a defimte direction 
Let us move towards the star in this direction, with our telescope 
Then the distance of the selected star and its neighbours m the field 
of view must dimmish Either the selected star remams the most 
distant one in the direction of the field of view or other stars must 
come into view beyond it 

124. In the former case we ultimately reach the star in question, and 
we are then at the confines of the universe of stars m this direction 
The umverse would then possess an accessible boundary or edge On 
one side of the boundary would be material objects, on the other side 
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a yold, receiYing light and other forms of radiation, but containing 
nothing, radiating nothmg back again This is simply a consequence 
of the assumed finiteness of number of material objects contained in 
the umverse From the same hypotheses made, in every direction 
there would he a finite accessible boundary and the universe would be 
contained in a closed finite volume, surrounded by emptiness Being 
finite in number the objects m the universe would possess a definite 
centre of position and a definite velocity-centroid, definmg an absolute 
standard of rest and absolute position in space In infimte space we 
should have found absolute standards 
This state of affairs contradicts the requirement that every star 
shall have neighbours on each side, but it may be objected that there 
IS no need to impose this requirement I thmk that this objection can 
be maintained, and that a finite universe surrounded by an infinite 
void is a conceivable umverse But it is not an intelligible universe, 
for by the nature of things the question why one part of this void 
should be populated by matter and the rest be empty is for ever 
incapable of answer Astronomers, cosmologists, and other thinkers 
have invariably rejected this as a possible universe Einstein has 
written, 'The stellar umverse ought (then) to he a finite island in the 
infinite ocean of space This conception is in itself not very satis- 
factory It is still less satisfactory because such a fimte material 
umverse would he destmed to become gradually but systematically 
impoverished ’ It is not essential for us to assent to the latter argu- 
ment, but as our object is to try to understand the univeise we should 
at this point have defimtely to admit failure in our quest if we were 
driven to the island umverse theory 

125 . Returning to the case of a fimte number of stars in the universe, 
the second alternative was that as we approached the most distant 
star m the field of view other stars should come into view beyond it 
But then retracing our path with an enlarged telescope we could keep 
these stars in view until we returned to our starting-point In that 
case the selected star would not he the most distant star visible, and 
we should have reached a contradiction The only way out from this 
contradiction is to suppose that initially, although the total number 
of stars m ex%stence was finite, the total number of stars msibh was 
infimte In that case some stars must he seen twice over, or several 
times over, and a star of this class would be in view in more than one 
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direction Let P and Q be two different apparent positions of the 
same star, at finite distances We could journey towards P, ultimately 
reaching it, and meanwhile keepmg Q under observation in our 
telescope Q would then be a portion of P, seen from P, and at P we 
should be viewmg ourselves also at Q The same object would then 
be in two places at once This is a common phenomenon in optics 
— ^we call the one entity the object and the other its image This is 
the 'ghost’ theory — ^that some of the visible stars are mere optical 
images of real stars But in that case actual observations could be 
carried out, in prmciple, which would distmgmsh images from objects 
—we could, in principle, journey to each observable entity and ascer- 
tain which of them were 'real’, v/hich optical illusions We could then 
discard consideration of the illusions, and we should be left with a 
finite number of real objects One of these would have a greatest 
distance, and we could apply all our arguments over again We 
should be driven back on the island universe theory Alternatively, 
if all the visible objects were 'real’, and the same object could be 
in two distinct places at once, we should have to give up again all 
hope of a rational understanding of nature or indeed any rational 
physics 

126 These are the consequences of the hypothesis of a universe con- 
taining a finite number of objects There are many other conse- 
quences equally unacceptable when we come to consider the velocities 
of the objects For, as above, the velocities of any finite number of 
observable objects must be less than the velocity of light They there- 
fore determine a mean velocity, which may be taken to define 'rest’, 
and the meaning of this selection of a preferential frame by the 
material objects m a featureless space is for ever unintelligible 

127 Eejecting, in common with all other investigators, the 'island 
universe’ theory, we are driven to the conclusion that the universe 
cannot contain a finite number of objects Hence it must contain an 
infinite number 

128. We have reached this conclusion without at any point finding 
it necessary to discuss whether 'space’ is, or is not 'curved’, whatever 
significance such a question may or may not have How does it come 
about that many investigators, adopting the concept of a closed, 
finite, curved space for the description of the universe, have reached 
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the contrary conclusion, namely that the universe contains only a 
finite number of objects — stars, nebulae, atoms or what not ^ 

The answer to this is twofold First, a mathematical technique 
undoubtedly exists which describes a fimte collection of particles or 
material objects, each surrounded equally by neighbours, which 
avoids, or avoids in part, the contradictions we have encountered 
above But it does this at the cost of creating further matter, in time, 
as fast as it is required This was not the fault or object of the 
originators of the techmque They merely demanded a finite number 
of objects each equally surrounded by other objects of the system 
The mathematics they used proved itself equal to the demand, but 
only by surreptitious creation of fresh objects as fast as they were 
required to be observed, and observable as distributed round objects 
already created This avoids the diflficulties encountered above, 
where no creation of objects m the continuing experience of the 
observer was permitted This result is not generally recognized, but 
we shall estabhsh it as a rigorous consequence of the current rela- 
tivistic treatments of cosmology It can and will be shown, in fact, 
that in what is called the Einstein-de Sitter umverse, a telescope, 
exposed at a given epoch, however large its light-gathering power, 
would never disclose more than a definite finite number of objects 
which can be calculated Indefimte increase of aperture, at any 
given epoch of observation by a given observer, leaves this number 
unaffected But as the observer gazed through the telescope, the 
theory in question predicts that he would continually see fresh points 
of hght appear, not previously visible They would appear at first 
of very small brightness, ammated with a velocity of recession close 
to that of hght, then steadily decelerate and for some time become 
brighter, ultimately fadmg away again as the distance increased 
Similar phenomena are predicted on other current relativistic models 
Each lummous object — such is the prediction of these theories — 
appears in the field of view at a defimte epoch in the experience of 
the observer concerned, havmg been previously invisible Beyond 
any given object other objects appear m turn in unending sequence, 
so that each object as soon as ^born’ is immediately surrounded by 
further objects The total number of objects tends to infimty as the 
epoch of observation increases, although finite at any given epoch of 
observation This state of affairs is mdistinguishable from a con- 
tmual creation, in time, of distant objects 
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I shall demonstrate this m detail m Chapter XVII The mathe- 
matics, set m effect an impossible task, plays a trick on the inTesti- 
gator It acts like a Delphic oracle, and nnwillmg to acknowledge 

defeat has recourse to the device of creation to satisfy the demands 
placed on it 

The other half of the answer is that the arguments which have been 
used to bolster up a behef m the possibihty of a fimte umverse are 
lallacious False analogies have been employed Eddington, for 
example, m the imagmary dialogue already mentioned, makes the 
defender of curved space remark T could arrange a billion people on 
the surface of the earth so that each of them has neighbours on aU 
sides, and no question of a boundary arises I only want you to do the 
same with the stars ’ But the people have a boundary — ^the curved 
surface of the earth We cannot arrange a bilhon people on the 
earth to have neighbours on all sides, m the arrangement contem- 
plated, they have no neighbours above them or below them The 
stellar aggregate contains no entity correspondmg to the material 
surface of the earth The phenomena which compel our behef in a 
curved earth— such as the bit-by-bit disappearance of a recedmg 
ship— have no counterpart amongst the stars If mdeed we supposed 
that objects could only be seen by rays which hugged the curved 
surface of the earth (e g radio waves) there would then be no dis- 
appearance of a receding object, but instead we should see each 
object, in principle, m two antipodal places at the same time, and 
we should come back to the state of affairs of § 126 Thus we secure 
a fimte visible population in an unbounded space only by introducmg 
twinmng In the universe favoured by Eddington it is impossible to 
distinguish between the antipodal objects 

I am not criticizing the use of a conceptual curved space for certain 
purposes Ricmannian geometry is one of the most splendid tools at 
the disposal of the mathematician The reasomng of those mathe- 
maticians who have used curved space as a means of description of 
possible universes is flawless I am only concerned to argue that a 
universe of a fimte number of particles involves difficulties, and that 
such difficulties aro necessaiily encountered by any theory which 
adopts a closed finite space filled with matter at a fimte density 
The reasoning of those who without mathematics have attempted to 
persuade readers of tho ‘leasonableiioss’ of a curvature of space, 
homogeneously filled, as the only means of description of the world is 
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not flawless Once we hOTe recognized that geometry is arbitrary — 
the position adopted m Chapter I — a curved space is equally admis- 
sible, of course, with a flat space But we must be careful to ascertain 
what observations it imphes, and how these would he rearranged by 
an observer using flat space 

Eddmgton has written: 'Few scientific men nowadays would reject 
spherical space as impossible ’ This is a deplorably loose statement, 
but he seems to mean that there may be some ultimate character of 
an entity he never defines, namely 'physical spaced which may be 
denoted by the term 'sphericaT He asks what is the supposed dis- 
advantage of spherical space I have pointed out above the contra- 
dictions to which we are led by assuming a universe of a finite number 
of particles, which is the consequence of adopting spherical space He 
goes on to argue 'A closed system of galaxies requires a closed space 
If such a system expands, it requires an expanding space This can 
be seen at once from the analogy that we have already used, viz , 
human bemgs distributed evenly over the surface of the earth, 
clearly they cannot scatter from one another unless the earth’s 
surface expands ’ Of these statements the first is question-begging 
It assumes that the system of the galaxies is closed The second state- 
ment IS argued by an analogy we have shown to be false The last 
statement mvolves a further false analogy, for it introduces a material 
entity, the curved surface of the earth, as a subject for the verb 'to 
expand’, whilst the phrase 'expandmg space’ only has a meaning if 
we invent a somethmg possessmg a density or linear dimensions 
which can change m time, for example an ether If the dimensions 
that are expandmg are the distances between galaxies, for which 
Eddmgton has already admitted a meamng, let us say so directly 
Let us not mvent some undefined entity, physical space, merely to he 
able to assert the otherwise meanmgless proposition 'space expands’ 

The matter could be argued at much greater length In this book 
I am more concerned with constructive results than with tilting at 
obsolescent modes of thought I am content to conclude that a 
universe containing a finite number of objects would be irrational, 
and to examine now the contrary thesis 

PTo^eTties of d un%'V6TS6 coTitdWjiTig on 'infiifiity of objects 
129. We first notice that the proposition that the universe described 
m astronomy contains an mfimte number of nebulae can never he 
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MUshed by observation All observation can do is to count the 
number of objects seen, and this number must necessarily be fimte 
It IS important to realize that one of the most fundamental questions 
that can be asked about the totality of things cannot be answered by 
pure observation, but must be answered if at all by an admixture of 
reasonmg We cannot ever answer by observation the question whether 
the umverse contains an mfimte number of observable objects 
Observation has m fact disclosed an increasmg total number of 
nebulae mth every increase of hmitmg magnitude If the total 
number of nebulae observable is mfimte, observation should disclose 
nebular objects as close together as can be resolved or separated 
together with a background of irresolvable objects of finite total 
lummosity There are no observations which contradict this No 
limit has been found to the closeness together of nebulous objects m 
photographs as far as identification is possible, and there is some 
evidence of a lummous background A universe contammg an infinite 
number of nebulae is compatible with modern observation 


^ ° population of nebulae immediately removes velocity 

difficulties There will now be no fastest nebula, instead, nebulae can 
exist with all speeds extending up to, but never reachmg, that of light 
The swifter they move, the more the recession will reduce the apparent 
brightness, thus making possible a finite background luminosity 
Further, with an infinity of nebulae, there is not necessarily any 
unique volocity-centi oid, and no absolute standard of T est ’ is imposed 

131 This leaves untouched the question of whether the volume 
occupied, by the infinity of nebulae, is finite or infinite The maxi- 
mum observable distance may be finite or infinite If it is infinite, the 
population of nebulae could be spread discretely through infinite 
space If it IS finite, the nebulae must form an ‘open’ set of points 
crowded together towards but wholly within an inaccessible boundary 
(For if the maximum distance were actually attained by a nebula 
moving with some speed less than that of hght, and the boundary 
weie thus m principle accessible, the difficulties of the island universe 
theoiy would again be encountered ) Now Hubble’s law of propor- 
tionality of velocity to distance is not only observed to be fulfilled as 
far as observations yet go but is given immediately by all current 
relativistic theories, by the most elementary non-relativistic kine- 
matic considerations, and by the relativistic kinematic model 

R 
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Assuming, as we may, its probably exact satisfaction when flat space 
IS adopted for any given observer, for distances and velocities reckoned 
by that observer, it predicts that the velocity of light would be 
attained in a finite distance, and therefore that all observable re- 
ceding nebulae must be inside a certain hmiting distance at any one 
given epoch The volume occupied by the universe is therefore 
probably fimte although the total population is infinite In that case 
the nebulae, infinite in number, are representable as an open set of 
points, crowded together at any given epoch towards the boundary, 
which would, however, be inaccessible and movmg with the speed of 
light The nebulae themselves, near the boundary, would be subject 
to an extreme Lorentz contraction, in the view of any observer, and 
would indeed m the hmit appear squashed flat in the direction of their 
motion There is therefore abundance of ^room’ for them, infinitely 
dense though they be in distribution near the inaccessible expanding 
boundary 

TVe have reached these conclusions simply by rejecting the hypo- 
thesis of the finiteness of number of nebulae in the universe, on ac- 
count of its difficulties, and by addmg to the alternative hypothesis of 
an infimty m number of nebulae an extrapolation of Hubble’s law of 
proportionahty of velocity to distance. 

Comparison with the> simple kinematic system 
132 Now compare these conclusions with the pi operties of the sjT'stem 
constructed m Chapter V , whose construction was independent of the 
arguments of the present chapter. This system was not constructed 
so as to satisfy Hubble’s law, or to contam all velocities up to that of 
light, or to contain an infimte number of particles. It possessed all 
these properties, but they arose as consequences of the consideration 
of a system of particles m uniform velocity satisfying the cosmological 
principle Hubble s law arose as the hmiting form of the position- 
velocity correlation naturally assumed, in the limit, as a consequence 
of the natural motion of a cluster of particles m uniform relative 
motion The existence of aU speeds up to that of light, the form of 
their distribution, and, the infimty m total number of particles arose 
as the unique way m which the system of particles, constrained to 
move uniformly, could satisfy the cosmological principle In. that 
case every particle was equally and (locally) uniformly surrounded by 
other particles, the boundary was inaccessible, and the particles were 
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crowded together towards the boundary as locus of limiting points 
Lastly we saw that the constraints could be removed, and that every 
given particle would then m fact move uniformly as a free particle, 
but that an additional freely projected test-particle would he subject 
to an acceleration in a definite direction which could be calculated 
and interpreted physically 

133 The kmematic system constructed theoretically in Chapter V is 
therefore fully suitable, in respect of the properties mentioned, as a 
representation of the umverse of nebulae I defimtely propose this 
system as a model of the umverse as disclosed m astronomy, a model 
in which the nebulae are represented as particles 

The ‘sample' principle 

134. In his Halley Lecture, 1934, Hubble has written ‘Observations 
give not the shghtest hmt of a super-system of nebulae Hence, for 
purposes of speculation, we may mvoke the prmciple of the Um- 
formity of Nature, and suppose that any other equal portion of the 
universe, chosen at random, will exhibit the same general charac- 
teristics As a working hypothesis, serviceable until it leads to con- 
tradictions, we may venture the assumption that the realm of the 
nebulae is the universe that the Observable Region is a fair sample, 
and that the nature of the universe may be inferred from the observed 
characteristics of the sample ’ 

This assumption, the sample principle’, was of course fully in my 
mind m writing Chapter HI, but I carefully refrained from using it, 
because it is not by itself powerful enough to afford a basis for the 
construction of a cosmology. A system which satisfies the cosmo- 
logical principle necessarily satisfies the sample prmciple Tor if the 
description of the whole universe is the same, m space-hehaviour and 
time-behaviour, from all pomts of view defined by all particle- 
observers occuriing in the system, then description of the local 
samples accessible to local observation will be identical The cosmo- 
logical principle requires somethmg more than this — ^it requires that 
not merely the local samples bo described identically, but that also the 
ivhole system be described identically from different pomts of view 
The world-wide description must be independent of origin 

Relation of the sample principle to the cosmological principle 

135. The relation of the sample principle to the cosmol ogical prmciple 
may be seen as follows Suppose we survey and describe, from a 
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particle 0, a local sample surrounding 0 Let P be a particle different 
from 0 Let the system be now surveyed and described from P. 
From P a new local sample will be visible, which will partly overlap 
the old sample but will contam new particles P', not practically 
observable from 0 The principle mentioned by Hubble demands 
that the local survey from P coincide with the local survey from O 
This allows us to determine the characteristics of particles P' not 
observationally accessible from 0 The sample principle is a rule of 
extrapolation, permittmg extrapolation to particles P', as seen from 
P, of properties observed for particles P as seen from O Let the 
process be repeated from P', and so on indefinitely Clearly the pro- 
cess never comes to an end The cosmological principle is now the 
statement that if at any stage of the process, the whole system so far 
constructed be surveyed from 0 and from any other particle P, then 
in so far as the fields surveyed overlap, the descriptions of the charac- 
teristics of portions constructed are indistinguishable Eventually 
the cosmological principle constructs a system such that if the totahty 
be surveyed from 0, it will be described in the same way as the totahty 
surveyed from P The sample prmciple is just the cosmological 
principle apphed locally, and the cosmological principle is the limit of 
the result of applymg the sample principle an infinite number of times 

136. The cosmological principle does not prescribe a priori whether 
the total population is mfimte or not, whether it is locally homogene- 
ous or not, whether it possesses world- wide homogeneity or not, 
whether it is mcluded m a fimte volume or not It leaves the answers 
to these questions to be inferred by application of the principle 
When we begin our analysis on the basis of the cosmological principle, 
we do not know what the answers will be We eventually find as 
consequences of our apphcation of the principle, that the whole 
system will be mfimte m population, will be locally homogeneous, 
wiU possess a density-distribution increasing outwards in the experi- 
ence of any observer, and wiU occupy a fimte volume in the experience 
of any observer 

The cosmological principle as an expectation 
137 In Chapter III, I considered the cosmological prmciple as afford- 
ing a method of constructmg systems which would afford standards 
of comparison It was the simplest substitute for the unworkable 
concept of homogeneity The sample prmciple, on the other hand, is 
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the statement of an e^jpectaUm If the sample principle is ererywhere 
o eyed, both, now and for any future improvements in the means of 
observation which enlarge the boundaries of the locaUy accessible 
region, then the cosmological prmciple must also be obeyed For the 
cosmological principle, considered as an expectation, is sim ply the 
statement that no possible increase of telescopic power can lead to a 
violation of the sample principle The region accessible to observa- 
tion is expected to be a fair sample however large it may be, indeed 
until the ‘sample’ embraces the whole system This ‘expectation’ is 
of a metaphysical character, as already explained It is an extension 
of the pimciple of the uniformity of nature from the mdependence of 
laws of nature as to locality and epoch to the independence of the 
structure of the umverse as to pomt of observation, where the word 
structure mcludes the complete history of the motions If the sample 
principle is adopted as a working hypothesis, it becomes free from 
contradiction only when broadened into the cosmological prmciple 
The expectation that the universe of nature, ideahzedto a collection of 
particles in motion contmuously distributed, must satisfy the cosmo- 
logical prmciple, I originally called ‘the extended prmciple of rela- 
tivity’, but I do not now consider the name well chosen The two 
aspects of the cosmological principle— its aspect as a definition or 
rule of selection, as developed in Chapter III, and its aspect as an 
expectation, or rule of extrapolation, as here developed— must be 
carefully distinguished 


Why extrapolate ? 

138 There will bo some readers who ask at this stage ‘Why extra- 
polate at all’ Why not be content with the domam accessible to 
observation, and confine ourselves to cataloguing its characteristics ’’ 
To such readers I reply that they have no business to be reading this 
book If they are only interested in the domam accessible to observa- 
tion, they need not go beyond treatises on astronomy But to those 
who are interested in vaster questions, the cosmological problem 
immediately suggests itself What if we do extrapolate ’ And extra- 
polate again and again ’ Do we construct m the limit a system of an 
infinite or a finite number of particles ’ Does the constructed system 
surveyed not only partially, as an extrapolated chunk might be 
surveyed, but surveyed as a whole, occupy an infinite volume or a 
fimte volume’ The cosmological problem is the problem of the 
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structure and Hstory of the totahty of things And the answer to 
the cosmological problem is best sought by constructing systems 
satisfying the cosmological pruiciple The cosmological prmciple is 
the only possible rule of extrapolation which avoids attaching pre- 
ferential characteristics to the portion of the universe already sur- 
veyed It IS the grandest rule of extrapolation that can be imagined 

Extrd^polation of observations %n relatwn, to the cosmological principle 
139. We now note a surprising fact The cosmological prmciple 
might have been apphed empmcaUy, by catalogumg the observed 
characteristics of the portion of the universe already surveyed, and 
then extrapolatmg them This would be a perfectly fair method of 
procedure, though difficult of execution Actually we have proceeded 
quite differently We chose to consider two abstract problems, the 
Kmematics of a cluster of particles constramed to be m uniform rela- 
tive motion, and the local kmematics of any system obeymg the 
cosmological prmciple locally (see Chap lY). By combmation, 
generahzation, and idealization of them we constructed, without re- 
course to observation, a system rigorously satisfying the cosmological 
prmciple, throughout its domam and throughout its history, without 
constramts We now find that this reproduces, withi n the limits of 
observation, many of the characteristics of the obseivable system of 
nebulae It follows that we have got the same results as if we had 
actually extrapolated the oTbsexvations 
This IS not to say that there is only one way of extrapolatmg the 
observations The accelerations or decelerations of the nebulae, if they 
exist, have not been observed I do not know yet whether systems of 
accelerated fundamental particles satisfying the cosmological prmciple 
can be constructed kmematically But in the absence of knowledge 
of the nebular accelerations, the least committal assumption is to 
work on the hypothesis that they are zero We should then be led 
mevitably to the kmematic system of Chapter V This may be con- 
sidered accordingly the simplest possible system that can be obtained 
by repeated apphcation of the sample prmciple, or by means of the 
cosmological prmciple 

Predicted properties of the nebulae 

140 It IS a good plan in research always to consider particular cases 
first Itiseasiertosee whatishappenmg It is therefore well worth 
while to examme the kmematic solution, even if later research proved 
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it to be only a particular case, to see what it suggests about the 
umyerse as a whole According to it the following properties should 
iiold good for the system of the nebulae 

(1) The nebulae at distance r at epoch t in the experience of an 

observer situated on one of them possess velocity rjt directed radially 
outwards 

(2) {World-map ) The number of nebulae between distance r and 
r+dr at epoch t is proportional to 

tr^dr 

(3) (World-ptcture ) The number of nebulae viewed at epoch of 
observahon t between apparent distances r^ and r,+dr, is propor- 
tional to 

t{t-2rjc)^ 

(4) The density is locally constant in space, in the world-map, and 
decreases in time as the mverse cube of the epoch It increases out- 
wards, but the effect for small distances is of the second order 

(5) The density in the world-picture decreases locaUy in time as the 
inverse cube of the time, but increases outwards locally accordmg to 

the proportionality n oc l+iLj = l+4^S where is the observed 
velocity 

(6) {World-p%ciure ) The relation between observed velocity v and 
observed distance m a photograph taken at time t is 



The observed velocity should therefore show an increase with observed 
distance, faster than the first power of the observed distance 

Properties (5) and (6) should serve ultimately to estabhsh the truth 
of the interpretation of the red-shifts as recession-velocities 

(7) The total numbci of nebulae is infinite 

(8) The recession velocities range up to c 

(9) The distance of any nebula is less than ct 

(10) The density tends to become mdefinitely great at the distance ct 

(11) The nebulae at distances just less than ct are almost invisible 

(12) There is a finite non-zero background intensity, below any 
given limit of identification 1^, pioportional to 1— 1^/c (See Note 7 ) 
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nnir! at very great distances, at the events we 

ow perceive, possess a very early local time-reckoning t' as compared 

C” 

Further remarks on space and geometry 
141 . The system we are discussing has been described in terms of the 
neh ordinary time of any observer situated on any arbitrary 

of curved or flat Problem previously only solved by the use 

weU knovm +h Eddmgton has remarked Tt is 

« tCr ^ very 

T ’ He IS here quite mistaken 

and freffror mtemal contradictions 

Dictured fl rl paradoxical consequences It is easily 

thi ™ bvSr T Eddington has been led to 

observations T/T*? ®®PP°®“g space to be flat unless our 

be able tn e should 

flittace’ "and h " ^ - 

of so^r proceeds once agam to reason by analogy, talking 

of square pegs m round holes The proof of the pudding m 2 
rr^ * T '=y “»* 'P«“ Edtogton's 

^ distogmsh -.ietler space la Euclidian or nou-Euclidian, amply 

0 ^ oTaitr’ ”r ‘T® “ “■“3' the ap * 

i!! '*»“«“ of flat Eucliciiaii apace occupied 

a oo\M^L7 the sphere of radius 

ould not then he constant It is particularly to be noticed that I 

J w “r“ “ ‘■'® aaslXay be 

P ar itranly »tij aleo the density m this gecmetiy may he 
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taken to be uniform We cannot simultaneously choose the space 
and choose the density-distribution We have chosen our space 
or geometry arbitrarily, but we have left the space-filhng particle- 
distribution to deternune itself on the basis of the cosmological 
principle We make no a prvyri decision that the density shall be 
uniform, and we have found m fact a density-distribution locally 
homogeneous hut increasmg ultimately outwards in the experience 
of any arbitrary particle-observer of the system This is one of the 
mam advantages of resting the whole investigation on the basis of 
findmg systems satisfymg the cosmological prmciple, mstead of pre- 
scribing a prion a homogeneous distribution together with a geometry 


143. It follows immediately from Poincare’s view as to the arbitrari- 
ness of geometry that no knowledge whatever concernmg the umverse 
can be obtamed by making assumptions about its geometry We must 
discuss phenomena, not geometry. Actually when writers ‘adopt a 
metric’ for the umverse, they are domg two things (1) choosmg a 
geometry , (2) assuming that m this geometry the free paths are given 
by geodesics, S J * = 0 They thus posit a set of motions But this 
still conveys no mformation as to phenomena, for the distribution 
of material m the presence of which these are the free paths is still 
left entirely undetermined It only becomes deternunate when some 
further assumption is made which allows the distribution of matter 
present to be inferred from the adopted geometry This assumption 
IS carried out by (3) adopting a set of ‘field equations’ As these 
equations are still arbitrary as to an unknown constant, the cosmical 
constant A, the distribution of matter present is stiU largely arbitrary 
(To say that A is small is to make an empmcal appeal to quantitative 
observations ) We have constructed a method which abohshes these 
three consecutive assumptions by recognizing at the outset the 
arbitrariness of geometry as a means of description, and choosing 
arbitrarily the space commonly used m physics , we have then simply 
sought distributions of matter-in-motion satisfying, m this adopted 
space, the cosmological prmciple, takmg care to supply jfirst the rules 
for passing from coordinates m one observer’s space and Newtoman 
time to those used by an equivalent observer, equivalent observers 
bemg supposed present as part of the definition of a system satisfymg 
the cosmological prmciple It is particularly to be noted that we 
discuss matter and motion simultaneously. The demand that the 
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system is to satisfy the cosmological principle immediately imposes 
the distribution of the particle-observers given their equivalent 
motions We begin by discussing observable phenomena, not 
geometry 

Independence of a theory of gravitation 

144. A further advantage of our model of the universe is that its 
vahdity as a possible model does not depend on any pre-stated theory 
or law of gravitation It is a possible set of nebular motions whether 
or not there be a specific law of gravitation, the motions must con- 
tinue to conform to the rules given whatever (relativistic) form of 
'the law of gravitation’ be adopted Thus the model is independent 
of whether there is or is not a cosmical constant A 

Determination of local density 

145 The system we have described contains one aibitrary constant, 
the constant multipher B Thus there is a mamfold of possible solu- 
tions corresponding to one arbitrary variable, all possible distribu- 
tions bemg related by simple superposition The degree of arbitrari- 
ness, namely dependence on a single arbitrary constant, is the same 
as for the relativistic solutions, though they further involve the 
'cosmical constant’ A We have established the relation 

r 

where m is the mass of a 'particle’ or nebula, but we have not been 
able to predict the local density from the expansion Nor can the 
general relativity theories without special assumption If, however, 
we assume that (?(1) — 1, the local mass-density is given by 

= 10-^’ gramme cm 

This IS not incompatible with the present estimates of Shapley and 
Hubble of a density of gramme cm allowing for invisible 
matter in space and for the probable as-yet-unobserved extensions of 
the galaxies This shows that the absolute value of (9(1) is not far 
removed from unity But the important thing is that essentially the 
density predicted by the theory as so far developed is arbitrary, 
depending on the arbitrary constant B 
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What IS ^ outside^ the system ^ 

146 The reader will naturally ask, if the system occupies, m the 
observer's space, an expandmg but always finite sphere of radius ct, 
what IS there outside this sphere Do not the receding nebulae 
require external space in which to expand 

The answer is that this question is meanmgless The background of 
unobservable nebulae — observable in principle down to any assigned 
threshold brightness but always mcludmg infimtely many nebulae 
arbitrarily famt below this threshold — ^this background is in technical 
language 'everywhere dense’ It contains no holes In every arbi- 
trary direction there is some nebula, and the set of such combine to 
form a continuous background There is no direction in which there 
IS any 'window into outer space’ We may if we hke imagine an 
outer space But we can never by any conceivable method observe 
any object in this space, for there is m every direction a curtain of 
faint nebulae obscuring the vision If we did make the hypothesis 
that this 'outer space’ existed, then if it eontamed no objects it would 
never make the shghtest difference to any observation whether we 
made the hypothesis or not Consequently the hypothesis is not a 
significant one It is immaterial whether the space exists a priori or 
whether the space is created by the system as it expands — ^immaterial 
because either view has no verifiable consequences, and our whole 
philosophy IS that an unverifiable propositionf is meamngless If, on 
the other hand, we made the hypothesis that such space existed and 
contained material objects which were ultimately overtaken by the 
expanding frontier and appeared inside the nebulae, then the object 
would suddenly appear to observation as a new creation, it would in 
fact be a new creation, for our outlook imphes that the assertion of the 
'creation’ of an object is indistinguishable from the assertion that it 
did not previously exist to observation To say that an object exists 
but cannot be observed is meanmgless the proposition that such an 
object 'exists’ has no content, because it is not verifiable In fact, 
an object could not be overtaken by the expanding frontier without 
colliding with some nebula, a member of the expanding system, and 
ex hypoihesi a nebula beyond any nebula accessible to observation, 
for there are always an infinity of nebulae, everywhere dense in the 
sky, beyond any accessible nebula Consequently the nebula under- 
going the collision would be necessarily unobservable, and the event 

■f That IS, concerning the world of nature 
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of the collision would be unobservable In other words it is logically 
self -contradictory to posit any "swimming into our ken’ of objects 
previously beyond the expandmg frontier, the structure of the 
system itself forbids any such occurrence Mathematically, we can 
and shall describe the "contents of space’ outside the frontier of the 
expanding system But as would be expected, such objects never come, 
and never can come, into interaction with observable members of the 
given system They may, mathematically described, tend to be swept 
up by the expanding frontier, but they never penetrate it Penetration 
would be a logical self -inconsistency of description of the whole system 

147. These considerations solve at one blow the question of whether 
space IS or is not infimte Infimte space is m daily use by the mathe- 
matician The simplest problems of geometry demand the considera- 
tion of mfinite space But such a space is the space of pure mathe- 
matics, not the space of physics Physics, which demands verifiable 
answers to its questions, must ask can we observe material objects 
at arbitrarily large distances ’ This is the only meamng that can be 
given to the question is space infinite^ Our answer is no’ The 
measured distance of any material object, at any epoch of obser- 
vation, IS not only finite but less than an assignable upper bound, ct 
And whether "space exists’ beyond observable objects is not a 
question with a content The reader is at perfect hberty to imagine 
such space, such extending emptmess, and to people it if he wishes 
He can conceive of independent creations, spheres of activity, located 
in these inaccessible and unobservable domains — ^put there whatever 
he hkes But his speculations are for ever unverifiable, for the 
existence of such creations or entities can never affect any conceivable 
observation he can make 

148. It IS quite illegitimate for the observer to imagine himself 
viewing the system from outside Our attainable knowledge of the 
umverse is the hmiting sum of all possible observations made from 
inside it The hypothesis that we can make propositions about the 
appearance of the system to a "Cosmic Being’ (Eddington’s phrase) 
is not merely ridiculous or impious, it is self-contradictory 

Dijferences from "general relativity' models 

149. The kinematic system here put forward differs from those 
developed in current relativistic cosmology in the four respects (1) it 
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exhibits at every epoch of observation an indefinitely great number 
of objects accessible to observation, (2) it gives a continuous luminous 
background of non-zero intensity, (3) it involves no creation of 
material m the experience of the observer, (4) it assigns zero accelera- 
tion to the idealized particles, and thus to the actual nebulae no 
systematic accelerations on the average 
With regard to (1) and (3), all other relativistic models appear to 
describe a umverse contammg a finite number of particles accessible 
to observation at any one epoch but increasing m number as the 
epoch of observation advances This will be demonstrated later by 
actual calculation of the number of nebulae capable of bemg observed 
by a given observer at any epoch of the observer’s experience Accord- 
ing to certain of the other relativistic models, particles appear in the 
field of view, at first with zero luminosity, the lummosity then in- 
creasing and ultimately dimmishmg Each object at the moment of 
first just-visibility has a recession velocity equal to the velocity of hght, 
and then decelerates Its deceleration at first increases its visibihty 
faster than its recession decreases it, but the obj'ect ultimately fades 
away as the distance effect gams the upper hand, the velocity or 
red-shift approaching a constant Meanwhile the number of objects 
visible mcreases to mfimty, as the epoch advances The hyperbohc- 
space systems of general relativity tend in the limit, m the observer’s 
experience, to comcidence with the kinematic system, as will be 
shown But a hyperbohc system can at any epoch be sharply dis- 
tinguished, in principle, from any kmematic system Eor a hyper- 
bolic system can always be in prmciple resolved, m the observer’s 
view, into a finite number of discrete lummous objects, and there is no 
continuous background, though creation of fresh luminous objects 
continually occurs, whilst any kmematic system possesses a con- 
tinuous luminous background 

The intensity of the luminous background for a kmematic system 
IS evaluated and discussed m Note 7 



VII 

CEEATION 


150 To suppose that a material object can be created in our own 
experience is contrary to all observation To say that a particle or 
luminous object appears suddenly in the field of view, having been 
previously unobservable whatever the telescopic power, is tanta- 
mount to saying that it has been created in our experience For if it 
existed before, why was it not observed or observable Thus the 
systems of current general relativity imply that we can watch the 
event of creation We can say if we like that the light, emitted since 
creation, has only just had time to reach the observer But this is 
none the less 'creation m our experience' In the kinematic model, 
on the other hand, there is no 'creation in experience' At whatever 
epoch an object is viewed, the event has a positive finite non-zero 
local epoch And every object, being always in the field of view, has 
always been in the state of having been created throughout the 
lealizable duration of observation 

In my view, we must accordingly reject the systems of current 
relativistic cosmology as violating the fundamental fact of experience 
that material is not created in our experience It is true that the 
kinematic system can only be described for ^ > 0, its contents are 
only observable for ^ > 0 As ^ is traced back to smaller and smaller 
values, the system shrinks in dimensions, m the experience of the 
observer concerned, and %% the hmit ^ 0 it approximates to a point 

We may say if we like that the complete contents of the system were 
created once and for all at ^ = 0 The system must have been created 
m order to be observed at all But ^ == 0 is not an epoch any observer 
can experience It is 'pre-expenentiaT, to com a word That creation 
IS an 'ultimate irrationality', to use Whitehead’s phrase There, if 
we like, we may trace the finger of God in the divine act of creation 
But it IS m no man^s experience This creation before experience is a 
totally different thing from the creation occurring m the general 
relativity models, where particles are created, %n time, as fast as they 
are required, outside the last visible particle, to ensure the centrality 
of each particle m the field Of course, in our kinematic model we 
do not jposit an act of pre-experiential creation The system is taken 
as satisfying the cosmological principle, and as capable of being 



§ 150 CREATIOl^ 135 

obseryed, and we then ^nfer the existence of a natural zero of time, 
which possesses, as we have shown, to an overwhelming degree of 
probability the properties of an epoch of creation Once and for all, 
the system was created Unlike the relativistic cosmological models, 
it has then no further recourse to creation 

151 Though creation in the kinematic model is essentially a thing 
of the past in every observer’s experience, his experiences of distant, 
swiftly moving particles include events arbitrarily near to the act of 
creation The pre-experiential singularity in density at ^ = 0 m a 
given observer’s history is the precise counterpart of the singularity 
in density in his present experience at the limiting distance ct 
Events occurring in our 'now’ on distant particles whose distance 
IS just less than ct possess very small values for the local epoch. An 
observer at these distant particles, communicating his experiences 
with the light he sends, now being received by us, assigns a very small 
value to his estimate of the radius of the system at these events, and 
a very small value to his estimate of the then age of the universe His 
'age’ estimate is in fact t' = ^(1— which tends to zero as 
Y -> c Thus by sufficient mcrease of telescopic power we can in 
prmciple see events occurring as httle after creation as we please 
The high density r ^ ct observed by us, according to the model, 
corresponds exactly to the high density in our past experience, near 
ourselves, 2 it t ^ 0 But in the limit F = c, for which f = 0, the 
nebulae are invisible, owing to recession with the speed of hght, so 
that whilst we might be mclined to say that even in the kinematic 
model the event of creation is now being enacted at the distance ct, 
the proposition is really devoid of content, no observations can 
verify it 

The reader who is not at home in the mathematical theory of limits 
may feel that we are dealing in fine-spun verbal distinctions Actually 
there is a fundamental difference between saying that creation occurs 
in our present at the confines of the universe (the demand made by 
the general relativity models) and that creation is only just a thmg of 
the past, in our present, for nebulae, in prmciple observable, as close 
as we please to the confines We are only able to draw this distmc- 
tion because our system contains an infinite number of nebulae For, 
in a system of a finite number of members, in which creation is not 
occurring, either there is a member moving with the speed of light, 
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and therefore invisible and unobservable, or there is a fastest member 
moving with a defimte velocity less than that of light The systems of 
relativistic cosmologyf always contam a last-created member, namely 
that member, created with the speed of light, which has just deceler- 
ated into visibihty 

Astronomical consequences 

152. This all-but-creation at great distances which is a result of our 
model has several interesting astronomical consequences The state 
of evolution of a nebula can be judged to some extent from its structure 
— ^the degree of amorphousness or discreteness m its make-up, the 
development of its spiral arms, etc It follows, since local time, m a 
given photograph, decreases with advancing velocity, that the fainter, 
more distant, more swiftly movmg nebulae should show successively 
earher stages of evolution It is thus possible to hope ultimately for 
defimte observational evidence as to the mam lines of nebular evolu- 
tion Tor a distance-sequence should statistically be an evolutionary 
sequence In the idealized system, events at ourselves have a more 
advanced local time than any other event we can observe, for always 
t '> t' Hence our galactic system should be m a more advanced state 
of evolution than any other nebula we can observe This is m 
accordance with the general evidence that our galactic system is a 
late-type spiral Every other observer, on every other nebula, should 
statistically have the same experience Every particle-observer of 
the system will see himself as the ‘oldest inhabitant’ of the system 
It follows also, from our earher calculations, that foreknowledge of 
the future of the evolutionary trend from observation is impossible 
We can never hope to observe any more advanced evolutionary stage 
than our own But it follows also that the whole past history of 
ourselves is written in the heavens for us to read, in the various 
evolutionary stages exposed to our experience For if the nebulae are, 
at least statistically, equivalent, then the evolutionary history, re- 
corded in its own local time, f, of any one nebula is the same as that 
of any other All the local histones are statistically superposable 
Hence the different evolutionary stages at present exposed to view 
should be the exact counterparts of previous evolutionary stages in 
our history 

Take any event marking an evolutionary stage We might take 

t In these as in other comments, I am contemplating those general relativity 
systems for which A has been taken to be zero 


§152 ASTRONOMICAL CONSEQUENCES 137 

for example the formation of spiral arms, or the development of a 
given degree of discreteness m the nebular structure, or the formation 
of solar systems, or the first appearance of hfe, or the emergence of 
man, or the discovery of fire, or the invention of prmtmg Each will 
have a defimte epoch reckoned from the natural zero of time, that is 
to say, from creation Statistically, the same event should occur on 
each nebular system at the same local time Thus, if we wish to observe 
an event whose evolutionary epoch is t', from the formula 

f = i(l_F2/c2)i 

we compute V = c(l — and examme nebulae moving with the 
speed F Statistically, these should show the occurrence of the event 
in question 

The future of the umverse 

153. We shall obtain later strikmg results concernmg the probable 
mean structure of nebular systems Here we are considering each nebula 
simply as an idealized particle Even within this limit we can say 
somethmg about the future of the umverse We can say, m fact, that 
though each local system evolves, decays, and possibly m some sense 
grows cold and dies, yet the umverse lives for ever, that it knows no 
death m time Eor however large is t, we can always find a nebula so 
swiftly moving that events on it, observed by us now, are arbitrarily 
early m time However small is t' and however large is t, the answer 
IS simply V — c(l — t'^jt^)^ However old we ourselves may be, our 
experiences always contam events as early as we please in local time 
These events we place near the expanding frontier of the umverse 
For observers at them, experiencing them, the umverse to them has 
hardly embarked on its career of evolution For them, time is still 
young They are experiencing the early history of the universe The 
infimte number of nebulae contamed m the umverse mclude an un- 
ending sequence of arbitrarily young experiences There, near the 
confines of the visible universe, is the coming generation There, we 
find the sons of the mormng The confines of the umverse constitute, 
as it were, a layer of cosmic protoplasm, expectant of evolution As 
I have elsewhere quoted, there the world is 

For ever pipmg songs for ever new. 

For ever panting and for ever young 

In our vision, time there stands still, hke Grantchester clock in Rupert 

4021 m 
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Brooke’s poem The epoch at which it stands still is not ^ten to three’ , 
but it IS equally definite, it is the epoch close to creation 

Our universe is no passing thing Creation was once, is always 
The miracle of creation, the umque event of the calling into being of 
things describable, never repeats itself, but there are always places 
where it is only just an affair of the past Once started, the system 
goes on for ever Each constituent has a temporal experience — each 
observer hves in time but the universe as a whole knows no time 
history It is the same yesterday, to-day, and for ever. ‘Time hke 
an ever-rolhng stream bears all its sons away ’ Death and decay in 
our midst, for us, but for the world, immortahty The totality of 
thmgs created knows no termmus m time, no decay, no asymptotic 
strangulation of the surge of life Always there is a future vista, 
and since we need suppose no exact parallelism of the evolutionary 
trends on any two nebulae, there are unending opportumties for 
variety of local experiences The world is an aggregate of experiences, 
each experience experienced but once by each inhabitant, but the 
experiences themselves go on eternally We need appeal to no cycles 
of rejuvenescence The world ever sows at its frontier the seeds for 
its own future Each individual nebula reaps the harvest of its own 
experiences, and passes to the winter of decay But ever anew the 
seasons recur There at the confines of the visible universe, at the 
world’s inaccessible edge, the music of the spheres is the song of a 
new dawn, the dawn of the world’s perpetual birthday 


GreaUon and deity 

154 The view of the umverse I am advocating is no irrational view 
The system to which we have likened the umverse is an intelligible 
system It contains no irrationahties save the one supreme irra- 
tionality of creation — an urationahty indeed to physics, but not 
^necessarily to metaphysics The rest is simply a development of the 
self-consistency of observations We can give an mtelhgible description 
of the universe from every different possible point of view in it, at 
every epoch capable of being experienced If I am asked for a 
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description of the universe independent of any observer, I reply that 
the question is impious Even to conceive of such a question is to 
imagine as possible to man the assumption of the attributes of deity 
Yet the reader will already have reflected that the umverse I have 
described is indistinguishable from what we should be disposed to 
posit for the handiwork of a divine creator as visible to man I have 
posited no God But I find creation, and immortahty (not of man 
but of the system created), that absence of absolute standards of 
rest or position which we can call divine extra-territoriality , frontier- 
lessness, infinity of content All these we can describe, with the aid 
of the technical modes of expression developed by mathematics, from 
the point of view of the thmgs created To take the one step further, 
to go beyond description, to suppose an mtelligence or activity other 
than the totality of things experienced, is to add God to the scheme 
We seem bound to do so For the mam part, the physicist gains 
nothing by the addition of God The system, created, goes on of 
itself without further acts of creation But the creation was not a 
creation in absolute time, for no such statement has a meamng It 
was only a creation in each observer's time, and no two observers, in 
any cross-section of events simultaneous for any given observer, 
assign the same 'time ago’ to the event of creation But creation 
demands a First Cause And once we have added a First Cause, our 
system sets no limit to the further activities of this first cause, for 
we have left room for unending experiments m evolution These 
experiments must include Life The cosmologist can but set the 
stage for the biologist, and may rest content if he has found place 
for infinite variety of development We need suppose no interference 
with 'nature’ later than creation But the inauguration of aninfimty 
of experiments is somethmg vastly transcending the Mosaic cos- 
mology, and in an infimte multiphcity of Gardens of Eden the 
biologist need not feel that his activities are limited by bounds set 
by the cosmologist 

155. One can say if one pleases that we have found God in the 
universe For the universe seems to be a perfect expression of those 
extra-temporal, extra-spatial attributes we should like to associate 
with the nature of God The umverse, though describable in the 
space and time of an observer, is neither m sjpace nor in time^ to 
assert either would be meaningless There is no fundamental entity 



140 CREATION § 155 

space 5 existing in itself, in which the world is placed, nor is there any 
fundamental stream ^time’ in which the world is placed. Out of an 
observer s temporal experience we have constructed observed time, 
and out of the same time-measures observer’s space But there is 
no underlying time or space with which these can conceivably be 
correlated Thus the universe, and with it, if we posit one, its 
Creator, is neither in space nor in time The event of creation can 
be placed prior to the experiences of any individual But no meaning 
could be attached to askmg what was prior to creation For as there 
were no observers to experience a temporal sequence, the notion of a 
temporal experience, and so of time, prior to creation, is without any 
significance 

156 Nevertheless though the attributes some would wish to asso- 
ciate with deity are found in the umverse, it seems difficult to identify 
God with the universe, owing to the once-given-ness of the universe, 
or creation antecedent to experience This is an ancient topic Our 
contribution here is merely to point out that our analysis of the 
universe though giving the answer, and a substantial answer, to the 
question of its 'how’, 'where’, and 'when’, gives no answer to its 
'why’ It IS by no means certain that we are entitled to ask the 
question 'Why the universe ’’ But those who feel the question to be 
a permissible one can legitimately answer the question 'why*^’ by 
positing God The physicist and cosmologist then need God only 
once, to ensure creation For the biologist, the world provides 
further opportunity for divine planmng, if we admit the possibility 
of not entirely coincident evolutionary trends in similar circum- 
stances For man as more than cosmologist, as more than biologist, 
as possessing mind, possibly endowed with an immortal soul, God 
IS perhaps needed always Theoretical cosmology is but the starting- 
point for deeper philosophical inquiries *}■ 

t Til© views here developed may appear somewhat out of place in a work devoted 
to the mathematical consequences of general notions derived from experience But 
to omit a statement of the position and the questions and answers suggested hy the 
mathematical development would be to flinch before important issues I am aware 
ot the dangers attendant upon an excursion into theology, but a statement of private 
conclusions may be admissible In extenuation I would remark that the mathematical 
investigations which follow, like those which precede, require no assent to the non- 
mathematical portions of this chapter 
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THE CAREER OF THE UNIVERSE 


VIII 

WORLD-TRAJECTORIES 


157. We now resume our mathematical mvestigations at the pomt 
at which we left off at the end of Chapter V 
We are now to discuss the trajectory of a, free particle m the presence 
of the distribution of grven particles m motion we have called the 
simple kinematic world-model That is to say, given the set of 
particles moving aeeordmg to the law 

v = PA (1) 

and distributed aeeordmg to the law 


ndocdydz = 


Btdxdydz 


(2) 


all reckoned m the space- and time-coordmates of the observer at the 
origin, we desire to discuss how this observer will describe the motion 
of an additional free particle projected in any manner We have 
already seen that the equations govemmg the free motion are 



(3) 


where 



fIV V 

_ = (P-vo|m 



Z = t 


P V 

c2 ’ 


i = ZyXY 


(4) 

(5) 


We shall now show that, without any knowledge of the precise form 
of the function G{^), these equations may be integiated completely, 
and the general nature of the trajectories ascertained In succeedmg 
chapters we shall ascertain the function G{^) more precisely, and 
examme the properties of systems of trajectories of free particles 
We have already discussed the particular set of trajectories P = % i, 
V = Vq, which are in fact the trajectories of the given particles 
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WORLD-TRAJECTORIES 


§158 


Constants of %ntegrat%o% 

158, We first notice that the integrals may he expected to contain 
6 arbitrary constants of integration Por a particle may be pro- 
jected with an arbitrary velocity V from an arbitrary position P at 
any given epoch t Given any set of imtial values of P, V, t, we shall 
expect to be able to trace not only the forward but also the backward 
motion of the particle, i e not only its future trajectory but also the 
past tiajectory it has already traversed if it be supposed to have 
arrived at P at epoch t with velocity V without undergoing any 
colhsions This past history must extend back to ^ = 0 At ^ = 0 the 
given system reduces to the smgularity P = 0 (a; = 0, 2 / = 0, 2 ; = 0) 
Hence we shall expect that the trajectory passes through j* ^ = 0, 
P = 0 Hence all trajectories pass through this point, whatever 
their circumstances of projection, 1 e whatever the values of the 6 
arbitrary constants defimng the particular trajectory considered 
Three of these constants may be taken to be the three components of 
the vector velocity Vo which the free particle possessed at if = 0, 
P = 0 It follows that ^ = 0, P = 0 IS a smgular point on all tra- 
jectories, for at this point the ‘initiaF conditions at if = 0, P = 0, 
V = Vo, do not serve fully to define the trajectory A triple infinity 
of trajectories, corresponding to the 3 other arbitrary constants, 
will pass through ^ == 0, P = 0 with a given velocity V = Vq We 
shall later show that such a triple mfimty constitutes a sub-system 
of trajectories physically associated with the fundamental parUcle 
"V = Vq of the original kinematic model, and we shall identify such 
a sub-system as defimng the nebular sub-system moving with the 
constant velocity V = Vq 

In this chapter we consider only a single free particle, and ascer- 
tam the physical sigmficance of the three remammg constants of 
integration other than those prescribed by the value of Vq We shall 
obtam in succession what may be called the 'X-integraF, the Vector- 
integrals’, and the ‘A-mtegral ’ 

Prehminary lemma 

159. It IS readily proved that > 1, 1 e > XY, unless P = V^, 
in which case ^ = 1, = X 7 For 

Z^>XY 

j- This will be shown later analytically 



§159 PRELIMHSTAEY LEMMA 

when X > 0, X > 0, provided 





le provided 


\H^-2(P V)f+P2 1 


(P V)3 
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( 6 ) 


This inequahty holds good provided 
(P V)2 < V2 

le since 1— V^/c^ > 0, provided 

(P V)2 < P2V2 

ort (PaV)2 > 0 

T hi s IS satisfied unless P is parallel to V If PaV = 0, the inequality 
becomes, by (6), (P—\tf > 0, 

which IS again satisfied unless P = \t If P = Yt, we have = XY, 
or ^ = 1 



The X-integral 

160 By straightforward differentiation of (5) with respect to the 
time t and use of (3) and (4) we find 


^ = 2X, ^ = -2l{tY-Z)G{^), ^ 




(7) 

whence 


(7') 

Hence 

1 dX 1 

Xd^~ (^-l)(l+G<(a) 

(8) 

The integral of this is 



X X^exp^ J 

(9) 


where is the value taken by X at the point of the trajectory at 
which ^ takes the arbitrary value and together amount to a 

single arbitrary constant of integration Later we shall be able to 

t The expression PaV denotes the vector products of P and V m this order The 
identity (PaV)^ = P2V2~(P V)^ is well known It is equivalent to Lagrange’s 
identity in algelDra, or can he proved directly by vector methods 
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take = 00 , kiit for the present we retain greater flexibihty and 
control by keeping arbitrary 

161 . By (9), X has a constant sign, namely the sign of X^ If at any 

point of the trajectory the particle P lies inside the expanding sphere 
|P| = ct, then at this point X = is positive, and so X is 

positive along the whole trajectory Hence along the whole trajectory 
|P| < ct, and so the trajectory lies entirely mstde the expanding 
sphere |Pi = d 

162. Formally, the equations of motion (3) and (4) may be supposed 
to hold good outside the sphere | P | = ct, for which events X is negative, 
and i is negative But if X is once negative, it is always negative 
along the same trajectory, and so such a trajectory lies wholly outside 
the expandmg sphere |P| = The expanding light-sphere |P| = 

is thus an impassable frontier separatmg trajectories into two families, 
no particle ever crosses this frontier Further, since the behaviour of 
particles inside the expanding sphere depends entirely on the values 
of (t(|) for 1 < ^ < 00 , whilst the behaviour of particles outside would 
depend on the values of ) for ^ < 0, there is no interaction what- 
ever between phenomena outside the sphere and phenomena inside it, 
if we hke to make use of a theory of causation, we should say that no 
causal influence whatever can cross the frontier 1P| = We have 
already seen that m any case phenomena outside |P| = cif would be 
completely unobservable, since to an observer inside |P| = ci^ the 
sky IS 'everywhere dense’ in fundamental particles lying inside 
|P| = c^, so that there are no 'holes’ or 'windows’ through which 
observation could be made, or hght pass The mathematical analysis 
IS thus completely self-consistent Absence of the passage of causal 
influence across |P| = is identical with the complete impossibility 
of making observations on events on the other side of |P| = ct We 
can perfectly well describe and analyse conceptual trajectories outside 
|P| = ct, we can perfectly well fill the 'space’ outside |P| = ct with 
a system of particles in motion satisfying the cosmological principle, 
as we shall see later But to do so is entirely irrelevant to any 
phenomena observable by an observer inside |P| = Since nothing 
is gained by contemplating experiences outside |P1 == we shall 
henceforward not consider them Thus always X^ > 0 and X ^ 0 
along all trajectories 
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163 Now tiaoe any paiticular trajectory backwards as < 0 Then 

since X = t^—P^jc^ ^ 0, it follows that, as i5 -> 0, |P| -> 0 along the 
trajectory Thus the trajectory originates from the event t = 0, 
P = 0 At this event, X = 0 If the particle passes through the 
point P = 0 at « = 0 with velocity Vq, then, near t = 0,Y 
P ~ Vo«, and $ = [f-(P Y)/c^fl{t^-P^lc^){l-Y^/c^) ~ 1 Also as 
^ ^ 0, and A ^ 0, -> 1 Hence (9) demands that, as ^ 1, 

dS 


-J 


Hence 


(^-l)(l+(?(^)) 


-00 


J (^- 

i -^1 




diverges, and to — oo We have already seen that (?(1) is a definite 
number defining the accelerations of restmg or slowly moving particles 
leckoned with respect to a neighbourmg fundamental particle The 
two results are consistent 
Approximately, when ^ 1, 

Xr^X^e const 

^ const 

It follows, since X -> 0 as ^ 1, that 1+G^(1) is negative, and there- 

fore that (?(1) IS negative This gives the phenomenon of attracUon 
for a resting or slowly moving particle in the vicinity of a funda- 
mental particle, towards the fundamental particle We have already 
seen that comparison with Newtonian dynamics and gravitation 


gave 




and this now shows that y is positive We thus establish for the case of 
our system of fundamental particles that gravitation appears locally 
as a phenomenon of attraction, without recourse to any appeal to 
experience This is a fundamentally impoitant result, and its estab- 
lishment on kmematic grounds alone may be considered as an achieve- 
ment of the present method of approach to gravitation 


164 An exceptional case occurs if |Vol = c In that case T = 0, 
and the acceleration is zero The particle continues to move with the 
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velocity of liglit, and remains always on the sphere [P] = ct, and 
therefore unobservable. Such particles do not enter into consideration 

165. It will prove convenient later to adopt the three constants de- 
fining the vector velocity Yq which the particle possessed at ^ = 0 as 
three of the integration constants of the trajectory Actually we shall 
not do so at present, but wait to see which integration constants, 
additional to make their appearance as we carry out further inte- 
grations We now seek five further integrals, corresponding to five 
further constants of integration Four of these appear without 
difficulty in the form of four Vector integrals’, which we now proceed 


to obtain 

The vector integrals 

166. From (3) and (4), we find at once 

|(P_v«) = -(p-vi)iJ(?(a (10) 

|(PAV) = -(PAV)ijG<(0 (11) 

Further, we find that 

^{Z^-X7)i = -{Z^-XT)H^G{$) (12) 

at X 

The details of the derivation of these are supplied in Note 4 It 
follows that (10) and (11) can be integrated in the form 

P~Vi = f0, (13) 

PaV = cl0, (14) 

where 6 = +{Z^-XY)^ (15) 

and f,l are constant arbitrary vectors, (13) and (14) are accordingly 
integrals of the original equations of motion 

167. The vectors f, 1 are not, however, independent For we have 

identicaUy (P-Vi) (PaV) = 0 (16) 

and 02 = Lp_Vf)2_l(PAV)2 (17) 

c* 

It follows that f 1 = 0 , (18) 

and, provided 6^0, that also 

P-P = c2. (19) 


(If 0 = 0, then ^ = 1, and the trajectories are simply P = Yt, 
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V == const 5 which are the trajectories of the given fundamental 
particles For a freely projected particle not coinciding in velocity 
with one of the fundamental particles, necessarily ^ ^ 0 ) 

It follows that since (18) and (19) are two scalar equations, the 
vectors f, 1 correspond to six scalar constants connected by two rela- 
tions, 1 e that f and 1 correspond to 4 independent constants of 
integration Together with they provide 5 of the desired 6 con- 
stants of integration 


168. Equations (13) and (14) may be solved for V and P in the form 
(see Note 4) 

( 20 ) 


V = c— +Af, 


P — C-p- 


( 21 ) 


where A is a function of t not determined by the 5 integrals so far 
found 

The A-mtegral 

169. After I had obtained the above integrals, whose existence is 
obvious, it took me over twelve months to obtain the sixth mtegral 
This may be found simply as follows 

Inserting (20) and (21) in the equation of motion (4) we have at 
once 


But by (7') 
Hence 

But 1 = 

and, fiom (20), 


dt 

dr 


97j 


1 Y9 


GiO 


2 Z (^_l)(H-(?(^)) 


(^— _ (^-i)i 


z 


V2 


12f2_(l f)2 XH^ 
f4 c’ 


( 22 ) 

(23) 


or by (18) and (19) 
Put 


Y = 


■ 

A = A(c7P), 


(24) 


where A is some new function of position along the trajectory Then 


7 = ^(1-A7 


(25) 


148 WORLD-TBAJECTORIES 

Inserting (23), (24), and (25), m (22) we have 
1 dA. 1 G{^) 

2^n^-l)i(l+(?(a 

1 

“ 2 
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|*(^_l)l |ri(^_l)i(l + G<(|))J 


This integrates in the form 


l+A 
1— A 


z= const 


;exp(j 




|i(^_l)i(l+(?(|))/ 


(26) 


Now hy (25), A^ < 1, the value A^ = 1 occurring only when 
|V| = c Hence if Ag is the value of A at i = 0, when V = Vq, 
(IVqI < c), we have Ao < 1 Hence as #->0, and 1, the left- 
hand side of (26) tends to the finite non-zero positive number 


(l+-^o)/(l — -^0 


Hence the integral 
I 

d^ 


1 , 


^i(|_l)i(l+G*(a) 

IS convergent at | = 1 Equation (26) may accordingly be written 
in the form ^ I 

exp I 


l+A 1+A(| 


■(I 


d^ 


|i(^_l)i(l+G(|)) 


i=a-t=a; [|i+(^-i)^? 

The constant Aq may he considered as a new constant of integra- 
tion, mfl.Trmg with Zj and the four eqmvalent to f and 1 six inde- 
pendent constants of integration, and A is a function of | and Ap 
only The variable d is given m terms of | and the constants of 
integration by 

cZi(^-l)i(l-A2)i 


e = ZiFi(^-l)i = 


lf| 


Equations (20) and (21) may now be written 


V = c 


lAf 

f^ 

lAf 


+Apf, 


c-^f+0f+Afpf 


(28) 


(29) 


(30) 


These express P and V as functions of ^ and t and the six constants 
of integration It remains to determine t This can be done without 
further quadrature 
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The time-integral 

170 We make use of the identity 

which by (25) may be written 

= (31) 

Now by scalar multiphcation of (29) and (30) we have 
P V 1® <*2 


p V f2-_^2 .2 

or using (19), — y- = 

C*" t"' I- 

Inserting this in (31), we have 

«p(l-A2) =A^+Zi^i|^(l-A2)‘ 

Substituting in this for 6 from (28), we have 

«p(l-A2) = ||X'(l-A2)i[^iH-A(|-l)4], 

or « = ^ _^_[^iH_A(^-l)i] (32) 


171 Equation (32) determines t as a function of ^ and the 6 con- 
stants of integration Use of this m (29) and (30) then determines 
V and P as functions of ^ and the C constants of integration The 
resulting system of equations determines the march of V, P, t along 
the trajectory fixed by the 6 constants of integration included m 
l,Ao in terms of a parameter which always satisfies identically 


the relation 


= [^-(P 

(i2_pi/c2)(l-V^/c2j 


The integration problem is thus completely solved 


Use of umt vectors 

172 The equations so found are capable of enormous simplification 
Instead of seeking such simplifications by analytical methods we 
attempt to gam insight into the physical meanmg of the equations 
we have found, and use the physical results to suggest new analytical 
forms 
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Take tliree mutually perpendicular umt vectors i, J,k forming a 
positive triad, i e suck that 


P = 1, j k = 0, jAk = i, 

etc , and put , ,, 

^ f=/i, 

1 = Zk = 

so that lAf =/(/ 2 _c 2 )ij. 

Then by (28), (29), (30), and (32) we have 


V = 
P = 


c(f-c2) 




(33) 

(34) 


A being a function of ^ defined by (27) These equations express 
P,V,t parametrically m terms of the variable | and 6 constants of 
mtegration Xi,/,Ao,i (equivalent to 2 constants) and j (equivalent 
to one constant) The positive values of all surds are imphed 
173. Prom the equation preceding (22), it follows that 1+G*(|) 
cannot vanish for fimte i unless di/dt vamshes This would mean 
dtjd^ = 00 , whioh is physically impossible along a trajectory, at a 
fimte point of it passed through with a velocity less than c Hence 
1+G^(0 never vanishes so long as | < oo f But 1+(?(1) is negative 
Hence 1 +(t(^) is always negative Hence the integral in the ex- 
ponential factor m (27) is always negative Hence as ^ increases to 
infinity, this exponential either tends to a finite limit or tends to 
zero, also the denommator in (27) tends to infinity as ^ oo Hence 
as ^ increases to infimty the right-hand side of (27) tends to zero 
Hence as oo, A — 1, and, by (25), |V| -^c Moreover, 1 + G(^) 
and G{^) are always both negative, and so, by the equation following 
(25), dAjd^ IS constantly negative and A steadily decreases as ^ in- 
creases Thus as ^ passes from 1 to infinity, A decreases from 
Aq to —1 


Hodograph of the motion 

174. The formulae for P and V show that the trajectory lies in the 
plane of i and j , and thus hes m a plane passing through the origin — 

t I shall use the notation ^ < oo to imply that f has not yet passed through oo, and 
the notation oo > | to imply that f has passed through oo 
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which, be it remembered, is any arbitrary particle of the fundamental 
system We can now construct the hodograph of the motion as follows . 

Choose an arbitrary particle 0 of the given fundamental set 
V = const , P = Vi as origm, and regard it as at rest Take a unit 
vector j in an arbitrary direction through 0 and mark off a length 


OH 


c(p-c^)i 


-j j along it, where / (> c) is arbitrary Through H, in 

an arbitrary azimuth draw a unit vector i perpendicular to j and mark 
off the length HMq ~ (c^//)Aq i along it, where Aq is arbitrary and 
may be positive or negative subject to |Aol < 1 Further mark off 
HMi = -{cyf)i 



Then if M is any pomt between and Jf}, by (33), OM represents 
the velocity of the particle P foi the position on its trajectory at which 
HM = (c7/)A(|) OMq represents the velocity of P at f = 0, and the 
length of OMi is c As t advances from f = 0, the representative point 
M moves from along II, and tends to as ^ oo The position 
Ml corresponds to 1V| = c 

175. The reader wiU naturally ask whether M arrives at m a 
limte time or only as f co Since as ^ > oo, A -> — 1, formula (35) 
for t tends to assume the form 0/0 We shall find later (to my own 
personal astonishment) that M arrives at in a finite time, then 
retraces its path along the hodograph locus, finally coming to rest at 
a determmate point on This means that along the tra- 

jectory the particle P attams the velocity of hght at a finite epoch, 
then decelerates and ultimately assumes a constant hmiting velocity 
as f ^ 00 The physical and astronomical consequences of this be- 
haviour are of the first importance But to handle the expressions 
we have obtained for P, V, i it is convement now to choose new con- 
stants of integration which are functions of the old ones 
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Choice of new constants of integration 
176 We have seen that OMq = the vector velocity at = 0, we 
write = |Vo| Let a (0 < a ^ tt) be the angle between Vq and i 
Then Vq i = cos a, and so from the diagram 

^2 

-Ao = Focosa, 


whence 


— L =: T^sina, 

/ = 


[l-{Vlsm^oc)/c^y 

{VqCOsoc)/ 
“(F^sm^a 


A = (FpCOsaVc 

" [l-(F2sm%)/c2]F 


1_A2 = 

® 1— (Fgsm^a)/c^ 


By (33), we have 


whence 


and 


C(/2-c2)». , C2, 
Vo=- ^-? - ~ F j+-Ao1, 

V = V„+^(A-Ao)i, 




p = Yot+j(A-Ao)ti+cXi{$-l)i{l-A^)ii 


(36) 

(37) 

(38) 

(39) 

(40) 

(41) 


177 . These formulae suggest the following substitutions Introduce 
a parameter e, a function of % and i, defined by 


Then 


smh e = 


(To cos oc)/c 


coshe = 


[l-(Fgsin2a)/c2]i 

(l-F§/c2)i 


c sech e 

( 1 -viic^r 


(42) 

(43) 


Ao = tanh e, 
(l-Ag)i = seche 


(44) 

(45) 


Burther, define a variable ^ m terms of ^ by 

cosh^ = sinhS = +(l^— 1)^ (46) 

so that ^^+(|— 1)* == 

and m formula (27) for A write 


1 f 

2 J ^*(^_l)i[i+G'(|)] 


( 47 ) 
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Then by (27), 
so that 


CHOICE OF NEW CONSTANTS OF INTEGRATION 
1+A 


1-A i-A„ 


e2(.€~v-i) 


A = tanh(e— ij— 
(1— A^)i == seeh(€— 

A-A„ = - 


(48) 

(49) 

coshecosh(^^^T^Tr^' 

We now legard Vo (3 constants), i (2 constants), and X as our G 
constants of mtegiation 


The P, V, t integrals 


178 iMertirom (42)-(50) for/, A., A, .ndf m(33). (34), (35)mtam 

Then after a little straightforward hyperbolic trigonometry we find 

V = Vo-c(l-F§/c2)i-f“^(’?+0 i 
^ cosh(€—r]~l) ’ 

(51) 

p = 


(62) 

" coshe ’ 


f_ eosh(e— i;) 

coshe 


(53) 

These are found to yield the useful formulae 



P-Vi = cZi- i 

COsh(e— ij— ^) ’ 


(54) 

75 = (i_ 72 /c 2 u coshe 

^ cosh(e— Tj— Q 

(65) 

Foi convenience we repeat here the Z-mtegral and 17-integral 

iS 


Z = Z]^exp| — r 

1 ) (^-l)[l+(?(ai 

1 ^ 

(56) 

r,= -l f . . 

2j ^5(^--l)5|-l + Gr(^)J> 


(57) 

and the definitions of e and 



sinhe = 


(58) 



cosh ^ 


f59) 


As if increases from 0, | inci eases fiom J, I and n increase from 0 

4021 ' 

X 



154 WOKLD TRAJECTORIES § 179 

179 Relations (51), (52), (53) define the trajectory of any free 
particle in terms of a parameter ^ and the 6 arbitrary constants of 
integration defined by Vq, i, and they enumerate the totahty of 
all possible trajectories or arcs of trajectories, other than the funda-* 
mental rectilinear trajectories V = const , P = 


Properties of the P, V, ^ integrals 

180 . I pause here to pomt out that (51), (52), (53) are very remarkable 
formulae 

(1) They are invariant in form for a Lorentz transformation from 
the arbitrary particle -observer 0 taken as origin to any other particle - 
observer O' of the fundamental set P = U^, U = const , for arbitrary 
U The parameter ^ is itself invariant under such a transformation 
The constant is not only constant along any trajectory but in- 
variant under the transformation from 0 to O' The constants 
and i transform into new constants Vq and i' (depending on U) which 
can be found without trouble The reader will find it an interesting 
exercise to verify this invariance of form in detail 

(2) They satisfy identically the equations of motion (3) and (4), 
for arbitrary Vq, i, 

(3) Then? form is mdependent of the form of the function 0(|) 

(4) They satisfy identically the two relations 

[^-(P V)/c2p 

(<2-P2/c2)(l— VVc2) “ ^ ~ ^ 

Thus I may be considered either as a number given by the original 
kmematic defimtion ^ = Z^jXY or as a scalar parameter varying 
along the trajectory and providing the variable of integration in (56) 
and (57) 

(5) There is always one particle of the fundamental set P == 
which possessed at ^ = 0 the same velocity as the particle whose 
trajectory we are considering For this fundamental particle, U = Vq j 
We are fully entitled to take this fundamental particle as origin O 


t Of course, since the event ^ == 0, P = 0 is a singular point on every trajectory, 
the fixation of as equal to U does not uniquely determine the trajectory, as we 


have seen 
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165 

This 

IS eqmvalent to taking Vq = 0, in which case € = 0 

For 

Vo = 

0, the trajectory becomes 



V = — ctanh(ij-j-Ob 

(51') 


P = — cA*sinh’>ji, 

(52') 


t = X* cosh r]. 

(53') 


P-V« = cX^ 1 , 

cosh(ij4-^) 

(54') 


Yi = sech(9j-j-.^) 

(55') 


Thus seen from the fundamental particle which moves with a constant 
velocity equal to the velocity of P at ^ = 0, the trajectory appears 
as a straight line described in the direction of the vector — i with 
non-uniform velocity 


181 Reckoned from this origin, the acceleration is given, by (4), 
(54'), and (55'), by 


dt 


c sinh C 
cosh^(77-f^) 




Since 0{^) IS negative for < c» the acceleration is in the direction of 
the vector i, and so is in the direction of motion, pos'itw& outvMTds 
from 0 This is a remarkable result It must be carefully distinguished 
from our previous result that a particle near 0, at rest relative to 0, 
has an acceleration +P(9(l)/!!2 directed towards 0 The reconciliation 
of these apparently contradictory results will engage our attention 
shortly In the meantime it may be mentioned that the outward 
acceleration from 0 of a particle P associated with 0 in the sense that 
the initial {t 0) velocity of P is equal to the constant velocity 
of 0 IS the first hint we have obtained as to tho origin of the outward 
motions apparent in the observed forms of the spiral nebulae It is 
indeed the first hint that has ever been obtained on this topic in the 
history of cosmology A free particle moving ‘mitially’ with the same 
velocity as the nucleus of a nebula, and therefore tending in the first 
instance to move in the company of the nucleus, is accelerated out- 
wards from the nucleus in the experience of an observer at the 
nucleus We shall later show how the sub-system of freely moving 
particles which constitutes a nebula is built up out of such trajectories 
For variation of i and for an assigned value of Vq, there will be 
a triple infimty of such trajectories possible, corresponding to a 
possible triple infinity of particles formmg a nebular sub-system, out 
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of the sextuple infinity of trajectories forming the grand world- 
system of nebular sub-systems 

182. The discussion of the grand system of nebular sub -systems re- 
quires a far more dehoate mvestigation than the motion of a single 
free particle For each free particle is then to be considered as movmg 
not only m the presence of the given fundamental particles, but as 
also in the presence of the sextuple mfimty of other free particles, 
and our analysis will require reconsideration from the start Before 
we embark on such an mvestigation, we shall proceed with our 
exammation of the motion of a single free particle, and obtam the 
geometrical meanmg of formulae (51), (52), (53) for the mtegrated 
trajectory We remmd the reader at this stage that though we are 
considermg the complete trajectory of any particle from « = 0 on, 
unimpeded by colhsions, the mvestigation applies equally to any are 
which IS a portion of the trajectory For any free particle, however 
projected, from the circumstances (P,V) of its projection at time t, 
we can always calculate the trajectory constants Vq, i, by reversal 
of formulae (51), (52), (53) 

Geometry of trajectories 

183 Consider as before the hodograph of any one trajectory This 
hodograph depends only on the constants Vo and i, and is independent 
of the constant Thus the single mfimty of trajectories with the 
same Vq and i and different X^’s possesses the same hodograph 
This hodograph is the Ime MqMi, m the direction of — i, where i is 
an arbitrary vector and OM^ is the ‘initial’ velocity Vq, 0 being the 
position of the observer makmg the calculations At the epoch t m 
the experience of 0, let be produced to Po, where OPq = Vo< 
The vector Ofo m Fig 14 represents Y^t on the same scale as 
OMf^ represents Vq, so that |Oio| |0-Mo| = t 1 Draw a transversal 
through Pq parallel to — i, and so m the plane defined by and i 
Then by (53), at the epoch t m O’s experience, the particle P, pro- 
jected from 0 at t = 0 with velocity VJ,, is at some pomt P on the 
transversal — ithroughPg ForPflP = OP — OPq = P — Y^t — avector 
parallel to — i If M, on the hodograph (the — i transversal 

through iHfl), IS the pomt which represents the velocity- vector V at 
the same epoch t, then OM represents V, the velocity at P, and so 
the tangent to the trajectory at P is parallel to OM The trajectory is 
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tangent to OM^ at 0, and its general form is indicated by the dotted 
curved line The actual curvature of the dotted line depends on thc^ 
form of Q{^), as also does the position of P on the transversal — i 
through Pq 

Let OM meet this transversal in P^, then OP^, by similar triangles 
OifoM, OP^P^, represents the vectoi Accordingly P is the 
vector P and the acceleration at P, being propoitional to 



(P— VOG'(^), is parallel and opposite to P^P, since a{^) is negative' 
ij, IS m fact the position, at epoch t, of that fuudanioiital particle 
which has been constantly moving, since t - 0, with a velocity equal 
to the velocity V instantaneously possessed by the frc'o particle at P, 
all m the reckoning of 0 But P is at lest, instantaneously, relative 
to the fundamental particle at P,, and so at rest ni the reckoning of 
the particle-observer moving with P, But in the reckoning of this 
particle-observer, P„is the centre of symmetiy of the system of funda- 
mental particles Thus the point P , , obtained by the above consti no- 
tion, IS the centre of the system in the tiamo m winch P is momen- 
tarily at rest, and the accelciation of P is du'oetod towatds P„ in the 
reckomng of particle-observer 0, and equally in the leckoning of the 
particle-observer 

184 We now prove that P lies between 7* and 7J Por 

PePo = OPo-OP, = (Vo-V )« cXi l-0coHh(f 

coah(e- ■jj -^)coHh€ 

PPo - OPo-OP == Voi-P = . 

cosh € 


and 
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But elementary hyperbolic trigonometry shows that 

gn M , +Ocodi(,-,) 

GOSh{€—rj — l) * 

Hence |P„P„| > |PP(,| 

whicli proves the result 

Since P IS between Pq and the acceleration of P, directed to- 
wards jFJ;, is away from Pq This shows m a simple way why the particle 
P appears to be accelerated away from the fundamental particle 
possessing the same hnitiaF velocity For P is in motion relative to 
Pq, so that the velocity-frame in which P is at rest does not coincide 
with the velocity -frame in which Pq is at rest Pq is the centre of the 
system in the frame m which Pq is at rest, just as much as 0 is the 
centre of the system to the particle-observei 0, but it is which is 
the centre of the system in the frame in which P is at rest Since P, 
as we have shown, is accelerated towards P^, and since P^ is on the 
opposite side of P from Pq, P’s acceleration is directed away from Pq 

185. The case is quite other with a particle P' which, not coinciding 
with Pq, is at rest relative to Pq For such a particle, its velocity 
V' IS instantaneously equal to Vq, and the apparent centre of the 
system in the frame in which P' is instantaneously at rest is itself 
Pq Its acceleration is therefore directed towards Pq Of course the 
hmtial’ velocity for this particle, which we may call momentarily 
Vq, is not equal to Vq 

To investigate this point consider two particle-trajectories passing 
through the same point P at the same moment, one with constants 
defined by Vq, i, the other with a velocity instantaneously equal 
to % We denote by primes (') the symbols relating to the second 
trajectory Thus P = P', Vq = V', Pq = P' The point Pq, by the 
general theory, must he on the hne joming P' and P', on the other 
side of P from P^ It is depicted in Fig 15 Then OPq is the direction 
of Fq The hodograph of P' must be parallel to that of P, since it is 
parallel to the lines Pq PJ^, Pq P'P', which coincide Also M' = Mq 
IS a point on this hodograph Hence the hodographs coincide Hence 
MqIS the point in which OPq meets Mq M, and this defines the vector 
Vq = OMq for the hmtial’ velocity of P' The tangent to the 
trajectory of P at P is parallel to OM, the tangent to the trajectory 
of P^(= P) at P' is parallel to OM' = OMq The acceleration of P is 
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towards and so away from Pq, whilst the acceleiation of P is 
towards P^, and so towards Pq This illustiates how a paiticlc at rest 
relative to Pq at epoch t has an acceleration towards Pq, whilst a 



particle at rest relative to Pq at the singular epoch / = 0 has an 
acceleration away from Pq 


186. These relationships become perhaps clearer if wo diaw the 
diagram from the point of view of Pq This is equivalent to taking 
Pq at 0 The hodograph is then a straight 
line through 0 along OP The particle P, 
initially’ at rest relative to 0, has been ac- 
celerated away from 0 or Pq to the position P, 
and sees the centre of the whole system as P^, 
on the other side of P from 0 P’s velocity 
is away from 0 But the particle P', in the 
same position as P, at rest relative to 0, 
has zero velocity and sees the centre of the (Pq) 
whole system as 0 or p., which is accordingly 

P' The particle P' IS accelerated towards 0, Tiajoctory booh 

if we like, by the pull of the whole system asBociatod funda 

, ^ ^ , , , -rx ^ mental particle 

centred (to P ) at 0, but the particle P at the 

same place, moving with a non-zero velocity relative to 0 along OP, 
IS pulled away from 0 by the pull of the whole system centred (to P) 
at Pg, beyond P 



187. It IS particularly to be noted that the motion or trajectory of 
a particle is not determined at ^ =: 0 by the circumstances of i)ro- 
jection A triple infimty of possible trajectories radiate outwards 
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from any point Pq (reckoned from Jfo) in straight hnes, defined by 
arbitrary choice of and i If we hke, we can say that at the epoch 
of creation there is indetermmacy The trajectory of a particle 
projected at any epoch ^ 0 is determined by the circumstances of 

projection But at ^ = 0 itself these do not suffice 

In Fig 15, the curved trajectory OP, viewed from the moving 
particle Po, IS a radial straight line radiating from Pq In Fig 16 the 
curved trajectory OP is a straight hne when viewed from the moving 
Pq, whilst the trajectory OP' is a straight hne viewed from the 
moving Pq 

Pursuit of the apparent centre 

188. We now return to Fig 14, and consider the state of affairs at 
a neighbouring later instant t-\-dt, reckoned by 0 By the time t-\-dt, 
P has arrived at P+<^P, where the small arc joinmg P to P+dP 
IS approximately parallel to OMP^ Draw the parallel to i through 
P+dP, meeting OMqPq in P^+dPQ and meeting OMP^ in 8 Then 
Pq+^^J^o position, at epoch t-\-dt^ of the fundamental particle 

which at t was at Pq At t-^dt, let M -^dM, on M produced, be the 
position of the representative point m the hodograph Then the line 
jOinmg 0 to M+dM represents the velocity of the particle at P+cZP 
Consequently at t-\-dt, the apparent centre of the system in the 
frame in which P (at P+<^P) is at rest is P^-^dP^^ the intersection of the 
line joining 0 to M-\-dM with the — i transversal through Pq+c^Pq 
I t follows that as the particle P moves from P to P+rfP, the 
apparent centre of the system moves from P^ to Pg-f-tii^ This position 
IS, however, occupied by a different member of the fundamental 
system The fundamental particle which was at P^ at epoch t has 
moved to 8 at epoch t+dt Thus the apparent centre of the system 
has a locus amongst the fundamental particles This is because, as 
P IS accelerated, the frame in which P is momentarily at rest alters, 
and so P picks out at every different epoch a different fundamental 
particle as occupying momentarily the centre of the system in the 
frame in which P is momentarily at rest 

189 This has a very remarkable consequence The points P,Pc, 8, 
P+cZP define a parallelogram Hence the side joinmg P to P^ is 
equal to the side joimng P+dP to 8 But M-\-dM is beyond Af, as 
reckoned from Hence P^-^dP^ is beyond 8, as reckoned from 
Pq+^Po Hence the hne joining P+cZP to P^-^dP^ is greater than the 
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line joining P-\-dP to 8, and so greater than PP^ Hence at epoch 
the particle is farther from the then apparent centre than it 'was 
at epoch t The particle thus gets farther and farther away from the 
apparent centre of the system m the frame m ■which it is momentarily 
at rest The particle is always ‘fallmg freely’ towards the apparent 
centre In spite of this, so far from ever fallmg mto it, its distance 
from it mcreases as time goes on The particle P follows a curve of 
pursuit of Pg, but never overtakes it 


190. What we have proved, and proved rigorously, by an elementary 
geometrical argument, can easily be estabhshed by the sceptical 
reader directly from the formula for PP„, by use of a little hyper- 
bohc trigonometry One of the advantages of our procedure is that 
it permits the vahd use of simple geometrical arguments so long 
bamshed from the subject 

191. It follows that the distance of P from P^ steadily increases It 
increases until M reaches Mi, when the situation requires reconsidera- 
tion When M reaches Mi, where \OMi\ = c, we have |V| — c, and 
smce always is the vector Vi, here m the hmit P^ is on the ex- 
panding frontier itself There is no contradiction here, although it 
appeals paradoxical to say that in the hmit the apparent centre of 
the system is on the boundary of the system When P approaches the 
velocity of hght, there is still one particle which is at rest, m the hmit, 
relative to P, although a particle actually in motion with the velocity 
of light has the same velocity relative to aU the particles present 
Although |Pg| -^ci, P itself remains always an interior pomt of the 
system, necessarily at a fimte distance mside the frontier 


192 We have still not determined whether M reaches Mi in a fimte 
time (in O’s experience) or whether M merely approaches Jf) as 
t 00 Clearly, the mtegrals for X and tj, formulae (56) and (57), 
converge or diverge together as oo Hence by (53), as ^ oo, 
t tends to a finite limit if X and tj converge to fimte limits, whilst 
i 00 if X and rj diverge 

As M approaches Mj, whether as < -> oo or as i a fimte hmit, M 
must come momentarily to rest Por M cannot go beyond Mi Smce 
the velocity of M in the hodograph is the acceleration dV jdf of P, it 
follows that as ^ 00 , dV jdt 0 Now along any given trajectory 


dt 


(P-Vi)|G(|) 


^ t/ 2/„2\ sinh^cosh^e 

Xi^^ '^“/‘'■'cosh*(e-7j-0 
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and as ^ oo, 

dV c 

. 

dt 

If 7],X finite limits as f -> oo, then 0 {^)e~^^ -^0 as ^ ->co, i e 
as ^->00 This gives no contradiction with the con- 
vergence of the integrals for t] and X as ^ co, for all the conditions 
would be satisfied by 0 {$) ~ const x (0 < a < 1) or by 
(?(|) const X {log^)^+“ (a < 0) 

If, on the other hand, 17, X diverge as ^ ^ 00, then 

^0 as ^ 00, 

I 


1 e 


^ I 


exp- 




di 




-»0 


as I 00 As before, this sets a hmit to the magnitude of 0 {^) for 
$ large, but tells us nothmg as to the possible smallness of G{$) Thus 
our present arguments carry us no further towards a decision as to 
whether the speed of P reaches c m a fimte time or only as « -> 00 
Analytically it is easy to prove that P remams a fimte distance m- 
side the expandmg boundary. For P^P = P — Vi whose modulus, as 
we have seen, steadily mcreases as t mcreases, and as ^ co, by (54) 


whilst 


P— Vi cXie“’?+% 

r i 


X^e-'^ = const x exp 
= const X exp 


■ 1 1 ” 

di 

[i-i 



r 

Hi- 



d^ 

(^- 1 ) 



and this cannot approach zero since ^ > 1 and 1 + is always 
negative for f < oo 


Summary of trajectory properties 

193. If a free particle is projected inside the given simple kinematic 
system of moving particles, and coUisions are ignored, its trajectory 
lies in a plane through the origin (any arbitrary particle-observer of 
the given system) contaimng the velocity of projection Its hodo- 
graph IS a straight line The trajectory will appear m general curved, 
but it appears as a radial straight hne judged from that fundamental 
particle which has moved, since ^ = 0, with the same constant velocity 
as the projected particle would have possessed at if == 0 if its trajectory 
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were extrapolated backwards, or continued backwards to i = 0 Its 
acceleration is radially outwards from this fundamental particle 
V = Vfl Its acceleration is always directed towards the apparent 
centre of the fundamental system reckoned m the frame in which 
the projected particle is instantaneously at rest Tins point is the 
particle which would actually be picked out by an observer movmg 
with the projected particle as the apparent centre of spherical sjnn- 
metry of the whole system at that moment The point has a locus 
amongst the fundamental particles — ^it moves from fundamental 
particle to fundamental particle, and steadily recedes from the pro- 
jected particle Thus though the projected particle P is accelerated 
towards and though its acceleration contains a factor proportional 
to |i^P|, it gets steadily farther and farther away from P^ P 
always remams an mterior particle of the system in the strict sense 
that its distance from the boundary does not tend to zero The pro- 
cess of being accelerated therefore goes on untd P reaches the velocity 
of light, but whether it does this m a fimte time or only as t oo we 
have not yet been able to determine As P approaches the speed of 
light, Pg tends to the boundary of the system 

Incidentally we have proved several other fundamental results 
We have proved that there is no mteraction whatever between 
material mside the expanding hght-sphere r = ct and any material 
which might be supposed to exist outside it Such material is there- 
fore not only physically unobservable (owmg to the impenetrable 
ved of material everywhere dense near the expanding frontier) but 
kinematically and gravitationally, and thus dynamically, unobserv- 
able Hence it is immaterial whether it be supposed to exist or not, 
and so irrelevant to science if a positivist pomt of view be adopted, 
propositions about it can be constructed (trajectories described, etc ) 
but are fundamentally unverifiable 
We have also proved that if we call by the name ‘gravitation’ the 
appearance of accelerations amongst particles at rest relative to a 
given fundamental observer, or movmg with small velocities, then 
gravitation is necessarily a phenomenon of attraction, the accelera- 
tions are directed towards the local centre 

Astronomical interpretation 

194 If the extra-galactic nebulae are idealized to particles, and 
considered as on the average equivalent particles, then our analysis 
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should describe the trajectories of free particles in mter-galactic 
space Such a free particle, as far as we have traced its motion, 
contmually undergoes acceleration We have obtained the accelera- 
tions from purely kinematic considerations, without adopting any 
^theory of gravitation’, but the accelerations undergone are com- 
patible with the statement that every free particle recognizes an 
apparent centre m the whole system and is accelerated towards 
this centre The process of being accelerated cannot come to an end 
short of the particle acquiring the velocity of light, provided the 
particle undergoes no colhsions We shall be able to prove later 
that actually the particle must acquire the velocity of light in a 
fimte tune, and its subsequent motion will engage our attention in 
great detad 

This gives immediate insight into the outward motions suggested 
by the forms of spiral nebulae We have not discussed possibilities 
of rotation, which appear to be aspects of the imperfect way in 
which the nebulae, considered themselves as particles, realize 'equi- 
valence’ Our analysis must rather be regarded as dealing with the 
average motion of a free particle m the neighbourhood of a nebular 
nucleus when a large number of such motions are averaged. For 
example, if a large number of spual nebulae are imagined super- 
imposed, our analysis should give insight mto the average trajectory 
Actually m the vicmity of a nucleus we must take account not only 
of a smgle particle but of a large number of free particles, and the 
development of this situation requires the statistical analysis we give 
in a later chapter We may be content at this stage with recognizing 
that for a free particle the 'centre of attraction’ which it selects (to 
use a useful but really illegitimate mode of expression) is not neces- 
sarily the particle representing the nucleus of the neighbouring 
nebula, but depends on the velocity of the free particle concerned 
In general the free particle experiences an acceleration directed else- 
where This IS not properly describable as an 'effect of velocity on 
acceleration’, but is a purely kinematic effect associated with the 
structure of the complete system of fundamental particles or nebu- 
lar nuclei, namely that feature of it which is the possession of an 
apparent centre of spherical symmetry at each fundamental particle- 
observer 

In the space between the galaxies, complications due to congestion 
and distribution near a nebular nucleus do not arise, and our analysis 
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should adequately describe the mam outlmes of the motions of free 
particles To the extent to which inter-galactic space is populated 
by matter, the particles composing such matter must be m motion 
and following trajectories of the kmd described The motion wdl be 
interfered with by collisions of various kmds, which will destroy 
momentum (to adopt here a dynamical way of speaking) The larger 
aggregates formed by colhsion will therefore be expected to possess 
smaller velocities than those we have calculated, though they too will 
undergo precisely the same accelerations, and will wander through 
inter-galactic space It will be some of the smaller particles which by 
good fortune accidentally avoid colhsions, and it is amongst these 
that we shall expect to find larger arcs of ummpeded trajectories, and 
so large velocities, even up to the velocity of light All regions inside 
the expanding frontier being fully equivalent, we shall expect to find 
such particles equally everywhere m accessible space, independent of 
locality, in particular in our own vicinity 

Such particles will not have been born wnth large velocities, at 
creation H = 0’ or under any other hmtiaT conditions They will have 
acquired their high velocities by free fall under what may be called 
the gravitational field of the universe That such particles, moving 
with speeds indistinguishable from that of light, are present m our 
own vicinity, arriving equally from all directions, is a conclusion 
from the observations of cosmic rays The further discussion of 
the number of such particles and their relation to world-structure 
will be taken up later 

The principle of least action 
195. As soon as the acceleration formula 

flY Y 

^ = (4) 

had been obtained, the problem suggested itself of expressing this or 
any equivalent equation of motion under the form of the principle 
of least action This problem was that of finding a function of in- 
variants such that its integral between any two events on a trajectory 
was stationary for the actual path pursued More precisely, since the 
only differential invariant ds is given by 


1 
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the problem was to find a function of the two independent invariants 
X and W{X^^), such that the equations given by 

8 = 0 (60) 

are the differential equations of the path, (4) 

Since the equation (4), by its mode of construction, is of the same 
form for all fundamental observers, it was fairly clear that a least 
action’ formulation must be possible For any equation obtained by 
mimmalizmg the integral occurring in (60) must be invariant for the 
same transformations The principle that the motion of a particle in 
any geometry must be capable of expression in the form of the prin- 
ciple of least action with suitable choice of 'weighting factor’ W, a 
function of invariants, was shortly afterwards stated by Milner f At 
my request Dr A G Walker examined the problem of finding 
W (X, so as to yield equation (4) from a variation principle of the 
type (60) 

196 . In a recent paper j; Walker has shown that a solution to the 
problem exists, and he has found the most general form of the solu- 
tion The solution is as follows let/(X) be an arbitrary function of 
X, 0(a) an arbitrary function of a variable a, let d{^) be defined by 

m = exp|- J ( 61 ) 

Then the weightmg-factor function TF(X,|) necessary to reproduce 
the equation of motion (4) is given by 

W(X, = X-^l^ \ 0{X0(f )}(|- 1)-^^^ (62) 

fiX) 

X being treated as a constant m the integration with respect to ^ 

If © IS identically constant, the equation of motion (4) is reproduced 
only m the form 

for any other form of 0, equation (4) is reproduced by (60) with 

t Proc Roy Soe , 139 A, 349, 1933 


i Ibid , 147 A, 478, 1934 
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It Will be noticed that Walker’s 0(i) is proportional to onr integral 
for X, namely (9) or (56) 

197 . When 0 is chosen to be identically constant, W ds is the square 
root of a quadratic in the differentials dx, dy, dz, dt, but the metric so 
obtained is degenerate, reducing to that of a space of 3 dimensions 
But to get the proper form of 0{^), it is shown by Walker that the 
case 0 = const must be excluded In the general case WHs^ does not 
reduce to a quadratic m the differentials dx, dy, dz, dt Thus though the 
paths of free particles may be considered as geodesics m a 4-space of 
metric ds' — W ds, this space is not Riemannian The space required 
IS known as a Finsler space Walker concluded that ‘if we wish to 
describe aU possible natural phenomena in terms of geometry, we 
must use Finsler geometry, the free paths being geodesics and the 
light-paths null geodesics’ 

198. It follows that the kmematical systems here described are 
not equivalent to any system described by ‘general’ relativity, and 
that the kinematic systems are not mcluded m the systems capable 
of description by the methods of ‘general’ relativity It will be shown 
at the end of Part IV, by totally different methods, that the simple 
kinematic systems do not coincide in observable properties with any 
of the world-systems described in current relativistic cosmology, 
though certain of the systems of relativistic cosmology approach the 
kinematic systems in the limit, as the epoch of observation (reckoned 
by the observer’s clock) tends to infimty At any finite epoch of 
observation, the two sets of systems differ fundamentally, the kine- 
matic systems possessmg always an mfimte number of particles in 
the field of view of the observer, mergmg into a continuous back- 
ground, whilst the ‘hyperbolic’ systems of ‘general’ relativity possess 
always a finite (though steadily increasing) number of particles m the 
field of view The current cosmological solutions attain their object 
only at the expense of introducing a continuous creation of matter in 
the temporal experience of any observci, whilst the kmematic solu- 
tions contain always an infinite number of particles already created, 
1 e created prior to the experience of any possible observer Since 
the creation of matter %n hme is contrary to our experience, we are 
compelled finally to reject the systems of current iclativistic cosmo- 
logy, whilst there is no similar objection to the kinematic solutions 
The important point for the moment is that two essentially different 
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lines of investigation concur m showing that the kinematic solutions, 
whilst fully consistent with the prmciple of relativity, are not included 
in that particular conceptual development of the principle which is 
currently known as the "general’ theory of relativity The "general’ 
theory of relativity is not a complete generalization of the experiences 
on which the principle of relativity is based This fully justifies the 
consideration of the new methods which are the subject of this work 


IX 

CONSTRUCTION OF STATISTICAL SYSTEMS 

199 The integrated form of the trajectory of a free particle, found 
in the preceding chapter, is fundamental m what follows We now 
proceed to consider cases in which a multitude of free trajectories are 
bemg described simultaneously by a large number of particles. 

200. A galactic system consists of a number of particles in free 
motion, apart possibly from the region of the nucleus itself The free 
particles may be considered as stars, or as more elementary umts out 
of which stars have been formed by collision and agglomeration We 
are now no longer content to idealize a nebula or galactic system as a 
single free particle, but wish to endow it with structure We have 
a priori no knowledge as to what structure we should posit for such a 
system, and we shall avoid makmg any specific hypothesis as to its 
structure Our object is in fact to ascertam on general kmematic 
grounds the structure of a nebula considered as an assemblage of 
freely movmg particles 


201. Our one sheet-anchor is that the different nebulae are to be 
considered as equivalent to one another An observer at the centre of 
any one nebula, i e situated on the free paiticle which ideahzes its 
nucleus, will then describe the totality of motions constituting the 
totality of nebulae m the same way as another observer on any other 
nucleus It would, however, be altogether foreign to our line of 
thought to assume a priori that the matter of the umverse is for the 
most part concentrated m the vicmities of the nebular nuclei We do 
not even know that this is the case Given the existence of matter in 
motion m the universe, we want to ascertam how it is distributed 
We have already obtamed the bald outlme of its distribution if it is 
to satisfy the cosmological prmciple This is described by saying that 
if dxdydz is a volume large enough to contam a reasonably large 
number of particles, then the number n dxdydz in the volume is 


given by 


j j j Bt dxdydz 


( 1 ) 


where P is the vector position {x,y,z) at epoch t of any particle 
judged from a given particle, and that the motion of the contents of 
this volume is given by y — Bjt (2) 
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202 It IS true that we began with a set of particles constrained to 
move uniformly We then showed that they would do so naturally, 
without constramts Our technique, though it should be formally 
capable of deahng with relatively accelerated fundamental particles, 
has not yet been developed to the extent of embodying such motions 
in analysis Actually, as we shall see when we compare our results 
with the relatively accelerated fundamental particles described in 
current relativistic cosmology, accelerations of fundamental particles, 
if they occurred, would mtroduce grave physical difficulties Eor a 
particle near the expanding frontier of observable particles cannot be 
accelerated outwards, if its velocity is never to exceed c, if it ^5 
accelerated outwards, it is lost to observation, no observations on it 
are possible, and as far as the observable universe is concerned matter 
has been annihilated %n time, in the experience of observers, which is 
contrary to actual experience If, on the other hand, particles are 
accelerated inwards, the expandmg frontier can only be maintained 
by the creation of further particles, moving at the instant of creation 
with the speed of light This creation in experience is the device to 
which the mathematics of general relativity has recourse, at least in 
certain cases (A = 0), to ensure the centrality of every particle in the 
field of the remainder But this amounts to creation of matter in time, 
in the experience of observers, which is contrary to actual experience 
The system of uniformly moving particles we have put forward avoids 
both annihilation and creation of matter in time, or in experience, 
and so is not open to the objections valid against the current rela- 
tivistic theories It is therefore fully worth while to consider further 
a system of fundamental particles in uniform relative motion 

203. Such particles are now to give us points of view of the further 
details of matter-in-motion we are going to introduce 
We are no longer going to consider every particle present as a 
fundamental particle Instead, we are going to take a definite set of 
fundamental particles, defined by the value of the constant B, and 
surround every such particle with a distribution of other particles 
pursuing free trajectories and thus not necessarily unaccelerated 
The totality of such trajectories is now to be described in the same 
way as viewed from each fundamental particle This is the only 
method we have of avoiding preferential points of view varying from 
fundamental paiticle to fundamental particle We do not mean that 
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in nature every observer at the nucleus or mean centre of a nebula will 
see exactly the same distribution surrounding him We mean that 
on the average one point of view is as good as another, and we con- 
struct as OUT model of such motions an idealized system in which 
every fundamental particle does in fact see and describe the dis- 
tribution in the same way 

The justification of this procedure must ultimately he in whether 
it gives insight into observed features of the universe and in whether 
it predicts the existence of other observable features It sets up a 
standard of comparison If its predictions are not fulfilled, then the 
world as a whole will not satisfy the prmciple postulated, and we can 
start again with some other model 

But the model in which each fundamental particle sees the same 
distribution of moving pai tides around it is the most natural model 
to investigate first It is of a primary character We could only 
abandon the principle which denies preferential points of view by 
inserting preferential points of view, and to do so would be open to 
far more objection than to make all points of view equivalent 

204. The equivalence of description is mtended to hold good only 
for particles already equivalent to one another, m the technical sense 
JSTon-equivalent particles will not be expected to give identical points 
of view We are given the fundamental set of equivalent particles as 
a base-line It might happen that amongst the other particles sur- 
rounding them we are now to consider, pairs of equivalent particles 
might be present But we shall find it sufficient to fix attention on 
the fundamental particles 

205. The set of motions defined by the fundamental particles is of 
hydrodynamical character At every pomt there is a definite velocity 
We have already seen (Chapter IV) that the most general hydro- 
dynamical motion satisfying the cosmological principle is locally of 
the type V = Pi^(^) and we are for good reasons investigating the 
case V = P/^ We therefore gain no further generality by considering 
further hydrodynamical motions The next simplest set of motions 
bears to the hydrodynamical type the same relationship as a gas 
bears to a liquid In a gas, m any small volume there is no unique 
velocity but a distribution of velocities, particles are present in the 
volume moving in all directions with a variety of velocities It there- 
fore suggests itself that we should investigate the possibility of 
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constructing a space-velocity distribution function f{x, y, z, t, u, v, w) 
such, that dxdydzdudvdw 

IS the number of particles present in the range dxdydz near the position 
P or {x, y, z)^ moving with velocities inside the range dudvdw near the 
velocity V or {u, v, w), all at epoch t in the experience of an assigned 
fundamental particle-observer 

206. In attemptmg to discuss such a statistical set of moving 
particles we are essaying a far more ambitious analysis of a distribu- 
tion of matter-m-motion than has previously been considered m 
current relativistic cosmology Existmg treatments by the methods 
of 'generaF relativity always relate to systems of hydrodynamical 
character, with a definite motion (relative to an assigned particle) 
at each definite place, inequalities or fluctuations in this motion being 
taken into account by introducing formally a pressure p In actual 
calculations, however, p seems usually to be put equal to zero, so that 
the systems are m the sequel of strictly hydrodynamic character 
But m any case no attempt has previously been made to trace a 
multiplicity of particle-trajectories in detail It is one of the attrac- 
tions of the present method of development that it permits such 
an investigation with little further additional complication By the 
nature of the case, general relativity can only consider such detailed 
motions by detailed crumpling of its selected space, for the metric 
chosen is governed by the motions prescribed, or vice versa We con- 
tinue, with equal simplicity, to retam the flat space and Newtonian 
time chosen by the assigned observer, and related to the spaces and 
times of equivalent, relatively uniformly moving observers by the 
formulae we have derived, namely the Lorentz formulae and their 
derivatives 

The present method is not only more attractive but more powerful 
For it will enable us in due course to show that if we begin with the 
most general statistical distribution satisfying the cosmological prin- 
ciple, this IS found apostenon to give a set of nuclear agglomerations, 
and to permit a classification of the trajectories into sub-systems 
associated with the fundamental particles 


The generalized Boltzmann equation 
207. It is well known that if a distribution function / of the above 
type IS to represent a collection of permanent objects, it must be 
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subject to a certain condition In the case of a gas, the condition is 
known as Boltzmann’s equation 

208. So far we have not made our distribution satisfy the cosmo- 
logical principle, and for the time bemg we postpone doing so The 
particles enumerated by a given fundamental particle-observer 0 
under the function / (obtained by simple countmg) may each be 
undergoing some acceleration We do not so far know this accelera- 
tion But the acceleration of each particle could in prmciple be 
tabulated, and the resulting table would exhibit each acceleration 
written against the particle-position P and velocity- vector V identi- 
fying, at epoch t, the particle undergoing this acceleration Descrip- 
tively, then, the acceleration, say g, is a function of P, V, and t No 
'causal dependence’ of acceleration on P,V, or t is imphed by this 
function, it IS purely enumerative We write then for the acceleration 
g = g(P,^,V) 

For brevity write / as /(P, t, V) Let do be the spatial element of 
volume near P, dr the element of velocity-range near V, so that 
/(P, t, V) dodr IS the number of particles counted at time t inside do 
with velocities inside dr 


209. Consider the state of affairs at epoch in O’s experience, 
Ai^ later than the epoch t The positions have changed to P-|-AP, 
where, to a sufficient order, AP = V A^, and the velocities will have 
changed to V + AV, where AV = g A^ Write 


^“{“A^, 

Pi = P+AP = P-fVA^, 


Vi = V+AV = V+gA^, 

and let do^ be the corresponding spatial element of volume, dr^ the 
element of velocity-range Then all the particles present inside dodr 
at epoch t must be present inside do-^dr^ at epoch For we suppose 
that no particle is created or destroyed Hence 


/(P, V) dodr — /(P 1 , ^ 1 , do^ dr-i (3) 

The algebraic details given in Note 5 show that this relation 
reduces to i \ 

|+v|+g|+/(^g) = 0, (4, 

where we have used the symbol 0//SP to denote the vector resultmg 
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from differentiating a scalar function / of a vector P partially with 

regard to its argument P, similarly for dfldW, and — g denotes the 

8V 

divergence of the vector function g of two vectors V and P with 
regard to its argument V This is the required generalization of 
Boltzmann’s equation which / must satisfy 


Satisfaction of the cosmological principle 
210. We must now arrange that the statistical system defined hy 
the distribution function /has the same description viewed from every 
one of the fundamental set P == Uf This does not mean that a given 
particle is seen in the same place by any two fundamental observers, 
it means that them enumerative descriptions of the system coincide 
Consider a particle at P(a:,i/,z) movmg with velocity Y{u,v,w) at 
epoch t as counted by 0 An observer O', movmg with speed ( U, 0, 0) 
relative to 0, reckons this event as P'{x',y',z'), t', 

where 


X = 


u = 


x—Ut 

{l—Uyc^)P 

u-U 

l-uUjc^' 


y' = y, z' = 

_ v{l—U^/c^)i 
l-uUjc^ ’ 


w = 


, t—xTIjc^ 

~ (i-177c2)i 

w{l—U^/c^)i 

l—uUjc^ 


, (5) 
( 6 ) 


and thus counts the same particle as moving at epoch f through the 
position P' with velocity V' 


211. Consider a neighbourmg particle P+dP {x+dx,y-\-dy,z-{-dz), 
moving with the neighbouring velocity V+dV {u-\-du,v-\-dv,w-\-d'w) 
at the same epoch t The number of such particles inside dodr is just 
f{P,t,Y) dodr This particle is counted by O' at a different time 
t'-\-At', m the position P'+AP' with velocity V'+AV', where 


Ax' 


dx 


(I_t72/c2)l’ 


Ay' = dy, Az' = dz, 
At' = - 




> ( 7 ) 


. , dwfl—U^jc^f , 


( 8 ) 
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Hence at the epoch V itself, this particle is reckoned by O' as at P'+c^P', 
with velocity V'+<^V', where 

dx' = Ax'—u'Af, dy' = Ay'—v'Af, dz' == Az'—w'Af, 

dv/ = Au'—g^At', dv' = Av'—g'^At', dw' = Aw'—g^At', 

where g{, g^, g'^ are the values, m the reckoning of O', of the com- 
ponents of acceleration In these formulae substitute for Ax', , 
At', , Aw' in terms of dx, dy, dz, du, dv, dw from (7), (8) The results, 
as far as we require them, are 




Z7Vc2)i 


du' = 


du{l- 


(1_C72/C2)J 

dy' = dy->r 


{1-uUic^)^ 
dw' ■ 


uUlc^ 

dx, dz' = dz+ dx, 
.._ dv(l-U^lo^)i 
1-uUjc^ 


dx, 


du-\- 


( 9 ) 

( 10 ) 

dx, 

( 11 ) 


l-uUjo^ 

(The coefficients denoted by are irrelevant in the sequel ) 

Now consider {dx, , dw) and {dx', , dw') as two sets of coordinates, 
the one the transform of the other Then all the particles counted 
by 0 inside dodr at epoch t will be counted by O' as inside do'dr' at 
epoch t', where 

do'dr' ^ d{dx',dy',dz',du',dv',dw') 
dodr d{dx, dy, dz, du, dv, dw) 

The only relevant terms in the Jacobian determinant occur in the 
principal diagonal, and are the products of the coefficients of 
dx, dy, dz, du, dv, dw in the first terms respectively of the above ex- 
pressions (9), (10), and (11) for dx', ,dw' Hence 
do'dr' _ {l^U^jc^f 

dodr {l-uU/c^)^ ^ ^ 

The spatio-velocity particle-density is accordingly estimated by O' 
at time t' as \){l-uUlc^f 

do'dr' “ il-U^~jc^y 


If the system is to satisfy the cosmological principle, this density 
must be described by O' as /(P', V'), where /is the same function 

as before Hence 

f(F',t',T) (13) 

Tins IS the functional equation to be satisfied by / Two other 
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fiinctional equations must be satisfied, namely those obtained by 
replacing (U, 0, 0) by (0, U, 0) and (0, 0, U) 

To solve this functional equation, put 

= Y-icl>(P,t,V), 

where T = 

Then /(P', t', V') = Y'-^CP', t', V'), 

where Y' = 1— V'Vc^ 


Now 


r 

Y 




Hence the functional equation gives at once 

^(P',«',V') = ^i(P,i,V) (14) 

and this must hold identically va.x, ,t, ,w, together with two similar 
equations Hence 4> is an mvariant function of P, t, V under Lorentz 
transformations of the above type, and so is of the form 





Hence the distribution-function is of the form 


(15) 


/(P, V) dodr = dxdydzdudvdw, 


(16) 


and this number must be independent of the scale of time and of the 
number chosen for c In more usual language, it is a pure number, 
whilst dx dw IS of dimensions (velocity)®(time)'^ But X is of 
dimensions Hence the distribution function may be written 


<f>(X,Z^IY). V V , , V 


(17) 


where ^ is of zero physical dimensions Hence ^{X,Z^IY) is of the 
form iIj{Z^IXY) or ^(^), and accordmgly the distribution function is 
of the form 


f dxdydzdudvdw = 


m 

c^Xm 


dxdydzdudvdw 


(18) 


212. Insertion of this value of / in the generalized Boltzmann equa- 
tion (4) gives a kmematic relation between the function of a single 
variable | and the acceleration function g(P, V) 


Accelerations 

213 Now suppose that a statistical system of particles, with the 
positions and velocities distributed accordmg to (18) for an arbitrary 
ijj, at an arbitrary epoch t = is constrained to move so that (18) is 
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always obeyed Then the acceleration g(P 5 1, V) of any particle is 
connected with i/r by equation (4), as we have seen Consider now a 
free particle in motion m the presence of this statistical system Let 
all the accelerations of such free particles be enumerated by each 
fundamental observer for all possible circumstances of projection, 

1 e for all possible P and V for all t Then since the fundamental 
particles are equivalent (0 = O'), and since they describe the con- 
strained system in equivalent ways (0 = O'), the enumerative law 
of accelerations as a function of P,^,V must be the same for all O’s 
Also the fundamental particles are in uniform relative motion Hence 
the result of § 101 applies, and the acceleration h of a free particle is 

of the form Y 

h(P,^,V) = (P~-V^)|^(|) (19) 

Now suppose that the constraints are removed Then every particle 
of the statistical system becomes a free particle, and its acceleration 
g(P, t, V) IS of the form 

g(P,«,V) = (P-V«)Jg<(|) (20) 

When the constraints are removed, and the given particles released, 
the system, however its members are accelerated, must continue to 
satisfy the cosmological principle Tor all fundamental particles are 
equivalent, and any change in the statistical description of the system 
which takes place in the experience of any one, 0, must take place 
in the experience of any other. O' , it is impossible to distinguish the 
experience of 0 from that of 0' 

Deterrmnacy 

214 This IS of course an introduction of a principle of determinacy 
into the behaviour of the system, a completely irrational system 
might behave in any manner But the form in which we introduce 
such a principle of determinacy is not distinguishable from the 
principle of relativity itself We simply demand that the accelera- 
tion-behaviour of a system whose space-velocity distribution is 
described statistically in the same way by two equivalent observers 
IS also described in the same way by the same observers This is in 
fact the true content of the principle of relativity That principle can 
either be regarded as a generalization from experiment and observa- 
tion, or as a concise expression of the view that the world is a rational 
system as patent to human description 
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§215 


Aside on the ^principle of indeterminacy 

215. I do not Ignore the fact that recent developments in atomic 
physics have led to the formulation of a principle of indeterminacy in 
dynamics Por such behaviour, our hne of argument would break 
down For such behaviour, equivalent observers would not have 
eqmvalent experiences of the law governmg the acceleration of other 
free particles, for there would be no such law — ^the acceleration would 
be mdetermmate m certam phenomena It is not without significance 
that efforts to produce a completely relativistic scheme of quantum 
mechamcs have so far resulted m failure Our Ime of thought, our 
embodiment of the principle of relativity in the identical experiences 
of equivalent observers, and our consequent derivation of the Lorentz 
formulae, suggests that this failure is mherent in the nature of things 
For m a world governed by the prmciple of indeterminacy, or rather 
not governed by a prmciple of determinacy, there are no such things 
as strictly eqmvalent observers, and the whole formulation of the 
theory of relativity founders That macroscopic theory which is 
called the theory of relativity is based essentially on a deterministic 
view of the behaviour of particles as exhibited in phenomena, and 
we cannot even begin to construct such a theory in an indeterminate 
or irrational world 

It would be foreign to the scope of this book to pursue these ideas 
here, and I leave them as a suggestion to other investigators Here 
we are content to assume deternunacy and to pursue its consequences 
I would, however, mention that the usual view, or the somewhat 
different views which find expression in Lindemann’s book, rest on 
a sort of Kantian view of space and time as given distinct categories. 
Momentum and position’, ‘energy and time’, cannot even be defined 
until ideas of time and distance have been properly formulated We 
have made use of no concept of distance, space, or the rigid body, but 
have based our formulation solely on the existence of a temporal 
experience for each observer How space-measures are to be con- 
structed out of temporal experiences alone in an indeterminate 
world, whether mdeed such a construction be possible, I have not 
co^idered. But such a consideration is imperatively demanded 
before a prmciple of mdetermmacy can ever be stated It is illogical 
to begm by positmg two categories of measures, time- and space- 
measures, and then to complam that they wiU not fit together Time 
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or temporal experience is the possession of each individual Space is 
a construct It must be reconstructed out of observations exhibiting 
indeterminate phenomena before such phenomena can be described 
in terms of space and time It is no use to say that 'space’ and 'time’, 
or our ordinary notion of them, 'break down’ A time-sequence is 
given in experience, and analysis of experience must take this into 
account If the ordmary notion of 'space’ breaks down, it must be 
replaced by something else before the concept of velocity can be 
mentioned or velocity measured Thus it is not surprising that no 
relativistic formulation of quantum mechanics has yet been suc- 
cessful To put the ideas of relativity into a new scheme of dynamical 
thought, resting on concepts derived from deterministic behaviour 
but fundamentally contradicting them, is to put old wine into new 
bottles, but to insert the quantum mechanics into relativistic theory is 
to attempt to put new wine into old bottles In the latter case the 
bottles burst, as is to be expected 


Consequences of the Boltzmann equation 

216 We now resume our discussion of the statistical system of 
particles m motion satisfying the cosmological prmciple Given any 
the system thus constructed will have determinate accelera- 
tion, and so g(P, ^,V) and accordingly G[^) exists The Boltzmann 
equation, stating a relation between /(P,i5,V) and g(P, if, V), gives 
therefore a relation between and G{^) It will be a test of the 
accuracy of the argumentation of § 213 that the variables P,i,V 
must disappear from this relation save in the combination | This 
we now investigate 


217. Inserting (18) and (20) in (4), we have, on dividing by/. 
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where the operator D is given by 
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To reduce this equation, we note the following 
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Combining these we have 

2Z 


or 


3( 


0 , 


all terms exphoit in t disappearmg This gives 

J-4. 

We note that the only variable occurring in this relation is i, which 
confirms the correctness of the argumentation of § 213 The equation 
integrates at once in the form 

(^-l)V(^)(l+G<(a) = -C, 

where C is some constant (The negative sign is chosen for later 
convemence ) This gives 

0 


m = -1- 




(21) 
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The law of gravitatwn for the statistical system 
218. The relation expressed by (21) is an extremely remarkable one 
ror It expresses what may be called ‘the law of gravitation’ for the 
system defined by </-(^), obtamed by purely kmematic arguments 
The function describes fully the contents of the system It 
enumerates, for each volume element, how many particles are present, 
and how they are distributed m velocity It therefore prescribes 
completely the matter-m-motion present in the system Formula (21) 
then determmes the acceleration of every particle present For it 
fixes G{^) m terms of and a smgle undetermined constant G, and 
so by (20) fixes the acceleration g(P, t, V) In other words, formula 
(21) determmes the accelerations to which a certain set of particles are 
subject, in one another’s presence Nothing further can be demanded 
from any ‘theory of gravitation’ than that it prescribes the accelera- 
tion of every particle present m the system, and also the acceleration 
of any free particle added to the system Relation (21) achieves both 
For it tells us the acceleration of every particle present, and since 
these include all possible cmcumstances of projection (all P,i,V) it 
tells us the acceleration of any free particle supposed added to the 
system Actually the statistical system already contains free particles 
of every circumstance of projection, and nothing further is gamed by 
considermg the addition of another free particle 

In the case of the simple kinematic system of fundamental particles 
defined by (1) and (2) we were able to determine the acceleration of 
every particle already present, this acceleration was in fact zero Thus 
considered as a self-contamed system, this system was fully described 
gravitationally But we were unable fully to determme the function 
G{^) descnbmg the acceleration of an added free particle Now, how- 
ever, we have obtained the function G'(^) m terms of the enumeration 
of the contents of the more general systems defined by ^(|) 

219 We have not, it is true, obtamed such a formulation of gravita- 
tion that we can predict the acceleration of any particle fornung a 
part of any system, or the acceleration of a test-particle added to such 
a system Thus we have not obtamed a general theory of gravitation. 
But we have obtamed the complete gravitational behaviour of a 
certam family of systems, namely those described by any arbitrary 
function >^{^), and that without recourse to any assumptions about the 
nature of gravitation, or the introduction of any empirical constants 
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220. We have based the derivation solely on the principle of rela- 
tivity — on the possibihty of realizing m nature equivalent observers 
in urufonn relative motion If such cannot be realized in nature, no 
formulation of the so-called ‘special’ theory of relativity is possible, 
and therefore no formulation of the so-called ‘general’ theory as 
a rational generalization of the special theory is possible But there 
IS nothmg ‘special’ about our derivation No restrictions have been 
mtroduced A system, defined and described by ifj, in which particles 
are neither created nor destroyed, must undergo the accelerations 
defined by (21) Moreover, smce ^ is an mvariant in the experience 
of all the eqmvalent observers, the relation is invariant for trans- 
formations from the experience of any one fundamental observer to 
any other fundamental observer And these are the only transforma- 
tions which are relevant 


221 . Our derivation of the law of gravitation for the very extensive 
class of systems tfi is fundamentally different from Einstein’s formula- 
tion of a general theory of gravitation Emstem’s procedure was to 
assume a conceptual Riemanman space for the purposes of description 
of the positions and velocities of particles, defined by a metric 
= 9ti.v dxi^dx^, and then to posit a Imear mvariant relation between 
the tensor an associated tensor derived from the tensor g 
and a tensor which describes the matter present and its velocity- 
distnbution Such a hnear relation mvolves two mdependent con- 
stants, usuaUy called y and A The ‘constant of gravitation’ y merely 
serves to define a measure of mass, and is without sigmficance save 
as to Its algebraic sign The sign of y, and the value of A, were chosen 
^pincaUy to be consistent with the Newtoman law of gravitation 
Thus, y was chosen to be positive, and A chosen to be zero or ‘small’ 
The formulation then suits the geometry, defined by the g„„’s, to 
the matter present, defined by Until the geometry has been 
c osen, cannot be stated, and therem resides the conceptual 
element A conceptual scheme is first formulated, m which it is posited 
that the matter-m-motion can be described The rules by which it 
can be verified observationaUy that the matter is in fact present to 
such and such an extent, and movmg m such and such a way, are 
onnulated as a means of mterpretation of the symbols used The 
Sobols the conceptual element, come first, the interpretation in 
observation second In addition to this conceptual element there is 
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the empirical element the positing of a Imear relation between throe 
tensors, and the adoption of a sign for y and a value for A This 
assumption is justified by its overwhelming success m subsuming in 
a single statement the observed ‘laws’ of dynamics and of gravitation- 
But save in its character of being invariant it gives no insight into 
why this statement should hold good It is not necessary, or inevitable, 
or the only possible restriction on possibility 

222 In our treatment, on the other hand, we have abolished any con- 
ceptual element by beginning with observations (temporal experi- 
ences), instead of beginning with symbols and later fixing their 
observational interpretations We have recognized at the outset that 
geometry is arbitrary and made the simplification of using a Euchdian. 
geometry for each separate observer, showing later how equivalent 
observers relate their temporal experiences and their constructed, 
spaces We have introduced no empirical basis into our discussion of 
the accelerations undergone by particles in one another’s presence, 
but determined them simply as the only permissible motion under the 
given circumstances We have been left with a single undetermined, 
constant (7, a constant thrown up by integration 

Sign of the constant C 

223. We now observe that the sign of C is fixed by our analysis. [For 
the arguments that showed that, for ^ < oo, 1 + ) is negative, given 
in§§ 163, 173, hold good here unimpaired Hence dispositive, by (21), 
for describing a number of particles, is essentially positive [For 
a trajectory, if such exists, for which f passes through the value oo, 
and then decreases agam, we can say nothmg so far about the sign of 

1+G(a 

How a statistical system may be considered as built up 
224 The statistical system we are discussing can be imagined built 
up in the following way C onsider the simple kinematic system define d. 
by (1) and (2), with some value oi B If a free test-particle be pro- 
jected in the presence of this system, its acceleration is governed, by 
some function G{i) such that l+(?(0 < 0 Now add further free 
particles The system immediately ceases to satisfy the cosmologicul 
principle, and the acceleration is no longer of the type (20) Continue 
to add further free particles, so distributed that in the end the new 
system once more satisfies the cosmological principle Then once 
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more the acceleration is given by a formula of the type (20), hut with 
some new 0{^) The function G{^) obtammg for the original simple 
kinematic system may be quite different from the G{^) obtaining for 
the eventual statistical system The two G-f unctions will approxi- 
mate to one another the more closely the statistical system approxi- 
mates to the simple kinematic system, i e the more closely the various 
particles of the statistical system congregate round or are concen- 
trated towards the given fundamental particles forming the simple 
system The extent to which this occurs will be investigated in detail 
shortly 

Trajectories in the statistical system 

225 , The general form of the trajectories of the particles in the statis- 
tical system will be identical with the form of the trajectory of a single 
free particle in the simple system Tor they are governed by differ- 
ential equations of the same form The mtegrations we have carried 
out thus hold good as they stand, with this difference, that we now 
know the function G{^), previously not determined, in terms of the 
distribution ifs In the next chapter we apply these integrations to 
the statistical system now constructed Since ^ fixes G (save for the 
magmtude of C), the whole set of trajectories pursued in the statistical 
system is determmate Our object is to discuss the relationships of 
these trajectories 
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THE UNIVERSE AS A GRAND SYSTEM OE NEBULAR 
SUB-SYSTEMS 

226 We are now in a position to gam insight mto the structure of the 
universe by comparison of its observed features with the features of 
the statistical system of particles m motion, constructed m the pre- 
vious chapter, satisfymg the cosmological prmciple For we now 
know the complete set of trajectories pursued, and the distribution of 
particles amongst these trajectories These trajectories can be classi- 
fied accordmg to their constants of mtegration, and so divided into 
sub-systems A particular type of division mto sub-systems will be 
shown to correspond to the division of the material forming the 
umverse mto nebular sub-systems W e shall show that the theoretical 
classification yields families of trajectories, the particles pursmng 
which are strongly concentrated towards the fundamental particles 
of the original simple kmematic model 


Condensations or nuclear agglomerations 
227. Thus far we have taken the function definmg the spatio- 
velocity distribution in the statistical system as arbitrary We shall 
now show that further considerations impose certam restrictions on 
the form of 

We have m Chapter IX determmed the form of G{0 m terms of 
by equation (21) of that chapter It follows that 

-(!=»)) 


1 lg-1 




Hence the integrals (56) and (57), § 178, forXandij along a trajectory 


become 
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228. X. and. both, steadily increase with ^ By the same argument 
as used m Chapter VIII, § 161, X has constantly the sign of X^, and 
IS never negative for observable particles As ^ 0 and ^ 1, since 

~ P^/c^, |P I must tend to zero, and X -> 0 Hence the integral 

(3) 

diverges to co as ^ 1 Further, the integral for rj tends to zero as 

^ 1, and so the integral 

(4) 

1 

converges at its lower limit These conditions set certain restrictions 
on the possible forms that may be chosen for ip{^) Further, they are 
mutually consistent, in that the convergence of (4) does not preclude 
the divergence of (3), and the divergence of (3) does not preclude the 
convergence of (4) 


229. The divergence of (3) at ^ = 1 clearly requires that ipH) must 
possess a smgularity (an mfimty) at ^ = 1 The convergence of (4) 
sets a hmit to the severity of this smgularity For example, if is 
given a smgularity of the type ^ const {$— 1)-“, then (3) requires 

that a < 0, whilst (4) requires 2— a > 0 Thus f ^ a < 2 If 

’A(^) IS given a singularity of the type tp{^) ~ const {$— 1)-^^ 
then > — 1 

It must be noticed that though possesses a singularity at | = 1, 
the function 0{^) thus defined does not coincide with the function 
G(i) appropriate to the simple hydrodynamical system alone (without 
the addition of the statistical set of particles) The function 0{i) 
defines, m the latter case, the acceleration of a smgle free particle, it is 
free from smgularity at ^ = 1, and (?(1) is there a simple number If 
(?(1) IS to be a simple number m the statistical case also, then 
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must be fimte This is satisfied if, near ^ = 1, ip{i) ^ const (^— 1)-“ 
(a > I), m which case G(l) = — 1 It is also satisfied if, near ^ = 1, 

1 


i^(^) const (f— 1)-® 


log 


i-1 


, provided jS > 0, m which case also 


(r(l) — 1 To the extent to which the Simple kmematic system IS an 
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approximation to the statistical system, we have thus proved that 
(5(1) ^ _1 for the simple system, as previously conjectured, § 145 

230 . The singularity in near i = I implies a congestion of matter 
in the vicinity of each fundamental particle of the original set P = 

For at P = Vi^, ^ = 1 This result is of fundamental importance 
Without any a pnon hypothesis, save that the system is defined to 
satisfy the cosmological principle, we have now proved that there 
must be a relatively high particle-density near each of the funda- 
mental particles These particles, of course, have been described 
statistically as distributed according to the \dswn = 

We now see that the additional free particles contemplated m the 
more general system are concentrated towards each fundamental 
particle, and of course less densely distributed in the space between 
the fundamental particles Thus the system possesses the 'village- 
community’ characteristic Matter, when endowed with a variety of 
motions and distributed so as to satisfy the cosmological principle, 
must be distributed in the form of condensations, not quasi-homo- 
geneously These condensations are not to be supposed to have 
formed by a process o/ condensation out of an original more uniformly 
distributed system They are there as part of the characteristic 
structure of the whole system The word 'condensation’ is in fact 
a misnomer, the word 'agglomeration’ would be better 

231 . The application of this result to the universe is at once apparent 
We have been led purely deductively to the inference that the matter 
of the universe will not be distributed with approximate 'uniformity’, 
whatever that might mean, but will be gathered together into agglo- 
meration-nuclei, as the only way of reahzing obedience to the cosmo- 
logical prmciple These nuclei are precisely the fundamental particles 
or nebular nuclei of the earlier idealization, when every nebula was 
replaced by a single particle When we no longer restrict the motion 
to be hydrodynamic in character, we find that the moving particles 
are strongly concentrated towards the nebular nuclei, in accordance 
with observation This shows that the simple system is an approxi- 
mation to the statistical system 

232. The nature of the singularity in the density near each nucleus 
IS readily found The distribution being given in general by 
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the number of particles inside a given small element of volume dxdydz 
centred at the observer (0, 0, 0) is obtamed by putting x = y = z = 0 
m the above formula and mtegratmg over all speeds from 0 to c To 
separate out the smgulanty, we shall first mtegrate over all speeds 
between c and some lower limit At P = 0, = 1/(1— VVc®) 

X = t\ and always 7 = (l-V^/c^) Hence the number of particles 
with speeds between and c mside the element dxdydz at the ongm is 
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This gives a physical intepretation to the mtegral occurrmg in the 
Z-mtegral, namely (3) Since (3) diverges as 1, (5) diverges as 
Fj, 0 The coefficient of dxdydz m (5) is the particle-density at the 
origin, (i e at any fundamental particle), of all the particles with 
speeds lymg between and c Smce this tends to infimty as -> 0, 
there is a congestion of particles near any fundamental particle 
arising from the presence, in this vicmity, of the particles which have 
very low speeds relative to this fundamental particle 

233. To determine the distribution of particles between the funda- 
mental particles, a much more dehcate analysis is reqmred This will 
have our attention m Chapter XI 


Intensity of impingeing particles 

234. Consider an elementary area dS at the ongm P = 0 Let v be 
a umt-vector in the direction of the normal to dS Let us calculate 
the number of particles impmgemg on this area m a short interval dt, 
from the side opposite to the direction of v Consider first the particles 
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impmgemg Avith velocity V All those impmgemg during the interval 
dt have been contained vathin a cylinder of volume (V v) dtdS and 
their number is accordingly 

This IS the v-component of the vector 



Fig 17 Calculation of intensity of the V shower 


Accordingly the vector 


__L f f f xhi \ \ 5 dudvdw, 

where the integral is taken over any assigned velocity range, is the 
intensity of radiation’ of particles with velocities in the given range 
To find a typical component of this vector, take v along the a^-axis, dS 
normal to the a:;-axis, and write V == (F cos 9, V sin 9 cos F sin 9 sm 

Take the range of integration to be ^ F ^ c Then the number 
of particles in the range Ti ^ F ^ c impmgemg on dS^. m the interval 
dt IS 
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Then the number is 
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This integral is the integral occurring in rj Smce 17 converges at its 
ower hmit, we may take = 0, and have accordingly 
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where 77(00) denotes the hmit of 77 as ^ ^ 00 
Thus though the number of particles present near a fundamental 
particle is large, due to the excess of relatively slowly mov ing particles, 
the number impmgemg on a small test-area is fimte This occurs 
because comparatively few of the slowly movmg ones have time to 
unpmge durmg the given mterval dt 


235. But a far more important deduction can be made from (5), (6), 
and (7) For a system occurring m nature, the number of particles 
m any given vicimty movmg with the speed of hght must be zero 
The actual number with speeds V lymg inside the range < F ^ c 
must be fimte and tend to zero as 1^ -> c Hence (5) and (6) must 
converge at them upper limits Hence, smce these same mtegrals 
m-occur m X and 77, as | 00, X and 77 must tend to fimte himts 

This means that along any trajectory, as ^^00 and F-> c, the 
epoch t tends to a fimte limit by formula (53), Chapter VIH Hence 
the pomt M m the hodograph (Fig 13) arrives at ilf, m a fimte tune, 

, and the particle P attams the velocity of hght along its trajectory m 
^ te tune By choice of the constant occurring in X and so in, 
the formula for t, certam trajectories exist for which the value (at 
w oh |V| c) IS equal to our present epoch t It follows, smce all 
regions are eqmvalent, that m every region of space, at any fimte 
epoch, there are always some particles with speeds arbitrarily close 
0 t at of hght The number of particles (or the shower-mtensity) 
TOth speeds exactly equal to c is by (5) and (6) equal to zero, 1 e 
the probabihty of findmg a particle with exactly the speed of hght is 
zero But withm any arbitrary smaU range, ^ < F < c, close to 
e spec of hght, there is a small non-zero number of particles 
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present in any volume or impmgeing m a short tune dt on any area 
We have thus obtained the answer to a question, raised in previous 
chapters, which we were there unable to answer The bearmg of this 
result on cosmic rays will be considered m detail in Chapter XII 

236. For the present we notice that i/r(^) for i large must be such that 

converges Hence 0 as ^ oo, and mdeed < const ^ * 

as -> 00 This sets an upper limit to the size of i/r(|) as | oo But 
a lower limit is obtamed by noticmg that the acceleration g must 
tend to zero as ^ oo For g may be written, smce Y = Z^/X^, 

whence f or g -> 0 as ^ oo we must have 

as 00 The two conditions are compatible They may be written 

({-«=)> <«) 

where N is an arbitrary large constant 

Classification of trajectories 

237. Our previous integration of the trajectory of a single free 
particle in the presence of the single kinematic system holds good 
for all trajectories in the statistical system The only difference is 
that 7 ] and X are now known definitely as functions of ^ in terms of 
the function specifying the statistical distribution chosen We 
have found it necessary to impose certain restrictions on the behaviour 
of ijjii) ior^ I and ^ z--' oo, in order to obtain self-consistent statistical 
systems Otherwise ip{i) remains arbitrary Thus the results we are 
now about to obtain are of an extreme degree of generahty We are 
discussing the common properties of an infinite number of possible 
statistical systems, the transfimte cardinal describing this number 
being that of the class of continuous functions of a variable Such 
generality has not previously been attained in any treatment of the 
cosmological problem In applymg our results to the universe, we 
may say that we are discussing the common properties of an infinite 
number of model universes all satisfying the cosmological principle 
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238 . It will be convenient to the reader if we repeat here the formulae 
for the integrated trajectories The formulae for ij have been given 
as (1) and (2) above We then have (formulae (51), (52), (53), etc , 



V = Yo_c(l-V§/c2)i i. 

(9) 


P = Voi-cXi®“^’?i, 
coshe 

(10) 


/_ Xi cosh(e— 7j) 

(l-V§/c2)i coshe 

(11) 


P-Vi = cZt i 

cosh(e— ^) ’ 

(12) 

where 

= (l_V 2 |g 2 )i _ (l_y 2 /g 2 U coshe 

cosh(e—7]—iy 

(13) 

cosh t = iK smh 1 = (|- 1)^, 

(14) 

and 

sinh e — 

(l-Vi/c2)i 

(15) 

In these formulae the origm is any arbitrary member of the funda- 

mental system 



ndxdydz - V P 

^ c*Z2 ’ ~ 7 

(16) 


The mtegrated trajectory is expressed parametrically as a function of 
t e smgle variable f = Z^jX Y , and m terms of 6 arbitrary constants, 
Vo (3 constants), i (2 constants), and X^ There is therefore a 6-fold 
infinity of such trajectories 

239. Consider now the sub-set of such trajectories which have a 
common value of % Every trajectory of such a sub-set may be 
considered to have origmated, at i = 0 (Z = 0, ij = 0, | = 1 ), from 
any arbitrary particle of the simple system (16) The arbitrary 
particle chosen as origm will he called O At 0, at « = 0, the velocity 
along the trajectory is ¥„ There is one fundamental particle P. of 
the simple system (16) which has also started from 0 at t = 0 with 
he velocity Vq Its trajectory is simply the straight hne = W# 
pursued with the constant velocity Vo We shall say that all the 
toajectories possessing a common value of the mtegration constant 
% form a sub-system ‘based on or ‘associated with ?«’, and we 
shall caU such a set the ‘Vo-gub-system’ 
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The 'Vq = 0’ subsystem viewed from 0 
240. Consider first the configuration of the Vo-sub-system as viewed 
from Pq Since all Pq’s are equivalent, the view of the Vo-sub-system 
from Pq is the same as the view of the ‘'Vq = 0’ sub-system viewed 
from 0 Putting Vq = 0, e = 0 in the above formulae, the = 0’ 


sub-system is defined by 


V = — ctanh(7j+^)i. 

(9') 

P = —cX^smhrji, 

(10') 

t = cosh 7], 

(11') 

P-V( = cX» “^^1, 

(12') 


Yi ~ (l-VVc3)i = sech{r,+t) 

(13') 


This IS the sub-system based on 0 


241. Since the direction of i is arbitrary, there is a sense in which, 
by formula (9), Vq may be said to be the mean velocity of the Vo-sub- 
system The threefold infinity of particles characterized by a given 
value of Vq have a centroid which moves with the velocity \ It 
follows that the ‘ % = 0’ sub-system can be considered as the system 
Teft behind’ when all the ' % ^ 0’ sub-systems have moved off But 
the vicinity of the origin 0 will be populated not only by the members 
of the Tq = 0’ sub-system but also by the mterpenetratmg members 
of other (Vq ^ 0) sub-systems We shall show later that the con- 
gestion near a fundamental particle Pq = Vj, ^ arises from the members 
of the %-sub-system itself, and not from the mterpenetratmg 
members from sub-systems possessing different values of Vq The 
volume of space occupied by the membeis of any given Vo-sub- 
system will be discussed later 

The = 0’ sub-system, based on 0, consists of members which at 
time ^ = 0 were at rest relative to 0 But they have not remained at 
rest They have been pulled out from 0 in different directions by the 
"gravitational pulF of the whole system — ^to use a dynamical mode 
of expression As we have seen, the event ^ = 0, P = 0 is a singular 
point on every trajectory such that the velocity there, m this case 

= 0^ does not uniquely define the motion There is as it were an 
indeterminacy at the moment of creation 

242. According to (9'), (10'), and (11'), the % = 0’ sub-system con- 
sists of particles describing rectilmear trajectories with outwardly 
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accelerated velocities, each particle moving in the direction of the 
vector — i The whole sub-system possesses spherical symmetry about 
O For Vq = 0, and for a given value of i, the vaiious particles are 
strung out along the given direction at different positions given by 
varymg Thus the threefold infinity of particles splits up into 
a twofold infinity of trajectory-directions i with a single infimty of 
particles along each i corresponding to different values of Xx The 
particles for given i, and = 0, form a procession Their actual 
spatial distribution will be evaluated later 

The YQ-sub-system viewed from Pq /rom 0 
243 Exactly the same properties aie possessed by the Vo-sub- 
system as viewed from Pq For Pq = 0 The appearance of the Vq- 
sub -system from 0 can be obtamed by a Lorentz transformation of the 
appearance from Pq, i e by a transformation of equations (9') (13') 
But the result of this transformation is precisely equations (9) (13) 
We therefore discuss the appearance of the Vo-sub-system as viewed 
from O directly by means of (9) (13) 

244. The vector i occurs in the formulae both explicitly and in e, 
in the form Vq i It follows that viewed from 0, the Vo-sub-system 
possesses axial symmetry about the direction of Vq The effect of the 
Lorentz transformation is to compress the system by a Lorentz - 
contraction factor m the direction of Vq The sub -system possesses 
moreover a plane of symmetry normal to Vq through Pq This may be 
called the equatorial plane of the Vo-sub-system 

To see that the Vo-sub-system is compressed m the direction of 
Vo, consider first the positions of particles for given | By (9), the 
absolute value of P—Y^t is smaller the larger is e, i e the larger is 
1 Vq, 1 e the more nearly i coincides with Yq Hence, for given the 
particles P are dispersed from Po the less the more nearly i is along 
Vo Thus for given |, the sub-system, globular when seen from Pq, is 
compressed in the direction OPq Actually for given f, as i varies 
t also varies, by (11), since e involves i Vo But a short calculation 
shows that the surfaces of constant t (for constant Vq and and 
varying ^) are also flattened in the direction OPq 

This fiattemng is only appreciable when Vq is not too small com- 
pared with c For small values of T^/c, the sub-systems are approxi- 
mately spherical in their symmetry, like the 'Yq = 0’ sub-system 


§ 245 THE Vo SUB SYSTEM VIEWED FROM Po AND FROM 0 195 

245. The trajectories of the various particles forming the suh-system 
are obtained by taking different directions of i through Pq, and 
different values of For fixed i and different X^, Fig 18 shows a 
number of trajectories, and the positions of the particles at a common 
value of ^ The correspondmg values of t are of course different, by 
( 11 ), so that the particles arrive at these positions P in the diagram 



Fig 18 Trajectories with a common value of Vq 


at different times t{inO’s experience) Trajectories for fixed Vo= fixed 
Xi, and values of i obtained by rotatmg the vector i about the axis of 
symmetry OPq form a flared cone, with vertex at 0 As the mclina- 
tion of 1 to OPo IS varied, these flared cones expand or contract 

246. For the Vo-sub-system based on Po, ^ takes the value 1 for the 
point Po itself For particles P of this sub-system near Po, ^ 
little greater than 1 , as we pass away from Pq, ^ increases For other 
particles P (belonging to different Vo-sub-systems) which happen to 
have moved into the vicinity of Po, the value of ^ is not 1 or nearly 1 
It follows from the singularity in at ^ = 1, that the congestion in 
density near the fundamental particle Po = Vof is due to particles of 
the Vo-sub-system, and not to wanderers from other sub-systems 
Hence the Vo-sub-system is itself concentrated towards Po, the 
_ 0 ’ sub-system is concentrated towards 0 
It follows that the sixfold infinity of particle-trajectories may 
be decomposed into a threefold mfinity of Vo-sub-systems each 
Vo-sub-system comprising a threefold mfimty of particles heavily con- 
centrated towards the correspondmg movmg-particle Pq Each su - 
system is a class of outward motions, the material moving radially 
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outwards from the correspondmg Pg viewed from Fq The threefold 
infinity of concentration-centres Pj, are distiihuted according to the 
laws (16) The various sub-systems will partially overlap one another, 
but the mterpenetration is not serious, owing to the nuclear con- 
centration of each sub-system In the vicmity of any nucleus there 
will occur wanderers from other sub-systems, but they will be in a 
rmnority Hence in the vicunty of any condensation-nucleus the 
predominant motion, when all the particles present are considered, 
will still be outwards In astrononucal termmology there is a‘K-eff ect’ 
in the space surrounding each nucleus — ^namely, an excess of radial 
motions, positive outwards Inter-nuclear space will be populated by 
particles from a variety of sub-systems, in transit away from the 
nuclei to which they belong 

247. The nucleus to which a particle ‘belongs’ must not be sup- 
posed to have generated the particle Each particle origmates equally 
from every nucleus, for at i = 0 all the nuclei were together, coincid- 
mg wnth an arbitrary nucleus 0, and every particle has come from 
0, or any nucleus eqmvalent to 0 A particle of a ^-sub-system only 
belongs to’ the corresponding Jq m a technical sense But observa- 
tion from 0 will at once distmgmsh to which Vo-sub-systems the 
majority of particles ‘belong’, smce the majority of the particles will 
have separated only shghtly from their correspondmg Pq’s 

Agam, the nucleus to which a particle P ‘belongs’ must be sharply 
distingmshed from the apparent centre of the whole system m the 
frame of a particle-observer movmg with P The position of P^ is 
given by Pg = V^, 1 e it is near that nucleus whose velocity % is most 
nearly equal to the mstantaneous velocity V of P This is totally 
different from the % to which P ‘belongs’ As we sawm Chapter VIII, 
each P IS for ^ < 00 always attracted towards its P^, and so accelerated 
away from its Pq Hence the outward motions, viewed from 

Astronomtcal identification, 

248. We have earher identified the nuclei of the extra-galactic 
nebulae with the fundamental particles P,, = Vo< of the simple kme- 
matic system (16) The properties we have now obtamed for the sub- 
systems and their members now irresistibly compel us to identify the 
Vo-sub-systems themselves with the extra-galactic nebulae considered 
as umts possessmg structure 
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249. The grand system of sub-systems at once reproduces the 
observed segregation of the material of the umverse into regions of 
concentration near the nebular nuclei It gives the observed con- 
gestion of material near these nuclei And it reproduces the outward 
motions suggested by the observed forms of the spiral nebulae It 
does not reproduce the observed flattened forms of the spiral nebulae, 
or the spiral slopes of their arms These we shall discuss later The 
analysis must be regarded as the average structure of a spiral nebula 
that would be obtained if we superimposed a number of such nebulae, 
with their varying shapes and the varying orientations of their 
planes, and averaged them The variation of shape, form, and 
equatorial orientation from nebula to nebula must be regarded as 
a secondary effect due to the imperfect way in which a system of 
discretely separated nuclei satisfies the cosmological principle Our 
statistical, quasi-contmuous analysis smooths out the local character- 
istics of individual nebulae, just as our hydrodynamical analysis 
smoothed out the general density-distribution But it gives us a 
great deal of information as to the average characteristics to be 
expected for a nebular sub-system 

250. The grand system of sub-systems reproduces the observed ex- 
pansion phenomenon with its correct sign, and the observed velocity- 
distance proportionality These are nuclear properties But it exhibits 
also the observed concentration of material towards these nuclei, 
and the outward motions from the nuclei These are structural 
features of individual nebular systems 

PossibiMy of a spherical form for an individual galaxy 

251. Amongst the varying forms which a sub-system may take, 
forms varying owing to the imperfect centrality of the system con- 
cerned in the field of the remainder, it is quite possible for some sub- 
system to reahze approximately a perfectly central position Such 
a sub-system would possess spherical symmetry, and exhibit a K- 
effect Our own galactic system possesses an equatorial plane of 
symmetry But there is increasing evidence that it is more spherical 
in outline that it was formerly supposed to be Observations of the 
absorption of light m space have resulted in smaller distances being 
assigned to the globular clusters in low galactic latitudes, making 
their remoteness more nearly comparable with that of the clusters 
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m high galactic latitudes, and resulting m the assigning of an approxi- 
mately spherical form to the system of the globular cluster as a 
whole f This is in accordance with our analysis 

The 'K-eJfect’ 

252 Secondly, each sub-system should exhibit a 'K-effecf m radial 
velocities This is a well-known feature of the remoter (B-type) stars 
of our own system, and it here finds its explanation Members of a 
sub -system excentric to the nucleus are pulled away from the nucleus 
by what may be called the gravitational pull of the whole universe 
Each member is in fact accelerated towards the apparent centre of 
the universe m the frame in which it is momentarily at rest It would 
be quite possible to calculate the magmtude of this ^K-effect’ From 
(IT), we have in fact, for the = 0’ sub-system, that given t means 
given and from (9') 

c 

so that |V[ increases with ^ (since increases with ^), and the 
corresponding value of |P| by (10') increases with i Hence |V| 
increases with |P| But |V| is not proportional to |P| The exact 
form of the relation between |V| and |P|, for given t, depends on 
0(1), 1 e on the spatio -velocity distribution in the system For any 
given form of 0(|), at given t, (11') determines | m terms of t, and then 
(9') and (10') determine |V| and |P|, in terms of t 

The important point for the present is that the law of expansion 
m a sub -system depends on the form of 0(^), and so is of a totally 
different nature from the law of expansion of the nuclei themselves, 
which is simply Pq = Vq t, independent of 0(^) Thus the phenomenon 
of the continuous expansion of a sub-system is an entirely different 
phenomenon from the phenomenon of the expansion of the universe 
Previously, opimons based on current relativistic cosmology have 
differed Some have held that the ^space between the galaxies 
expanded’ alone, leaving the galaxies unaltered in dimensions, others 
have held that the galaxies themselves expanded with the 'space’ 
But current relativistic cosmology has never succeeded in obtaining 
any precise analysis of the structure of a sub-system — ^it is altogether 
too coarse an instrument for the purpose We see that both the above 

*{■ The space-distribution, of the globular clusters’, P van de Kamp, AstTonoyn 
Journ , 42, no 18, May 1933 
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crude conjectures are wrong With us there is no question of ‘expand- 
ing space’, we consider simply the actual motions We then find on 
the average a predominantly outward motion amongst the particles 
forming a nebula or suh-system, of a different character from the 
outward motions of the nebulae or suh-systems themselves We thus 
offer a solution of an outstandmg problem m cosmology 

Whether our explanation is borne out by the observed size of the 
‘K-effeot’ in our own galaxy could only be tested by comparison of 
our formulae with the observed positions and mean radial velocities of 
the contents of our galaxy, which would serve to determine 
Approximate formulae, assuming an appropriate form for the smgu- 
larity in at ^ = 1, could readily be worked out, as for neighbouring 

stars I can be only slightly greater than umty I have in fact made 
some progress with such approximations, but I shall not pause to 
give them here 

Interlopers 

253. Thirdly, we notice that on the identification here made, there 
must be some particles present m inter-nebular space, m transit from 
other nebulae Some of them will now be admixed with the particles 
‘belonging to’ our own system Our own region of space should 
therefore contain (a) proper members of our own galaxy, possessing 
the value ¥„ = 0, (6) foreign members which have arrived from other 
galaxies, Vq 0 To the extent to which stars represent our ideal 
particles, the interlopers may be called ‘field stars’ Although all 
trajectories originated at ourselves, or may be so considered, some 
of the corresponding particles have remained throughout m our own 
vicimty, others (‘belongmg to’ other nebulae) have wandered away 
and returned Some of the latter may have much larger velocities 
than the velocities of ‘proper’ members, others, as we shall see later, 
may arrive with small velocities 

Larmor’l' has lecently adduced evidence that this interpenetration 
actually occurs m nature He has drawn attention to movmg clusters 
which, though now inside our own system, appear to have wandered 
across inter-nebular space and to have entered from outside Larmor 
gave no explanation of the phenomenon, he simply pomted out certam 
facts and their dynamical imphcations Our analysis actually predicts^ 

t Observatory, 57, 55, Feb 1934 « t i 

X I had completed my analysis and its interpretation before Larmor s welcome 

observational confirmation appeared 
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the phenomenon, predicts it moreover without recourse to a theory 
of gravitation, from kmematic considerations only 
Thus the expansion of the universe, the velocity-distance law, the 
concentration of material into galaxies, the ‘K-effect’, the occurrence 
^ i^ter-nebular space and their presence by penetration 

witbm our own system are exhibited here as parts of one grand 
phenomenon, as essential constituents of any distribution of matter- 
in-motion satisfymg the cosmological prmciple 


The wAure of statistical analysis 

254. I feel that my interpretation of the grand statistical system, 

misunderstandings It may he objected 
that I have shut my eyes to the characteristic flattemngs, spiral 
forms, and rotations of the nebulae and arbitrarily relegated them to 
secondary effects It is therefore worth while explauung m shghtly 
more detail what our analysis is reaUy domg 

Suppose we take a ‘small’ volume of space, large enough to 
contain a number of fundamental particles, so that the formula 
ndxdydz = Bt dxdydzIc^X^ is vahdly apphcable Then, m this volume 
of space, there are, m addition to the fundamental particles, (a) 
members of sub-systems associated with these fundamental particles, 
(6) members of sub-systems associated with fundamental particles 
outside the given volume Then to the particle-observer movmg with 
t e mean velocity of the fundamental particles inside the given 
votae, the average motion of particles of type {a) is given by (9'), 
( 0 ), and (H'), and these average motions define the average structure 
of the sub-systems associated with the fundamental particles in- 
cluded The average of the sub-systems therefore possesses spherical 
symmetry It follows that, if the individual sub-systems are supposed 
to e perturbing one another by local gravitational actions (not here 

^ preferential plane for each sub-system 
defined by the direction of the local, residual gravitational field, 
then these preferential planes are oriented at random Hence in 
any assigned volume of space large enough to contam a reasonable 

number of nebular nuclei, the axes of the nebulae should be oriented 
at random 

If now we dimimsh the region considered until it mcludes only one 
nucleus, our statistical analysis by its nature becomes mapphcable, 
for statistical methods hold good only if an elementary region of 
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Space contains a large enough number of the entities under con- 
sideration Thus strictly speaking we can assert nothing about the 
form or structure of a single nebula, we can only make propositions 
about the mean form or structure of a large enough number It 
follows that we were really pushing our statistical analysis too far 
when we pictured all the VQ-sub-systems (Vq 37^ 0) as moving off and 
separating themselves from a single sub -system Vq = 0 left behind 
at 0 All we have rigorously established is the mean form and 
trajectory-composition of the average of the ‘Vq ~ 0’ nebulae or sub- 
systems left behind m a 'smalF elementary region centred at 0, where 
the word 'small’ yet implies a volume large enough to contain so 
many 'Vq ^ 0’ nuclei that the statistical method remains vahdly 
applicable 

The random orientation of the axes of nebulae in the small volume 
of space near us, predicted by our analysis, seems confirmed by 
observation 

Colhsions 

255. A further point remains for discussion What do we mean by 
a particle*^ Do we mean an atom, a dust-particle, a star, or a cluster 
of stars 

It seems best to give no specific answer to this question, but to 
regard our analysis as giving the broad outlines of the distribution 
and trajectories of matter in motion We have throughout not taken 
account of the possibility of collisions These will be most frequent 
in a region of congestion, 1 e in the vicinity of the fundamental 
particles Hence this is where larger aggregates such as stars may be 
expected to be formed out of smaller units Such formations may be 
expected to share the mean motions of the particles out of which 
they are formed It is easily seen that the members of a given sub- 
system do not collide in the first instance amongst themselves But 
collisions are possible (and probable) with members of other sub- 
systems which have arrived in the same vicinity The aggregates so 
formed may then collide in turn with other members of the given 
sub-system, so that an aggregate may be composed of many members 
of the original sub-system together with some members of external 
sub -systems It will be observed from (7) that the frequency of 
impacts with a given surface of all the particles of the grand system 
IS inversely proportional to Thus collisions are much more likely 

in the earher history of each sub-system 
4021 n d 
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Summary 

256 The system of the nebulae may be represented as a triple 
infinity of sub-systems of particles, each sub-system consisting itself 
of a triple mfinity of particles Each sub-system is characterized by 
a Telocity Vq, the velocity of its nucleus, Vq is an integration constant 
common to all the trajectories of the same sub-system, and prescrib- 
ing the mean motion of the sub-system Each sub-system is strongly 
concentrated towards its nucleus which is the fundamental particle 
moving with uniform velocity Vq The members of a sub-system are 
in non-uniform relative motion, and undergo outward accelerations 
from the associated nucleus The average sub-system possesses 
spherical symmetry seen from its own nucleus, but the distant, rela- 
tively swiftly moving sub-systems show a Lorentz contraction in the 
direction of their motion The average sub-system exhibits a ‘K- 
efiect’, an outward expansion, but the law expressing the rate of 
expansion is totally different from the law of expansion of the 
universe as a whole 

The grand system of nebular sub-systems constitutes the universe 
of matter Smoothed out, it follows the simple kinematic model of 
our earher analysis, and exhibits the expansion phenomenon, the 
velocity-distance proportionahty, local homogeneity, ultimate out- 
ward increase of density, and the occupation of a finite expanding 
sphere of radius ct^ all in the experience of any arbitrary particle - 
observer on an arbitrary nucleus Analysed in greater detail, it 
exhibits local concentration towards each fundamental, umfoimly 
moving particle, and a local structure This local structure exhibits 
average spherical symmetry and local expansion 

Incidentally we have proved that each particle of the grand 
system, save the uniformly moving fundamental particles, attains the 
speed of light in a finite time, thus answering an earlier question We 
have also obtained the total local density of non-umformly moving 
particles, and their intensity of incidence on an elementary area 

257. The whole of these results hold good for an arbitrary function 
defimng the details of the distribution 

258 The representation of nuclear condensations which we have put 
forward is markedly different from that put forward in current rela- 
tivistic cosmology, where the origin of condensations is attributed to 
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gravitational instability Hitherto it has been supposed that the 
"village-community’ characteristic exhibited in the aggregation of 
matter towards discrete points, namely the nuclei of the extra- 
galactic nebulae, arises from the formation of condensations in an 
original "homogeneous’ distribution The static homogeneous dis- 
tribution known as Einstein’s umverse has been shown to be un- 
stable, on certain defimtions of stability and mstabihty, and the 
expansion phenomenon has been held to be the consequence of 
the first formation of a condensation, it is clear, in fact, without the 
laborious calculations sometimes advanced to justify it, that should an 
increase of density occur locally at some point, then the matter near 
this point must contract, so affording the remainder of the matter the 
opportunity of expanding into the cavity that would otherwise be 
formed This view of the origin of the expansion phenomenon carries 
with it the consequence that each condensation should be a region 
of contraction Spiral nebulae show no evidence for this view from 
their appearance, and we here reject it, indeed, to suppose that the 
whole universe is expanding in all directions because a local contrac- 
tion occurred at one place is to lose all sense of proportion It is 
obvious further that the simultaneous formation of two condensations 
in different places would cause the matter lying between them to 
tend to expand m two opposite directions, and there would have to be 
a neutral point somewhere in between where the tendencies to con- 
tract and to expand just balanced If we push the argument still 
further, we see that the simultaneous formation of a large number of 
condensations could not cause the condensation-nuclei themselves to 
tend to separate from one another, it would merely cause matter to 
drift inwards towards each condensation The average gravitational 
pull on each nuclear condensation due to the remamder would 
be unaltered Current cosmology has, in fact, got itself into great 
difficulties here, and authorities have sometimes differed as to whether 
expansion or contraction would be expected to result from the forma- 
tion of condensations The methods of relativistic cosmology, with 
their local modifications of space-curvature for each condensation 
formed, are too comphcated to deal satisfactorily with this topic 

259 . In our presentation, on the othei hand, the presence of regions 
of congestion has been shown to be part of the very nature of a 
system satisfying the cosmological principle They have not been 
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'formed’ out of an 'originaF more smoothly spread distribution, but 
have been in existence since t — 0^ being as it were fragments split 
off from the origmal pre-experiential singularity No question of 
instability arises, nor is the presence of regions of congestion directly 
connected with the expansion phenomenon No 'process of condensa- 
tion’ has 'caused’ the nuclear agglomerations, the word 'condensa- 
tion’ suggests inward motions, but the relative motions have been 
invariably outward The local homogeneity in distribution of nuclei 
and the inhomogeneity of distribution near any individual nucleus 
are both consequences of the cosmological principle 
In the next chapter we determine the spatial density-distribution of 
the pai tides forming a sub-system 



XI 

STRUCTURE OF A SUB-SYSTEM 


260 With the warmng that we are now going to push our statistical 
analysis to its utmost limits, and that therefore the results will not 
hold good for too small elementary volumes, we now proceed to 
investigate the density-distribution law m an average sub-system 


General theorems 


261. It will be convement to preface the analysis of the structure 
of a sub-system with some general considerations akm to those used 
by Jeans and Eddington m their analysis of the steady states of 
star-clusters Our analysis will be, however, far more general, as it 
IS of the essence of our whole work that we are describing non-steady 
states Both the grand system itself, and each separate sub-system, 
are examples of systems not in a steady state 

Let f{x, y, z, t, u, v, w) dxdydzdudvdw be any distribution of movmg 
particles whose accelerations, as in our simple system and our 
statistical system, may be any functions of x, y, z, t, u, v, w Then the 
6 differential equations of the motion giving dP/dt and dV/dt as 
functions of P,i,V can in principle be integrated m the form of 6 


integrals ,C,), w^w{t,C^, ,C,), (1) 

where are 6 arbitrary constants of mtegration f 


262 A domain of the (7’ s defined by (C*!, , Cg), , Gg-j-dCg) 

will contam a number of trajectories equal to the number of pai tides 
following them, and this number of particles will be equal to 


f{x, ,t, ,w): 


8{x,y, z, u, V, w) 


-dC^dC^dC^dCidG.dCe, ( 2 ) 


d{Ci, G2, G^, G^, G^, G^i 
where the subscript t denotes that t is to be kept constant in perform- 
ing the differentiations of (1) with regard to the Us We shall write 
this number more concisely as 




( 2 ') 


But smce C^, , Cg are constant along a trajectory, the number of 


t It IS particularly to be noted that we have nowhere had to assume, m our cases, 
that the differential equations of the motion are of the second order, considered as 
relating P and its time derivatives with t We actually found that accelerations could 
be enumerated descriptively in terms of P, V, i, and this provided the desired differ- 
ential equations 
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trajectories with constants lying inside the fixed domain dG-^^ 
cannot change as t varies Hence 




g(P,V) 


§262 

dC, 

(3) 


must be mdependent of t It follows that if in ( 3 ) formulae ( 1 ) are 
substituted for P and V, t must disappear from the resulting expres- 
sion, which must therefore be a function of Oi, , C'g only Hence 
the number of particles with constants of integration lying inside 
dGi dC^ IS of the form 


,C,)dG^ dC, 


(4)t 


263 Now suppose that 3 of the 6 constants, namely C^, C^, 0^, are 
chosen to he m a prescribed domam dC^dG^dO^ Then the distribution 
of particles possessmg constants Ci,Gs,Ge lying inside dG^dC^dC^ 
IS given by dG^dG,dG^<f>iG^, ,C,)dG^dG,dG, ( 5 ) 

Now let the first three of equations ( 1 ), namely those giving P, be 
solved for C^, Cq as functions of x^y^z^t (which of course will 
involve Oi, C^) in the form 

C/^== C^{x,y,z,t), (6) 

etc Then the number of particles possessing given constants of 
integration G 2 , lying inside dCj^dC^dC^ and also at time t lying 
inside dxdydz is 

dGi dO^ (l){Ci, , Gg)— Gq) 

d(x, y, z)i 

In (7) we may substitute for G 4 , C^, in terms of a;, y, z, t, Gg, G^ 
from ( 6 ), and thus obtain the spatial density-distribution in the sub- 
system Gi, Gg, G 3 in the form 


dCi dC^ dC^ <i>x[x, y, z, t) dxdydz 
This may be written in the form 

ffP t Y) 

dC,dG,dG, —^li-J^dxdydz, 

S(C^, )t 

where the values of G^, G^, G^ are to be substituted from ( 6 ) 


(8) 

(9) 


\ This IS a far more general result than Jeans’s result, M N , R A S , 76,79 , 1915 
He showed that m a steady state, /(P, V) {t absent) must be a function of the first 
integrals of the three equations of motion d^Fjdt^ = function of P His analysis shows, 
in fact, that m a steady state f may be a function of the 6 mtegrals of this set of differen- 
tial equations, but he did not make this inference Our result (4) is not restricted 
to steady states It should have many applications in the theory of star clusters 
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Apjihcation to the general statishcal system 
264 We now apply this procedure to our statistical system of 
trajectories with, their associated constants These have heen given 
not as 6 functions of Ci, ,C^ hut as 7 functions defining P,if,V 
as functions of a parameter | and Vq, i, which replace 0^, , 

We can write our trajectories in the form 

,G,), , , 

>G,), , , t = ULG^, ,G,) (10) 

say Smce the distribution function with regard to dxdydzdvdvdw 
IS here 

dxdydzdudvdw, 

the distribution of trajectories with respect to the (7 s is 

dG, {s,r=l, ,6), (11) 

where Hasrll is the six-rowed determmant formed by the 


265. By the preceding arguments, the coefficient of dGj^ dO^ must 
be mdependent of t, and so of $ It follows that i/r(^) cannot occur in 
the reduced form of (11), either as it stands or m the form of an 
indefimte mtegral Thus ^ function of 

Cl, , Gq only (independent of $ or of i/»(^) ) Hence the distribution of 
trajectories with respect to the G’s must be given by 

H{Gi, ,G,)dGi dC„ (12) 

where the form of H is independent, exphcitly, of the form of «/i(0 
Of course the physical meanings of the constants Gi, , G,^, m the 
sense of their relations to the events P,«,V, depend on the form of 
i/((|), but the analytical form of H wiU contam no ruention of ip 
Transformations of Gi, , Gq mto associated constants G{, , O' would 

alter the form of H, so that the form of H depends on the origmal 
choice of integration constants, but the number given by (12), when 
the elementary domam of the G’s has been chosen, is mdependent 

of'/' 

That (3) IS of the form (4), mdependent of t, is a theorem of some 
substance That (11) is of the form (12), mdependent not only of | 
but also of i/-(|), IS a stiU more remarkable result, here of purely 
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kinematic character It may be considered as a further property of 
the mtegrals (9), (10), (11) of Chapter X 

266. Now write % = («„, ^^Ip), i = (cosA, smAcosyu., sinAsinp.)f 

and rewrite (9), (10), (11) of Chapter X in forms giving x, y, z, u, v, w, t 
as functions of ^ (involving ^(^) ), u„ v^, w^. A, y, The value of e is 
of course given by 

sinhe = ('^o cos A-f-^o sm A cos /x.-f-^n sin A sm fi) Ic 
\}~{ul+vl+wl)lc^]i ’ 

X contams X^, which appears nowhere else, and I and rj are functions 
of ^ only , T] depending on ^(^) It now follows from the above that 
the trajectory distribution is 

_>p($) 8(x,y,z,u,v,w) , , , 

A, dMydX,, (13) 

where the coefficient of the differential element is a function of 
'U'Q,%,'WoXy,X^ independent of ^ or of ^(^) after the values of 

Vy t, n,v,w m terms of Vq, Wq, A, /i, Xj have been substituted 
It IS therefore of the form 

^Qy ^0> \ y-y -^i) dv^ dw^ dXdfldX^ (14) 

This could be verified by actual differentiation of (9) (101 (111 of 
Chapter X ^ ^ ’ 

Application to the subsystem based on the origin 
267 The precise form of ^ m this general case I have not detormmed 
Its actual determmation is only a matter of sufficient labour What 
we are interested in, however, is the structure of a single sub-system, 
nd It IS sufficient to detail this structure as it would be seen by an 

IS Ssir fundamental particle P, = Voi on which it 

IS based AU such sub-systems will be described m the same way by 

the correspondmg observers, smce the grand system satisfies tho 
cosmological prmciple Hence it is sufficient to consider the sut 
y tern based on 0, for which = 0 For such sub-systems, 

wb^T, “ ^ ^’^“ber of particles 

rr^effi d small element 

based on particles whose velocities 
he mside the small element du,dv,dw, centred on == 0, = 0, 

luLtegratm^ ^ A-fmxction used m Chapter VIII 
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= 0 HI velocity-space contain in total a number of particles dis- 
tributed according to the law 

duQ^ dv^ dwQ H{0, 0, 0, A, [i, Xj) dXdfidX^ (IS) 

All such sub-systems, by (9'), (10'), (11') of Chapter X, possess 
spherical symmetry about 0 Hence the totality of particles counted 
in these sub-systems must be of the form 

duQdvQdwQH{Xi)sin.XdXdiidXif ( 10 ) 

where now H(Xi) cannot depend on A or /x The factor sinXdXdiJ. 
fully expresses the spherical symmetry Now (16) must be a pure 
number, a number of particles Since X-^ is of dimensions (time) , 
H{X^) must be of the dimensions 

1 


(time)^ (velocity )^ 

The only velocity . occurring in (9'), (10'), (11')? indeed the only 
physical constant occurrmg at all, is c f Hence (16) must be of the 


form 


D 


dX, 


^ dun dvQ dwQ smXdXdix 
c3 


(17) 


where D is an absolute constant of zero dimensions D can therefore 
only be a function of the absolute constant 0 


268. I have actually carried out the evaluation of the function H 
defined by the equating of (13) and (14), by calculating the function 

^(1) ^{x,y,z,u,v,w) 

^("^0? ^0? '^i)< 

for the case = = 0, by use of (9), (10), (11) of Chapter X 

The algebra is very tedious, but it was gratifying to verify that ^ and 
i/((|) completely disappeared from the resultmg expression and left 
a formula of the type (17) The value of D comes out as 

This verification of a long tram of argument is very satisfactory , it 
not only checks the accuracy of the arguments, but confirms the 
accuracy of mtegrals (9), (10), (11) of Chapter X 

It follows that the total number of particles m the sub-systems 
based on the fundamental particles lymg mside duodv^dwo near 

-j- Itself, of course, an arbitrary number fixmg the relation of the length unit used 
to the time -unit used See Chapter II 

4021 E e 
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' iiq:=z Vq = Wq = 0 With, constants of integration A, fx, lying inside 
dXdiidXy_is ^0 

^ duQ dvQ dw^ sin A dAd/x-— (18) 

-A jL 

The general form of H(uq, Vq, Wq, X, fx, X^) could now be obtained by 
transformmg from Pq to 0 The formulae of transformation of the 
integration constants % and i for transfer of observer from Pq to O 
are required These are readily obtainable by applying a Lorentz 
transformation, from 0 to Pq, to formulae (9), (10), (11) of Chapter X, 
when they pass mto the forms (9'), (10'), (11') of the same chapter 
with a new value i' of 'i’, defined m terms of and the old i The 
correspondmg values must then be mserted in (17) and the 
elements duQdvQdw'^ and smWdX'dix transformed back again from 
PqIo 0 I do not pause to carry out these details 

269. The number of fundamental particles lying inside duQdvQdwQ is 
-B duQ dvQ dwQ n Q\ 

Hence putting Uq=^ Vq = Wq = 0, the number of fundamental particles 
lying inside the element duQdv^dwQ centred on = 0 is 

—duodvodw^ (20) 

c 

Consequently, dividing (18) by (20), the average number of particles, 
m a sub-system based on the origin, with constants of integration i, 
lymg mside dXdydX^ is 

\C . „ , dX. 

^miXdXdiJ,^ (21) 

This number is mdependent of the choice of ^ The meaning of X^, 
it wiU be recalled, is that it is the value of Z (= P—V^lc^) at a point 

on a trajectory i where ^ (that is {t- takes 

the value \ I J 


Porm/iilcL for the spctHdl density -law foT d sub-systeTd 
270. We can now find the spatial particle-density in a sub-system 
To do so we have to pass back from the differential element dXdfjdXj^ 
to the spatial volume element dxdydz, and this passage reintroduces 
lA The spatial density is clearly expressed by 


jC smX8(X,fi,Xj) 

B Xi 8{x,y,z\ 


dxdydz. 


(22) 
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where the Jacobian is to be evaluated from the formulae (10'), (11') of 
Chapter X Actual calculation gives 

S{x,y,z) ^ smh^TjSinhg ^^^^ ,23) 

2Xi cosh(,,+S) 

The Jacobian occurrmg in (22) is the reciprocal of (23) Insertmg 
this, we have for the average distribution in a sub-system based on 

0 (% = 0), Q cosh('>;+g) dxdydz , 2 ^^ 

B sinh^i 7 sinh ^ 

This, the number of particles of the sub-system mside dxdydz, is a 
pure number, as it should be 


271 . In (24), Tj and I are functions of ^ which are expressible in terms 
of X, y, z, t by means of (10') and (11') of Chapter X These yield 

tanhi] = (25) 

ct 

’ p2 U2 

so that sinh tj p 2 ^^2 


and 


COS^TJ-f-O 




1 IPI 

24.1x1 

^ ct 


sinh? («2_P2 /c 2)M 
Substituting in (24) and replacmg X by we find that the 

spatial distribution in the sub-system Vq = 0 is 


C 1 1 

j5 p2 


ci(- 


1 

.^-1 


‘+|P| 


dxdydz 


(26) 


Substitutmg in 
have 


(25) the defimtion of -q as an integral mvolvmg we 


G 


I 

1 


1-1 


^(?) d^ = log 


ci-]-|PI 

ct-\P\ 


(27) 


Equation (27) is consistent with the fact that as -s- 1, jP | -> 0, the 
integral on the left bemg known to converge If is chosen or 
given, (27) determmes as a function of |Pl/ci, and then msertion of 
this in (26) determines the density-law (m number of particles per 
umt volume) in the sub-system as a function of [P | and t exphcitly 


Form of the singvlanty near the nucleus 
272. The exact form of the density-law thus depends on the form 
of xjj But without further knowledge of iJj, we see that the density- 
distribution has a singularity at the nucleus of the sub -system, 
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|P1 = 0, in accordance with our previous conclusions One of the 
factors in this singularity is |P|-2, the other is (^- 1 )-^ Thus the 
density-distribution near the nucleus varies more rapidly than the 
inverse square of the radial distance, |P| How much more rapidly 
depends on the form of The least violent smgularity permissible 
m IS ~ const (^—1)-*, this giving a value of — 6*(1) not 
equal to 1 (More violent singularities give — G'(l) = 1 ) A singu- 
larity ^ const (^—1)-* inserted m (27) gives for ^ near 1, \P\/cf 

small, the relation ,,, 

(l-l)ioc |P|/ci, 

which gives m (26) a singularity m density of the type |P|-® A 
smgularity of the type ^(^) ~ const (^— 1)-2-“ 0 < a < ^-, which is 
compatible with our convergence and divergence conditions gives 
(^-1)^-“°^ |P|M so that (^~l)ia [|P|/c<p/a-2<^)and the singularity 
in the density is of the type |P|-3-2a/(i-2a)^ is more severe than 

|P| ® An mtermediate smgularity, compatible with (?( 1 ) = — 1, 

IS given by ^(^ - const (^-l)-l(log^j^^ > 0), which gives a 

density-smgularity only loganthnucally more severe than |P|-® 
Thus the density-smgularity is of the severity |P|-3 or higher 

Prelected density 

273. The correspondmgprq?ecied density, or number of particles per 
umt area normal to a hne of sight passmg a given distance I from the 
nucleus is readily calculated If p{r) is the density at radial distance r, 
the projected density is’] 

CXD 

^{l) = 2 r p(r) 

which for pif) oc r ® gives ^(Z) oc Z~^ near the nucleus 
Gom^anson with observation 

274 These results may be compared with the observed distribution 
of luminosity near the nuclei of nebulae The pioneer investigations 
of J H Reynoldsj. on the nucleus of the Andromeda nebula showed 
it to be approxunately globular, as defined by isophotal lines, and 
obeying a luminosity law of the type intensity oc (distance-)- const )- 3 . 

t Plummer, MN ,R AS, 71, 460, 1911 
t Beynolds, MN,BAS,74, 132, 1913 , 80, 746, 1920 
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Later work by Hubblef on. the luminosity-distribution in elhptical 
nebulae confirmed Reynolds’s work both in the circular character of 
the isophotal hues near the nucleus and the law of dependence of 
luminosity on radial distance 

Both the spherical symmetry (imphed by the circular isophotal 
lines) and the law of variation of lummosity with distance from the 
nucleus are in general agreement with the formulae found above 
Our formulae give, of course, an actual infimty m density at |P | = 0 
This must be supposed due to the mathematical imperfection of the 
neglect of collisions, for the colhsions clearly cannot even approxi- 
mately be Ignored in the neighbourhood of the nucleus The mathe- 
matical infinity or singularity is to be taken as an indication of the 
possibihty of relatively high densities near the nucleus In nature, 
the infinit y must be supposed to be smoothed away to a fimte density 
The observations both of Hubble and of Reynolds strongly suggest 
that this smoothmg off occurs m a comparatively very restricted 
region near the nucleus, for them lummosity curves for the radu on 
opposite sides of a nucleus meet sharply at an angle without any 
roundmg oft The effect of this smoothmg-out of the mfimty appears 
to be to convert the theoretical law, of the type (f>{l) <x l~^ or steeper, 
into the less steep law ^l) a (Z-l-const )-^ but the general agreement 
with our theoretical prediction seems satisfactory 

Dtsctisston 

275. The determination of the density-law (26) (with ^ given by (27)) 
may be considered as one of the prmcipal achievements of the kme- 
matic theory here presented Bor any chosen ijj, which of course 
defines the populations of mixed sub-systems, (26) is perfectly defimte 
The density-law near the nucleus for [Tl/ct small, we have already 
discussed For large values of |P|, the density falls off more slowly 
with distance, ultimately as IPl-i(c^i'-P^)-^ For mcreasmg t, at 
fixed IP I, the density steadily decreases But the density is always 
large near the nucleus, for all t 

It IS remarkable that so much can be established without recourse 
to any dynamical or gravitational theory The kmematic method 
accurately takes into account what dynamically would be called both 
the p ull of the mterior material of a nuclear sub-system and the pull 
of the rest of the universe, external to it Of course, in the region of 

t Hubble, Astrophys Joum , 71, 231, 1930 
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the nucleus itself there will be some interlopers ‘belonging’ to other 
systems, but these will be relatively sparse 


276 Our analysis in this chapter is a sort of combmg-out procedure 
We measure the density distribution in a sub-system by applying the 
statistical information contained in to a particular sub-set of 
trajectories All other sub-systems, some of whose members may be 
present in the same volume of space considered, are as it were 
filtered off 

We may repeat here that these regions of agglomeration have in 
no sense been formed by a process of condensation They are shed 
off, with varying velocities, from the grand singularity at ^ = 0, and 
owing to their differing velocities they separate from one another 
But each nuclear agglomeration has existed since ^ = 0 It is m 
process of being diluted by the outward motions of its members, but 
the process never ends, theoretically Each nuclear cluster of particles 
has the same structure, ideally, by which we mean that the average 
structure in any region at any time is of the type (26) 

277. This system of mutually escaping sub-systems was foreseen on 
general grounds in my earher paper {Zeits fur Astrophys , 6, 66, 
1933) There the results were anticipated by employmg general 
ideas suggested by Newtonian gravitation Here the results have 
been obtained purely kmematically, without appeal to a specific 
theory of gravitation 


Total number of particles in a subsystem 
278. The total number of particles in a sub-system within given 
hmits of ^ can be found as follows This number is 

47r j* Nr^ dr^ 

T' 

where r = |P|, and N is the coefficient of dxdydz in (26) It is more 
convenient, however, to employ (24) The number is then 

f QQsh(7y+0 r'^dr 
B J Binh^ rj sinh ^ ’ 


where r = cZ^smh rj, t = X^cosh rj, 

and dr must be calculated for constant with X^ and ^ varying 

appropriately We have then 


r = cttmhrj, 


dr = ct sech^r] ^ di, 
dg 


§278 TOTAL 
whence 


NUMBER OF PARTICLES IN A SUB SYSTEM 
dr _ cX*smh^g 
di~ 2G cosh 5 cosh tj 
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(29) 


Then (28) reduces to 

27 t j* cosh('>j ^ 

B J cosh 7] cosh 5 

I 

c 

= ?2I r (l+tanh^tanhC)(|-l)¥(^) 

The values of f and f' are given in terms of r'(= jP' 1) and r"(= I P 1) 
by means of (27) 


279 By our previous results, the integral (30) diverges as 1 

and conveigea aa r->» » foU"™ *>■» 

particles m a sub-system including the nucleus is mfimte ihis is 
apparently a blemish on the beauty of our analysis as representing 
a sub-system But its origin is clear-if the total number of particles 
in a sub-system were fimte, the sub-system would be steadily im- 
poverished by the outward motions and would ultimately disappear 
Infimty of particle-number is the device to which our colhsionless 
statistical analysis has recourse in order to ensure permanence o 
condensations An analysis which took mto account colhsion pro- 
cesses and agglomerative processes m the congested region near a 
fundamental particle would simultaneously give both a finrte densi y 
at the nucleus and a fimte number of particles m total The singu- 
larity in (30) IS of course a very mild one, the number of particles up 
to I', near the nucleus, differs by a constant from a multiple of 

-logZ. smce X = X.eq.[C-‘|(f- !)¥({)«] Hen»e the infimty 

IS logarithnuc m character This can be seen otherwise by a very 
simple calculation for the case we have previously exa^ed, name y 
JV <x 1/1-3 For then J Nr^ dr is of the type log(l/r) If we consider 

X as possessing a fest-order zero near | = 1, wMch is aU that is 
necessLy for our analysis to be self-consistent, then this fixes the 
density-law (in number of particles) near a nucleus as A oc Ijr 

280. Eelatmstic cosmology m its current representations ^ 
yet succeeded m deahng with the structures of a set of ^o-eTastmg 
condensations Its method is to take a single condensation, with the 
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corresponding modification of geometry or metric in its neighbour- 
hood, and smooth out the remainder Nor does current cosmology 
differentiate between the matter properly belonging to a sub-system 
and the matter properly belonging to other sub-systems present as 
it were incidentally in the same neighbourhood Our method has 
the advantage that the geometry chosen for the vicinity of a nucleus 
remains Euclidian The radial distance r or |P| from a nucleus is 
a length in the ordinary usage of physics, equal to that determined 
for example by parallax observations, by so-called rigid length- 
scales or by light-signals 



COSMIC BAYS 


281. In tins chapter we proceed to consider the consequences which 
follow from the circumstance that the integrals for X and must 
converge as ^ oo 


282. By (11), Chapter X, since X and -q tend to finite hmits as 
t tends to a finite limit as ^ oo Since X tends to a finite 
hmit and X = P tends to a finite hmit as | oo This is 

also evident from (10), Chapter X Since 

I = (i-P V/C2)2(<2-P2/C2)-1(1-V2/C2)-1 

it follows that as ^ 00 , IV] c We have already commented on 

this astonishmg fact, namely that as t mcreases along a trajectory, 
the speed of the particle reaches the speed of hght m a finite time, 
and at a finite distance from the observer 

This can be verified directly from (9), Chapter X For (9) implies 
(13), and as | co, ^ = cosh-i|i oo and cosh(€— 0 ^ oo Hence 
X-> 0, or IVl ^ c 

We shall use the suf&x I (the imtial of ligU-veloc%ty) to denote 
values of variables at the pomt on a trajectory at which the particle 
attains the speed of hght Thus 


Xj = Xiexp 



(l-l)t^(a 


( 1 ) 


m 




(2) 


The pur© nuuilbcr 7^1 is £t world-constunt of tli© sta/tisticul systonx- 
As a corollary, 


X == X^exp 


Hi 




( 3 ) 


and Xi may be taken as the sixth constant of integration instead of 
Xj Also equation (7), Chapter X, gives for the intensity of particlo- 
radiation in any direction 


r dtdS^ 

cH^ 


Om 





218 


COSMIC BAYS 


§ 283 


Passage through the speed of light 

283 We have already noticed that the convergence of X and rj to 
Xi and rji implies that the representative point M in the hodograph 
diagram (Pig 13) reaches a point distant c from 0 in a finite 
time Call the time tj, where 


Xi C0Bh{€—r]i) 

(l—Vl/c^)^ coshe 


(5) 


ti is a function of the 6 constants Vq, i, and Xi Now t can certainly 
increase beyond ti The fascinating question now arises, what happens 
to a particle for times t satisfying t ^ ti^ By choice of Xi, ti may be 
made as small as we please If we identify the statistical system with 
the grand system of the nebular sub-systems, as we have done, then 
the grand system must certainly contain particles for which already, 
at our present epoch What have such particles been doing 

since t was equal to ti 


284 Though we are making no use of dynamical concepts, the reader 
will naturally ask whether the particle has not an infinite mass when 
t ti For here | V | = c Our answer is that the question is irrelevant 
For no observation on the particle can disclose the possession of an 
infinite mass unless the observation is made at the precise instant 
t = ti, when I V I = c, and the probability of an observation being 
made at this precise instant is zero For the number of particles in 
any domain possessing the exact speed |V| == c at any instant has 
been shown to be zero (§ 235, Chapter X), as |V| ->c, the integral 
giving the number of particles with speeds V lying in the range 
IV I <c |V| <C c tends to zero, and so does the integral for the intensity 
of radiation of such particles Hence the probability, for example, 
of the particle undergoing a collision at the exact moment when its 
speed IS c, is zero There is thus no contradiction with dynamics in 
supposing that the speed of the particle increases up to c (passing 
through c momentarily), if it decreases again 

The mass of our whole system, in a dynamical sense, is always 
infinite, the system contains an infimte number of fundamental 
particles with speeds ranging up to just less than that of light, besides 
the other free particles we are now discussing The energy of the 
system, in the sense of dynamics, is also infimte If then it can be 
shown that each particle moves with the velocity of light only for 
a single instant t = ti of its trajectory, there will be no contradiction 
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With ordinary dynamics, there will be no harm m saying that an 
infimte amount of energy has been transferred momentarily from the 
total energy of the system to some particular particles of it, but the 
statement will have no meaning because its truth or falsehood makes 
no difference to any observation, it is unvenfiable If indeed a 
collision occurred at the exact mstant along the trajectory at which 
|V| = c, then a catastiophe might happen, but the chance of this is 
zero If a colhsion occurs ^n the vicimty of the point of the trajectory 
at which IV I = c, fairly drastic effects may be expected These we 
consider m a moment For the present we simply notice that there is 
no contradiction with the ordinary prmciples of dynamics, including 
the principle of energy, provided that the particle possesses the velocity 
of hght at a smgle instant of its trajectory only We shall have to 
mvestigate whether this is implied by our analysis We shall find 
that our analysis has provided for this contingency from the start, 
of its own accord, and that it is not necessary to mtroduce any 
assumptions 


Cosmic rays The primary agent 

285. If a particle entering a neighbourhood in which there is con- 
gestion of matter possesses a velocity close to that of light, it will be 
likely to undergo a collision with some other material particle, and 
cataclysmic ionization and disintegration effects are to be expected 
If the neighbourhood is that of the solar system, in particular if it is 
that of the earth’s atmosphere, the effects of the penetrating radia- 
tion that IS to be expected should be observable at the earth s surface 
Such penetratmg radiation is actually observed, it is known as cosmic 
radiation Let us inquire whether the primary agency producmg 
cosmic radiation can be identified with our high-speed particles with 
velocities near that of light It is to be borne in mind that our high- 
speed particles have not been bom as such, they have acquired then 
large velocities by freely fallmg, smce the begmnmg of the world, 
I — towards the apparent centre of the universe in the frame in 
which at each moment they are mstantaneously at rest As they fall 
freely, they are accelerated, their pursuit of the apparent centre of 
the system being always ‘unsuccessful’ as they steadily increase m 
distance from the mstantaneous apparent centre The sustained 
acceleration causes the velocity ultimately to reach that of light To 
speak dynamicaUy, every such particle is being acted on by the gravi- 
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tational pull of the whole universe, but no theory of gravitation has 
been invoked in our kmematical deduction 

Observed features of cosmic rays 

286 . The existing hterature on cosmic rays, which is enormous, has 
been adnurably summarized m A Corhn’s recent monograph ‘Cosmic 
ultra-radiation m IS'orthem Sweden’,t fi’om which the followmg 
account is taken, and to which I desire to make full acknowledgements 
Corhn remarks ‘The discovery of an ultra-penetratmg radiation 
followed as a consequence of the mvestigations of lomzation in a 
closed vessel ’ The researches of C T R Wilson and H Geitel m 
1901 showed that ions are produced m the gas thus contamed, 
rendering the gas shghtly conductmg It was at first supposed that 
the source of the ions was the radioactive deposits m the soil, and 
the ionization was attributed to the y-radiation they emitted, for 
surroundmg the vessel by a thick lead sheath failed to dummsK the 
lomzation perceptibly The ionization did not, however, decrease 
with height m the expected way Balloon flights by V P. Hess in 
1911 up to over 5 km and by Kolhorster m 1913-14 up to over 9 km 
showed that the ionization increased upwards from about 700 m 
height, reaching at 9 km a value forty times higher than the ground 
value They concluded that a highly penetratmg radiation traversed 
the earth’s atmosphere, and ultimately proposed the name ‘cosmic 
ultra-radiation’ or simply ‘cosmic radiation’ Expenments on ioniza- 
tion in chambers sunk to great depths in the water of mountam lakes 
free from radioactive contammation confirmed the existence of the 
phenomenon, which from 1926 onwards has been generally accepted 
Further expenments disclosed a ‘barometer effect’ Efforts were 
made to determine whether the culmmation of the Milky Way caused 
any increase m ionization, but no such correlation was found No 
certain mdication of a dependence of observed ionization effects on 
sidereal time has ever been established This is a very important 
negative result, as it suggests that the origin of the cosmic radiation 
cannot be associated with the direction of the centre of our own 
galaxy A shght dependence on mean solar time has, however, been 
found by many investigators, but the effect is far too small to justify 
an attribution of the origm of the whole of the radiation to the sun 
Moreover, the radiation persists durmg solar echpses 

t Annala of the Observatory of Lund, Ko 4, 1934 
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Up to 1928 it was generally supposed that the radiation was of the 
nature of y-radiation, and Millikan and others associated it with the 
hypothetical formation of nuclei of hehum, oxygen, and sihcon out of 
protons and electrons m mter-galactic spaces, with emission of the 
energy correspondmg to the mass-differences as single quanta of 
radiation But Eutherford pointed out that it might be due to high- 
energy electrons entermg the earth s atmosphere The invention of 
the Geiger-Muller counter made it possible to seek experimental con- 
firmation of this hypothesis By arranging two counters m hne in 
such a way that coincident impacts from the same entering electron 
could be recorded, Bothe and Kolhorster carried out observations 
from which they concluded that the comcidences were caused by 
corpuscles which had the same penetratmg power as that previously 
assigned to the cosmic radiation, and they inferred (1929) that cosmic 
ultra-radiation is mainly or wholly of corpuscular character 

Corhn summanzes the history of the experiments on cosmic radia- 
tion as thus divided into three phases a first phase, m which decision 
was sought as to whether the radiation was terrestrial or extra- 
terrestrial m ori gin , a second phase, m which the question at issue 
was the possibihty of a dependence on sidereal time, and a third phase, 
m which the question was as to the corpuscular nature of the radiation 
Important experiments on the mtensity of cosmic radiation were 
made by Regener, who sank mstruments down to a depth of 230 m in 
T.fl.ke Constance, and sent up self-registermg apparatus m balloons 
up to 27 km in the atmosphere Regener inferred that the cosmic 
radiation carried a flux of energy equal to 3 5 x 10“® erg sec ^ cm 
which IS of the same order of magnitude as the energy arrivmg at the 
earth from the stars in the form of hght and heat 

The observed cosmic radiation consists of softer and harder 
components, whose mass-absorption coefficients at different altitudes 
were measured by Kolhorster He found the mass-absorption coeffi- 
cient to have a maximum between 6 km and 7 km , and he concluded 
that this maximum is caused by the mcreasmg saturation of secondary 
radiation downwards and by decreasing mtensity of primary radiation 
Balloon ascents to 16 km have been made by Picard and Cosyns 
and the lomzation measured 

The theory of Stormer and the possible identification of the radia- 
tion with swift charged corpuscles analogous to those supposed by 
Stormer and others to cause the auroral and magnetic storms led to 
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investigations to determine whether there was a dependence of 
intensity on geomagnetic latitude Important measures were made 
by J Clay in three voyages between Genoa and Java (the third m 
1929), and he found a decrease of mtensity towards the equator 
Farther north (Norway and the Baltic) a decrease was again found, 
by Corlin This imphcation of a zone of maximum intensity of cosmic 
radiation was investigated by coordinated researches organized by 
A H Compton and others, at vanous altitudes and at latitudes 
ranging from the far north to the far south These observations con- 
firmed Clay’s results, and showed a mmimum of cosmic ray mtensity 
at the geomagnetic equator, the mtensity increasing northward and 
southward This latitude effect was more pronounced the higher the 
altitude, the increase of mtensity at 50° N and S geomagnetic 
latitude being 14 per cent at sea-level, 22 per cent at 2 km altitude, 
and 33 per cent at 4 36 km altitude, all compared with the equa- 
torial mtensity Compton proved also that the variation was best 
correlated with geomagnetic latitude and not with geographic latitude 
or local magnetic latitude Compton therefore concluded that the 
deflexion of charged corpuscles in the earth’s magnetic field, pre- 
dicted by Stormer’s theory, is ‘not only vahd for the secondary 
corpuscles hberated in the atmosphere’, but ‘mherent m the primary 
radiation which must come from remote spaces’ The work of 
Compton and Clay defimtely estabhshed the cosmic origin of ultra- 
radiation, and showed that it consists— at least to a considerable 
extent— of charged particles The mcrease of latitude effect with 
altitude was ascribed to the soft component, winch according to 
Regener constitutes more than 98 per cent of cosmic ultra-radiation 
at the ^top of’ the atmosphere 

Stormer s theory was apphed by Clay to calculate the minimum 
energy of the corpuscles required to penetrate the earth’s atmosphere 
in a given latitude If a ‘system of corpuscles of aU energies from 
zero to infimty be incident on the Earth’, then there are two factors 
controlhng the possibihty of incidence on the earth’s surface, namely 
Stormer s forbidden spaces’ at which particles of too low energy 
cannot arrive in low geomagnetic latitudes, and the earth’s atmo- 
sphere, which of course must he penetrated The fact that rays 
arrive at the magnetic equator was shown to imply that the arriving 
corpuscles must possess at least 10^° electron-volts of energy This 
was confirmed by the three-counter experiments of Rossi 
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Wilson-chamber photographs taken m a strong magnetic field 
(/^ 20,000 gauss), which were ohtamed by C D Anderson, not only 
disclosed a small percentage of tracks with a curvature mdicating 
energies up to 10^° electron-volts for the cosmic corpuscles but led 
to the discovery of the positive electron, or positron, a new funda- 
mental particle with a positive charge and a mass equal or approxi- 
mately equal to that of the electron This work was confirmed m 
great detail by Blackett and Ocehiahni It was concluded that 
cosmic radiation mcludes positrons 

It thus became important to mvestigate the predommant sign of 
the charge of the corpuscular radiation It was shown by Lemaitre 
and Vallarta in 1933, following Stormer ’s methods, that the sign of the 
charge determines the distribution m azimuth of the charge amvmg 
at the earth after traversing the earth’s magnetic field Primary 
corpuscles must arrive within a cone whose axis is directed to the 
west for positive particles and to the east for negative corpuscles 
They were, however, really rediscovermg a consequence of Stormer’ s 
theory already pomted out by Rossi m 1930 The preponderance of 
accurate observations now show that there is a predommance m 
intensity towards the west, thus indicating that the cosmic radiation 
consists to at least a great part of positively charged particles, which 
we may identify with positrons The west-east intensity-difference 
increases towards the magnetic equator and increases with altitude , 
at 3 km height, the excess of west-arriving radiation is 13 per cent 
at the geomagnetic equator, 7 per cent at latitude 29 , 7 per cent at 
latitude 48°, m terms of the mean mtensity, for an inclmation of 
45° to the zenith, at the equator the excess is 7 per cent at sea-level, 
10 per cent at 4 2 km Comphcations in azimuthal distribution have 
been found which may be interpreted as effects of secondary radia- 
tion, but there is also evidence that a part of the primary radiation 
may consist of negative corpuscles 

In addition to the more usual types of tracks found m Wilson- 
chamber photographs, extraordinarily complicated groups or bursts 
of tracks have been found, consistmg of ‘showers’ of atomic nuclei 
It has been shown that the radiation responsible for these bursts or 
showers must be extremely penetrating, and that the total energy 
of a large single-burst (which may result in the production of a very 
large number of disintegration products of various kinds) may 
amount to electron-volts The shower-photographs of Blackett 
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and OecLialim may especiaUy be mentioned Smce the pubhcation 

+1. workmg with Blackett has shown that 

the eflfects observed m ionization chambers mdicate the emstence 
o± three types of radiation, a primary radiation which is probably 

andlastly the shower-particles 

CorM summanzes the facts at present known by saymg that we 
have to do with a penetratmg radiation, primarily of cosmic origm 
comprismg at least six different components harder than the hardest 
knoim y-rays from radioactive substances, the hardest is capable of 

irTi on ^ maximum energy exceed- 

ng 10 electron-volts A considerable part of this primary radiation 

cuLT positrons, and the whole of the radiation may be corpus- 

^ fl “magnetic field and consequent 

eflexion of direction gives rise to the ‘latitude effect’ (absence of 
particles of higher energy from regions of low geomagnetic latitude) 
e azimuthal effect’ (excess of west-arnvmg particles due to 
excess of positive corpuscles) The mtensity shows also a ‘baro- 

sidelltme “ depeadeilci, on 


Theories of the origin of cosmic radiation 
1^1 ' proposed for the ongm of ultra- 

radiation C T R Wilson has attnbuted it to the effects of thunder- 
storms and the resulting acceleration of runaway electrons under the 
i^uence of the enormous potential differences brought mto bemg. It 
qmte possible that the phenomena observed mclude the effects of 
such accelerated electrons, but the general opmion seems to be that 
the major part of the ultra-radiation is of cosmic ongm 
other groups of theories have been based on the possibihty of the 
generation of penetratmg radiation m the mteriors of stars, or by 
processes of nuclear annihilation or synthesis mmterstellar space But 
however penetratmg the radiation, it can hardly come from the far 

other hand conditions in the outer layers 
generation of radiation of such 
rr *®^Pf ^tures (up to a few hundred thousand degrees, 

y, m the available layers) correspond to a few electron-volts The 
Nova phenomenon (probably the coUapse of a star from an ‘ordmary’ 
diffuse state to a very dense state) might be capable of generating 
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radiation of sufacient energy, but this is unlikely f Further, the 
occurrence of novae in our own galaxy is scarcely sufficiently frequent, 
and moreover, if it were, there should he an excess of penetrating 
radiation from the direction of the centre of our own galaxy, which 
is not observed On the whole, novae could only generate cosmic rays 
of the observed energy if the nucleus of the star were exposed to 
free space during the outburst, whilst the evidence is that the out- 
burst or collapse merely lesults in the throwmg off, under radiation 
pressure, of the outer, atmospheric layers of the collapsing star 
The earlier hypothesis of Milhkan, attributmg cosmic radiation to 
synthesis of heavier atoms by the simultaneous colhsion of sufficient 
protons and electrons with emission of the energy eqmvalent to the 
mass-defect m the form of photons, encounters the difficulty that 
such collision phenomena would be expected to be excessively rare, 
besides the fundamental difficulty that the radiation is now held to 
be corpuscular The latter objection also rules out the annihilation 
hypothesis of Jeans 

288 Corlm gives it as his opmion that ‘the present situation is quite 
desperate with respect to the possibdity of forming any well-founded 
idea about the probable origin of cosmic ultra-radiation’ , but, as he 
remarks, the origin of cosmic ultra-radiation must exist somewhere 

He alludes, however, to a possible hypothesis mentioned by Bothe and 

Kolhorster,J without discussmg it seriously This is to the effect 
that ‘cosmic ultra-radiation consists of corpuscles which are accele- 
rated in intergalactic or interstellar space through fields of force 
over enormous distances’ § 


289. Our kmematic theory m an entirely unforced manner has led 
to the situation foreseen by Bothe and Kolhorster Without any 
hypothesis as to gravitation, without the introduction of any ar i rary 
constants, solely from the hypothesis of the eqmvalence of the extra- 
galactic nebulae, without havmg aimed at a theory of the origin o 
cosmic rays, we have been led to the conclusion that any free particle 


t The suggestion that cosmic rays ongmate from ‘super novae’ m other galaxies 
has recently been put forward by Baade and Zwicky 

von Lichtjahren ’ 
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at large amongst the extra-galactic nebulae attains the velocity of 
hght in a fimte time We foresaw the possibility of this conclusion 
when we considered a single free particle describing its trajectory 
amongst the nebulae when the latter were idealized to particles The 
conclusion was then shown to follow rigorously when we contemplated 
the nebulae in more detail as themselves assemblages of particles in 
motion 

If the primary or pre-primary agent producmg the phenomenon of 
cosmic rays is to be identified with our high-speed particles, we may 
regard the course of the phenomenon as follows What we mean by 
a particle we have purposely left vague Our analysis apphes strictly 
to a system of identical particles But clearly in its broad hnes it 
will apply to the motions in a system of unequal particles formed by 
agglomerative or collision processes out of original, primary, identical 
particles It would be quite feasible to conduct our analysis for a 
mixture of two or more sorts of particles, each sort equivalent 
amongst themselves Thus we may suppose the original system of 
particles to include electrons, positrons, protons, neutrons, and higher 
nuclei Some of these interact with one another, producing large 
aggregates dust-particles, meteor-particles, cometary particles, stars 
Once a larger particle has been formed, it will give more ‘room’ for 
the other particles left, thus making their further collisions with one 
another less probable, and at the same time its own increased size will 
cause a tendency to increase its chance of pickmg up further particles 
The net result will be that it wuU be the smallest of the original, 
primeval particles which tend to escape colhsions After a time we 
shall have a mixture of smaller particles, charged and uncharged, in 
free flight, relatively ummpeded m the less congested regions between 
the galactic nuclei, and all equally subject to the accelerations (which 
we call gravitational) which we have calculated m the ideal case 
From time to time the trajectories of such particles will enter con- 
gested regions, and certain of them, having hitherto escaped collisions, 
will enter congested regions at the phase of their trajectories at which 
they are nearmg the speed of hght Here they will be likely to undergo 
colhsions— for example with the particles of our own atmosphere 
The resultmg colhsions, whether the high-speed particles were 
charged or uncharged, will be of a drastic character They may well 
lead directly to atomic dismtegrations of the most comphcated kind, 
or they may knock out a positron or other fragment endowed with a 
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very high energy, which itself might produce disintegration effects 
Both charged and uncharged particles should he subject equally to 
gravitational acceleration up to the speed of hght, so that we are not 
hound to identify as the primary or pre-pnmary agent any particular 
sort of particle 

The observed phenomena the earher division mto primary and 
secondary radiation, the sudden bursts of atomic nuclei (Hoffmannsehe 
Stosse), the showers of corpuscles (whether these are different or sub- 
stantiaUy similar phenomena) are all very complicated, and our identi- 
fication of our high-speed particles with the primary agency is itself 
sufaciently flexible to afford the possibfiity of then comphcations If 
the observed cosnnc-ray phenomenon were too simple a one, our hypo- 
thesis would be rendered improbable, for it naturally provides a vanety 

of high-speed missiles each of which should produce its own effects 

290. It would be outside the scope of this book to attempt to trace 
m more detail the course of events foUowmg the entry of a high-speed 
particle into a congested region I content myself with pomtmg out 
that the kinematic theory, with its consequence of the existence m 
every domain of space at every time of some high-speed particles, 
accounts immediately and simultaneously for the foUowing facts 

(1) The corpuscular character of the pmnary or pre-pnmary 
radiation 

(2) The high energy of the primary corpuscles An electron pos- 
sessmg a total energy of IQii electron-volts would have a speed of 
c(l_l 3x10-1^) cm sec (the energy of a ‘restmg electron’ is 
equal to 5x10® electron-volts), one possessing an energy of 10^ 
electron-volts would have a speed of c(l— 1 3x10-’) cm sec ^ It 
can be said that the very high energies now found for the p^ary 
particles correspond to velocities mdistinguishable from t at o g 

(3) The isotropy of the primary radiation and its independence of 

sidereal time 

291. But our identification abohshes a far more fundamental diffi- 
culty which has previously beset attempts at explanation of t e 
cosmic rays This difficulty has been already mentioned above m 
connexion with the hypotheses of Jeans and Millikan It has been 
argued that cosmic rays cannot ongmate m the mterior of stars or in 
the nucleus of an extra-galactic nebula, because they could never get 
out, even if born there, on the other hand they cannot have been 
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born in inter-galactic oi interstellar space, because the density there 
IS too small to permit the colhsions to which the production of the 
radiations would have to be ascribed This has seemed an impasse 
^the desperate position mentioned by Corhn Our explanation 
shows that the high-speed corpuscles constituting the primary agent 
in cosmic ultra-radiation neither come out of the agglomerations 
which form the nuclei, nor are generated out of rare matter in inter - 
galactic space Cosmic rays, or rather the primary agents producing 
them, are nowhere born as such, on our identification The particles 
just acquire the high speeds as the inevitable result of continuous 
acceleration in the ‘gravitationar field of the umverse Any particular 
high-speed particle will possess a value which identifies it as belong- 
ing to some particular sub-system or extra-galactic condensation, but 
it has not had to come out of this particular condensation It has been 
on the contrary free ever since the primeval singularity t = 0 It may 
be considered as havmg equally left any other galactic nucleus, for 
all are equivalent and were together near ^ = 0 It ‘belongs to’ a 
particular sub-system only in a mathematical sense There is no 
particular ‘here’ or ‘there’ where the particle ‘originated’ The singu- 
larity t = 0 may be supposed to have been equally at any galactic 
nucleus Provided the particle m question escapes other collisions, it 
IS freely accelerated from its ‘starting’ velocity % (possibly at first 
bemg decelerated), and this acceleration persists from the dawn of 
time onwards The particle only appears as participating in a cosmic - 
ray phenomenon if it happens to undergo a collision whilst its speed 
IS sufficiently close to that of hght If it does not undergo such a 
colhsion, it moves onward through the umverse, and we consider its 
ultimate fate later It has never had the task of emerging from any 
particular condensation, other than its passage away from the 
primeval singularity ^ = 0 Then, and there, it possessed the velocity 
as part of that distribution of velocities necessary to conceal the 
existence, or to display the non-existence, of any preferential velocity- 
frame Smce == 0 it has been m transit through the umverse, 
attemptmg centripetally to seek its centre and always failing, until, 
near the epoch t = t^ in the experience of any chosen observer, it 
nears the speed of light 

292 We see that the occurrence, m every region of space, at every 
epoch, of some high-speed particles, is no fortuitous phenomenon. 
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erntroidered on to an otherwise complete world-scheme, hut is an 
essential constituent of the structure of the cosmos, the attaimng 
of the speed of hght is an inevitable event m each free particle s 
history Cosmic rays are the accompaniment and consequence of 
this Cosmic radiation thus appears as an mtrinsic phenomenon in 
the umverse, part and parcel of the general scheme of world-structure 
of which other aspects are the expansion phenomenon, the velocity- 
distance proportionahty, and the subdivision of the material forming 

the cosmos into nuclear sub-systems 

The existence of the cosmic-ray phenomenon may be looked on as 
a general confirmation of our scheme If it had not yet been observed, 
our kinematic theory would have suggested looking for it For it is 
particularly to be noticed that we did not set out to construct an 
ad hoc explanation of cosmic ladiation We have simply made an 
identification of a predicted phenomenon with an observed one in 
this respect our explanation of cosmic radiation, bemg entire y un 
forced, is on a different footing from previous attempts at explanation 


293. The general account of cosmic radiation given above includes 
many observations not duectly relevant to our suggestion of t e 
origin of the various phenomena, but I have mcluded it m order that 
the reader may ]udge for himseH whether there are any observations 
m direct conflict with the explanation For my part I cannot see 
anythmg mherently improbable in the suggested explanation or any 
facts which rule it out On the other hand the suggested explanation 
covers many of the observed facts, and this affords an a pnon justi- 
fication for mvestigating some of its consequences, whic we now 
proceed to consider f 


Cosmic rays in our own neighbourhood 
294 At the epoch of its trajectory (m O’s experience) at which 
a particle attains the velocity c, the direction of its velocity is given 
by the vector OM^ m the hodograph diagram (Fig U), where 
\OMi\ == c This direction is readily determmed from equation (9), 
Chapter X If V, denotes the velocity-vector heie (1V,1 = c), then 

Vo-c(l-F§/c2)4(cosh€-fsmhe)i, 

1 lammuchmdebtedtoProfeBsoxsB H FowleravdP M S Blackett for sympa- 
thetic discussion 



230 

or 


§294 

( 6 ) 


COSMIC RAYS 

^ = Vo-(Vo l)i-c[l-(V^/c2) + (Vo i)2/c2]4i 
This satisfies identically I'V^j = c, as is readily verified 
Now let us examine those particles which arrive m our own neigh- 
bourhood (neighbourhood of 0) with speeds approaching c For 
simphcity we shall consider our own neighbourhood to be the centre 
of our own galaxy ■{■ The position of such particles is therefore given 
by P = O = 0 Puttmg P = 0 m (10) and (11), Chapter X, and 
putting ti = t, our present epoch, we have 



0 = 

coshe 

(7) 

where 

f _ Xi cosh(e-7),) 

(8) 

Ehminatmg t. 

(1— F§/c^)4 coshe 

Vfl/c smh 7]i 

(9) 

(l-Fg/c2)4 “ cosh(6-i,,)^ 

Hence Vq is parallel to i Hence by (6), Vj is also parallel to i 
ply^g (9) scalarly by i, we have 

Multi- 


sinhe = (sinhi7j)/cosh(e- 
which gives at once e = 

Hence, by (9), ~ ctanhij^i, 

and then, from (6), Vj = — ci 


■Vi)> 


( 10 ) 

( 11 ) 

( 12 ) 


295. It follows that particles now arriving in our vicinity with the 
velocity of hght, in the direction — i, had at i = 0 the velocity 
Vo == ctanh ijji Hence the present position (at tune t) of the nucleus 
of the sub-system to which these particles ‘belong’, is 

Pq = cftanhijii (13) 

Smce tanh-ijj < 1, is inside the expandmg hght-sphere |P| = ct, 
and the distance of the apparent source of the swift particles is just 
citanhTjj- We recall that by (4) the mtensity of radiation of such 
particles of all velocities is ^ 

( 14 ) 

per cm ^ per second This connects the mtensity with the distance 
ol tne apparent source (though it may equally be supposed that the 
particles origmated’ at ourselves or at any other nucleus) Since t is 

armw to discuss particles 

arriving near the centre of a galaxy, with speeds near c 
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about 0 6X 103’ seconds, a mto of arrival of one “ 

per SCO would give C„ ~ 6 X 10’« The actual value of C„ or 




uiust be mueh larger than this, as only a fraeton of 

•m-sr. 'xn. ^ 

that away 

2 X 2nCv,lc^f though it is not exactly equal to this This must be les 

XXteandeuity of matter uija» obtained by s^^ou 

all the galaxies, say less than 10-=>» gramme cm* 

primary particles, for the sake of argument, with protons, we h 

c*i* '^1-65x10-** 

or 07 ,j<3x10’^ 

where the sign < means that Ot,,wi 11 not exceed but may be of the 

More dehcate analysis, of accelerations, etc , which I do 
attempt would be necessary to separate the product C^t mto its 
factors but the evidence suggests that rjj is probably a largo num or 
iXsi c«e tanh„ wdl approach unity in magnitude, and cosmic- 
ray particles therefore ‘belong’ to nuclear sub-syst^ near thoug 
mlite the expanding frontier of the umveiae This “““J™ 

though probable, 18 only conjectural as far as wo have gone 

discussiL of accelerations near and outside a gal^tio system shodd 

serve to detenmne the ratio 0/(£- 1 )¥(£) ^ f ~ 

of the order of nmty, and smee ^,{0 affords a measure of the density, 

C IS in principle determinable 

296. The history of every particle ultimately taking part in a cosmic- 
ray phenomenon near ourselves is im follows Tte P^de ma^be 
consideiBd as having left our own neighbourhood at f = 0 mlh 
velocity clanh„i (numencaUy probably not much less tha,n c) 
an outward direction, it is retarded m the direction of until 
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comes to rest relative to our own system, then falls back and attains 
the speed c in the direction — i as it returns to our neighbourhood 
If the reader takes the trouble to work out the hodograph relations 
for such a particle, and the behaviour of the apparent centie of the 
umverse to the particle-observer moving with it, he will find that the 
particle is always ahead of the apparent centre in the direction i, 
which accounts for the apparent attraction towards 0 At time 
i itself, in the experience of 0, the particle-observer moving with the 
swift particle assigns to the apparent centre (to him) of the universe, 
reckoned from 0, the position —cti 

297. It should be noticed that the swift corpuscles incident on the 
earth will not consist solely of 'primary’ particles which have arrived 
in our neighbourhood with speeds approaching that of light, they 
will include other high-speed particles which have originated from 
colhsions undergone by 'primary’ high-speed particles in other re- 
gions of the universe Such other particles, liberated in this way, 
will themselves become free particles acted on by the 'gravitational 
field’ of the umverse, and will undergo accelerations and pursue 
trajectories of the type already discussed They may therefore in 
turn reach our neighbourhood with speeds approaching that of light 
This of itself suggests that the observed cosmic -ray phenomenon 
should be extremely complicated The calculations of the present 
section relate simply to the arrival of the primary particles in our 
own neighbourhood Secondary particles should equally arrive from 
all directions in space 

Evolutionary consequences 

298 Several other deductions of cosmic interest may be made from 
(14) As t increases, the intensity of primary cosmic radiation should 
dimmish It should be dimimshmg at the present epoch at the rate 
of 3 parts m 0 6x10^'^ per second, or 1 part in 7x 10® per year 
Conversely, in past ages it must have been more intense, theoretically 
of very great intensity near 'creation’, t ~ 0 This opens up enormous 
vistas of speculation Conditions on the earth may have been totally 
different, due to the enhanced intensity of cosmic radiation, 10^ years 
ago, and the influences affecting living organisms in early geological 
time must have mcluded the effects of strong cosmic radiation. Even 
the problem of the origm of life may take a radically different com- 
plexion if it could be assured that cosmic radiation was then potent 
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Knowing as we do that living tissues are markedly affected by the 
passage through them of rays from radioactive substances— that 
prohxity of cell-growth on the one hand or retardation of cell-growth 
on the other hand may result— we must recognize the possibihty 
that metabohsm and cell-division may have proceeded at totally 
different rates m earlier epochs The whole course of evolution— the 
non-repeating development of particular floras like the carbomferous, 
the extmction of species, the emergence of higher forms, and incidence 
of cancer mortality — may have been conditioned by the steady 
dimmution during evolutionary time of the intensity of ultra-radia- 
tion The mere energy, apart from nuclear and atomic disintegration 
effects, of a radiation which even now is comparable with star-light 
(Eegener) may have had enormous effects on terrestrial conditions 
We may conjecture that the mtensity of cosmic ultra-radiation may 
have always been comparable with the total radiation of energy in 
the forms of heat and light from the stars and nebulae, for both must 
have then been greater in former ages, when the nebulae were smaller 

and closer together , mi j i 

Still further inferences may be made from (14) This formula 
holds good for any region of the umverse if < is the local time Hence 
regions at great distances, approachmg ct from us m our time, must 
be exposed at our present epoch of observation to much greater 
intensity of primary cosmic radiation than we are exposed to They, 
the nebulae at great distances, in our ‘now’ and under our observa- 
tion, are experiencing the conditions of the early history of our 
particular portion of the cosmos Given a large enough telescope, 
the apparent congestion at great distances which our analysis pre- 
dicts would be accompamed m our vision with strong cosmic radia- 
tion, so that even now we can m principle observe portions of the 
universe where cosmic ultra-radiation is all-powerful 
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XIII 

COSMIC CLOUDS 
Motion following |V| = 6 

299 We now investigate the trajectory of a paiticle after the epoch 
at which it attains the velocity of light There aie a prion two possi- 
bilities Either {a) it continues to move with the speed of light, or 
(6) its speed diminishes The reader may object that there is a third 
possibility, namely that the speed increases above that of light The 
universe would then mclude, in every neighbourhood at every epoch, 
particles moving in all directions with speeds exceeding that of light, 
and such particles, when directly receding from the observer, would 
be unobservable This would be equivalent to the conclusion that 
the totality of things would contain unobservable particles, which is 
an unverifiable proposition Further, the passage through and beyond 
the speed of light for such particles would be equivalent to annihila- 
tion of matter and energy (the reverse of the creation of matter), 
which IS not observed All our kinematic formulae m their present 
forms become meaningless for |V| > c, and the attaining of speeds 
exceedmg c is incompatible with the whole of existing dynamics and 
electromagnetism I hesitate to believe that a rational scheme of 
things could be arranged contaimng a description of such particles, 
and I leave it to others to contemplate this possibility and work out 
its formulation if it be possible It seems more reasonable to confine 
attention to the two possibilities enumerated above 

300 I have elsewheref investigated the behaviour of a system of 
particles satisfymg the cosmological principle and possessing the 
speed of hght The analysis given in this book has to be reconsidered, 
in large part, for particles such that |V| = c, but it is possible to find 
the hmit of the acceleration and the nature of the distribution In 
the memoir cited, I showed that such a system is a possible system, 
but that the 'particles’, to be described fully, must each be charac- 
terized by a new parameter v, possessing all the properties of a fre- 
quency I showed that such particles would be propagated in plane 
waves and I obtained a formula giving their distribution Such a 
system of particles moving with the speed c then appeared to be 
indistinguishable from a system of photons, arranged so as to con- 

t Zeits fur Astrophys , 6, 83, Part III, 1933 
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Statute plane waves of light moving in aU directions There thus 
appeared a complete disjunction between c-movmg particles and 
particles with other speeds, correspondmg to the observed disjunction 
between mattei and hght The photons were essentiaUy a different 
kind of entity from the abstract particles of our present general theory 


301. The particles discussed in the foregomg chapters have been 
material particles This identification is certainly necessary if we are 
to attribute to such particles, when movmg with nearly the speed of 
light, the effects associated with cosmic radiation Further, our 
identification of the regions of congestion of the sub-systems of such 
particles with the nuclei of extra-galactic nebulae demands also 
that the particles we are discussing be material particles 

302. Now if such a matenal particle, after attaimng the speed of 
light, continued to move with the same speed, it would constitute 
a photon of mfimte energy, or infimte frequency (to employ the 
language of dynamics), and a catastrophe would result To avoid tim, 
we are driven to suppose that the velocity only momentarily reaches 
c, and that it then decreases agam, this being alternative (6) Alterna- 
tive (a) would mean that in effect the material particle turned sud- 
denly mto hght for no particular reason— a hypothesis too wild to 
entertain Alternative (6) preserves the disjunction between matter 
and hght, a material particle remains a material particle For whils 
a material particle might happen to undergo a colhsion at the exact 
moment at which its velocity was c, and so give rise to a cosmic ray 
which would disrupt the umverse, the probabihty of such an occurrence 
has been seen to be zero , for, as we saw, the number of particles arriving 
m a given domam, or impmgemg on a given area, with the precise 
velocity c, is vamshmgly smaU, by formulae (5) and (6), Chapter A 

Fortunately no specific assumption on our part is require ur 
mathematics provides of its own accord for the decrease of ve oci y 
after IVj = c Any other behaviour would mdeed be mcompatible 

With, our analysis 

303 We know (equation (7'), Chapter VIII, onusmg (21), Chapter IX) 


I ^ {C>0) (1) 

Smee f (i- imO d^ has been shown to converge as ^ ^ co, it follows 
that ^ 0 as I 00 , and tends to zero in fact faster than 
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Nj^, where N is any constant Hence by (1), since Z and X correspond 
to a finite position of P, when |V| = c, we see that d^jdt-^ao as 
f-»oo This IS otherwise obvious, since as t->ti Since 

(^-1)¥(^) passes through a zero as ^-^oo, and since is always 
positive (it defines a number of particles), {$- 1) may be taken to 
change sign as ^ passes through co, the change of sign being auto- 
matically provided by the square root In that case, by (1), ^ begins 
to decrease again ioxt>ti 


304. We are here derivmg a physical consequence from a mathe- 
matical situation The mathematical situation is that a square root 
is two-valued, and the mathematics inevitably mvites considera- 
tion of the second, negative value, even though we origmaUy selected 
the positive value Such makmg of a physical mference on grounds 
of mathematical form is very common, especially m modern mathe- 
matical physics For instance Dmac inferred the existence of particles 
in states of negative energy simply from the quadratic form of the 
relativistic Hamiltoman m the theory of the motion of a particle, and 
the existence of polarization-charge m a vacuum has also been inferred 
simdarly In such cases we are trusting the mathematics to look 
a ter the physical situation If my procedure here is criticized, I tell 
my critics to go and criticize the similar procedure of Dmac and others 
and to examine the frmtfulness of their procedures A critic must be 
consistent, and I see no reason why I should defend a procedure 
analogous to similar procedures used m the quantum theory until the 
latter procedures are successfuUy criticized The justification of the 
procedure ultimately rests on its success, and I propose to follow out 
its coi^equences We shall find that the resulting analysis goes far 
owards an understandmg of the history of the universe, and explains 
in.£i 2 iy of the observed features of tbe universe 


305. Since IS Z^jXY and.ZandZare fimte and non-zero at t = t,, 
must mcrease from zero as ^ decreases from oo Hence | V I decreases' 
The square root (^— l)i m (1) arises from the term 


(f-i)V(a 

m the acceleration formula If (^-l)V(^) changes sign as it passes 
through Its zero so must (i-im) change sign Hence the second 

term m the acceleration formula changes sign as ^ increases to oo and 
decreases again 
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Now as we have seen, the acceleration tends to zero as ^ co 
We now notice that the second term m the acceleration formula is 
dominant to the first as | approaches oo For the formula may be 


written 


(*' V a^-i)W)J 


Now sin ce J (^— l)m$) converges as | oo, (^— is less than 

8/^, where 8 is any constant, and so is greater than 

IjSi for I large Hence the coefficient of (P— passes through a 
zero and changes sign as $ reaches oo and decreases agam 


306. To say that m the fundamental acceleration formula 

changes sign as ^ passes through oo is equivalent to 
asserting that a new domain of motions is prescribed for oo ^ 1 

We have carried out integrations for C7 > 0, 1 ^ ^ < oo, (^— 1 > 0 , 

we now desire to carry out integrations for (7]>0, 

< 0 We originally took the constant of integration C 
positive to ensure X 0 as | 1 (^ -> 0) , we could equally have 

carried out our integrations for (7 <C 0, which would be fully equiva- 
lent to reversing the sign of the square root in the X-integral We 
should then have had X -> oo as ^ 1 (1^ decreasing), and as we shall 

see in a moment this would correspond to ^ oo We should simply 
have been beginning our integration at the wrong end^ We now see 
that the form of the analysis compels us m effect to consider the conse- 
quences of taking C negative 

The term C/(^— l)V(^) acceleration formula arose from the 

differential equation (4) of Chapter IX, a consequence of Boltzmann^s 
equation We were compelled to select a sign for 1)^ m order to 
be definite — ^it did not matter which Choosing the positive sign, the 
constant (7, for ^ ^ 1, ^ ~ 0, had to be positive (This gave us the sign 
of the acceleration for resting particles near the observer ) We now 
see that the mathematics insists on our considering the circumstances 
in which the square root has the opposite sign This we should have 
ultimately had to do in any case, for mathematical completeness 
The square root 1)^ turned up near the outset of our investiga- 
tions, as soon as we imposed the condition of conservation of particle- 
t For the meaning of this notation, see footnote on p ISO 
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number This square root was no accidental concomitant of the 
analysis The analysis, as it were, foresaw from the start the very 
eventuahty we are now discussing and provided for the eventuality 
beforehand The eventuahty arose during physical considerations, 
the speed of the particle rose to that of bght The sequel to the 
eventuahty is taken care of by the mathematics, which has through- 
out introduced in advance square roots whose signs could change 
I know of no counterpart to this situation m current relativistic 
cosmology The latter has not pushed so far as we have done the 
discussion of the trajectory of a free particle But possibly in 
relativistic cosmology a geodesic becomes tangent somewhere to a 
nul-geodesic Similar consequences would then follow 

307 . Hitherto we have been able to give immediate physical inter- 
pretations of all our formulae We saw, for example, that the accelera- 
tion formula could be mterpreted as giving a pull on the fiee paiticle 
directed towards the apparent centre of the universe in the fiame in 
which the free particle was momentarily at rest If we seek a physical 
mterpretation of the ^change of sign’ phenomenon, we must now say 
that the free particle is repelled from the apparent centre of the 
umverse Gravitation, as it were, changes sign The result is the 
converse of the situation previously described In spite of being 
repelled from the apparent centre, the free particle now gets nearer 
and nearer to it, and the particle may be expected ultimately to fall 
into the ^centre’ of the universe We shall investigate in due course 
whether this happens. We could put it better by saying that the 
centre of the umverse overtakes the particle In the first phase of the 
motion (I < 00 , ^ < ti) the free particle strives to fall into the apparent 
centre, but gets farther and farther away from it, in the second phase 
of the motion (oo '> !> ^/) the free particle strives to get away fiom 

the apparent centre, but actuaUy approaches it The apparent 
paradoxes are resolved when we remember that the ^apparent centre’ 
IS not some particular particle, but a kinematically defined centre, 
analogous to the instantaneous centre of rotation of a iigid lamina, 
which has its own locus m the rigid lamina In our case the instantane- 
ous apparent centre has its own locus in the universe and the net 
result IS that the particle, which comcides with the apparent centre 
at ^ = 0 but IS projected with F = from it, ultimately arrives at 
(or, as we shall see, near) the apparent centre (to itself) as ^ oo 
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There is no actual change of sign of gravitation, only a change of sign 
in the particular formulae we have used to describe the motion, 
formulae which give the assignment of epochs, distances, and velocities 
m the experience of any fundamental observer 0 To a particle- 
observer moving with the free particle the particle appears first to 
recode from the apparent centre, then to catch it up, in other words 
the apparent centre recedes until it reaches the confines of the 
expanding system, then approaches Nothing happens to the particle 
as it passes through \V\ = c, that event, in O’s experience, simply 
marks, in the free particle’s experience, the epoch at which the 
apparent centre reaches the confines of the observable system, than 
which it can go no farther 

Wo see again how contradictory it would be to suppose that the 
free particle passed to velocities exceeding c, for then the apparent 
centre would pass outside what to 0 is the boundary of the system, 
and a particle inside the region of observable events would be point- 
ing to a hypothetical unobservable point as the apparent centre 
Any attempt, m fact, to describe the appearance of the system to a 
]iarticl e-observer whose velocity passed to above c would break down 
in a maze of contradictions with experience — he would see material 
being annihilated in all directions 

''Fhe analytical behaviour, a change of sign of a square root, is thus 
merely an accidental feature of the method of description used by a 
fundamental observer We have chosen his as the eyes through 
which we view the system Some eye there must be, for the system 
to be described at all When the eye is that of the observer on the 
free particle, he simply sees himself pursuing the apparent centre 
(though initially projected away from it) and ultimately coming into 
its neighbourhood 

I admit that all this is surprismg It is surprising because our usual 
modes of visualizing physical processes are neither powerful nor 
reliable The mathematics here serves us better But guided by it, 
wo are led to a rational, if unexpected, description of the course of 


events 


308 


Integration of trajectories for t>ti,co>i 
Wo now integrate the equations of motion 


dt 


V, 


(N 

dt 


(P-V^): 


G 1 


(3) 


which give the continuations of the trajectories after the particle 
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concerned has attained the speed of hght The integrations can be 
carried out as before All we have to do is to write down our previous 
integrals with the minus sign placed before the symbol C Six new 
constants of mtegration appear For any given particle of a trajectory 
for 00 > these can be chosen so as to fit the arc continuously on to 
the preceding arc of the same trajectory, along which ^ < oo, but it 
IS convement to consider first the integrals pure and simple, and 
carry out the fittmg of the later arcs (oo > i) on to the earlier arcs 
(1^ < oo) afterwards The 6 new constants of integration can be inter- 
preted physically later, for the moment we regard them merely as 
constants thrown up by the course of the integration 
For convemence I shall employ the symbol 77 to denote the same 
function of the variable ^ as before, but a prime (') will be used to 
denote other corresponding functions of ^ on the arc 00 > ^ de- 
creasing) The notation will he clear as it develops The symbol C 
will contmue to denote the same positive number as before 


309 . The Z-mtegral now takes the form 

X' = Za exp -1 J (^- , (4) 

^2 

where X^ is the value taken by X (now called X’, where 

X' = ^2— P'7c2, 

t', P' being the epoch and position along the arc oo > i) at the 
arbitrary value i ~ As ^ steadily decreases from i = oo, X' 
steadily mcreases, and smce the mtegral in (4) diverges as f 1 
Z' 00 as ^ 1 decreasing) 

Smce at oo, Z = Zj, Z = ZJ, for one and the same trajectory 
we have by contmuity ^ ^ 

where ^ 

00 

Xi = Ziexpj^i J 

00 

Xi = Z^expj^-i J 

Smce, from previous work, I* 

A: = Ziexp|^i J (i-l)i^(i)di) 


§ 309 INTEGRATION OF TRAJECTORIES FOR t > ti, oo > 
we have 


X = Zj exp — i J (l-l)V(l) di 


(i increasing), 




i 
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( 6 ) 


X' == Xjexp 





(I decreasing) (6') 


Hence for the same value of i on the two arcs increasmg and $ de- 
creasing) we have = X^XJ = Xf (7) 


310 As we are denoting by the same symbol rj the function 

i 

= ( 8 ) 

1 

all we have to do to obtain our new mtegrals is to reverse the sign of 
7] in the previous mtegrals and prime all other symbols except t, 
which continues to be defined by 

cosh^ = smh$ = +(^— i)i 

I must leave to the reader the verification that the plus sign has to 
be retained in the merely conventional definition of the symbol ? 


311. We now tabulate the correspondmg integrals foi ^ increasing 
and ^ decreasing in parallel columns 


^ increasing ( 1 < ^ < oo) 

(V„ i)/c 


smile 




. V„ - 6( 1 - Fg/c^)l ^1-1 

COSh(€--7j — 0 

cosh € 

^ co«}h(€— 97) 


T?^Yt = cX^~ 


smli I 


eohh(€~77— 
yi (l_Fg/c2)J- 


COsh(€- 77 — ^) 


[ 00 

= i^-PVc* ^ 


^ dectcasing (co > f > 1) 
(VJ i')lc 


smh e' 




(9) 


COsll(€ -j-iy — 

( 10 ) 

P' = (11) 

cosh C 

t' = cosh(e'-fiy) 

(l-FJ^/c--*)! coshc' ^ ’ 

V ( 13 ) 


p'-vr = cX'^ 
Y'^ =• {i-~V',^/c^)l 


Xi oxp 




COSh(6^ + 77 — 
cosh e' 

COsh(€'~hT^~f) 
00 


(t'-P' V7c2)2 


l«'"-(P'V6‘*)}{l-(V'Vc^)} 


( 14 ) 

( 15 ) 

( 16 ) 


4,021 


1 1 
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In the above, Vq, i', and X'^ provide 6 new arbitrary constants of 
integration On any given complete trajectory, the values of Vq, i', 
are determinate m terms of those of i, Xi from the conditions of 
contmmty at the place where ^ = oo, | V | = c These relations we 
proceed to find 

BelaUons between constants 

312 At the pomt of a trajectory where ^ = oo, |V| == c, 77 = the 
two vectors V, V' are equal, the two vectors P, P' are equal, and 
t = t\ This appears to give 7 conditions but they reduce to 6, since 
the relation |V| = |V'| = c is identically satisfied at ^ = 00 

The first condition of fit, namely X; = XJ, we have already obtained 
It follows also from ( 15 ) smee X and X' are continuous at ^ = 00 
Since the values of P— V^, P'— V'^' are continuous at ^ == 00, or 
^ == 00, we have at once from ( 13 ) 

i = 1', ( 17 ) 

and €— 7 ]i = ( 18 ) 

The latter gives €— e' = 27 ji ( 18 ') 


313 Equatmg the values V;,VJ of V and V' at | = 00, and multi- 
plying vectoriaUy by i (or 1') we have 

VoAi = V^Ai' ( 19 ) 

Hence the plane of Vq and 1 coincides with the plane of and 1' 
Smee the first branch of the trajectory lies entiiely in the plane of 
Vq and 1, and the second branch in that of Vq and i', it follows that the 
two branches of the trajectory are coplanar. 


314 . We now write down the equality P/t = P'/t at ^ = 00, by 
equatmg the quotients of expressions (11), (12) with rj == 77^, 
X = X' == X; We then carry out the following thioe different 
transformations of the resulting equahty 

(1) insert for ti and t'l their expressions as given by ( 1 2) respectively , 
(n) msert for both ti and tl iiie first of expressions (12), 

(m) msert for both ti and the second of expressions (12) 

We obtam the following three relations, after some use of ( 18 ), 


Vo-ci(l-^Fg/c2)^ 


sinh 


m ___ 


= V^+ci(l-Fi7c2)^- 


sinh 


Vi 


cosh(€-77;) ■ " ' ' cosh(€'+77^)’ 

V' = Vo-ci(l-F^o/c¥— 

cosh(€— 277 ;) 

Vo = 

cosli(€ 


( 20 ) 

( 21 ) 

( 22 ) 


^ail UKL'XTIONH HKTWKEN CONSTANTM 2(3 

TIk'ho tlirw n'lnlions hctwcon 11u> Ncctora % and Vq aia {‘om]>atil)k\ 
taking into aaount (i>), and eacli iiuplioH tin* othi'i- two We notiee 
that ilioHc imply 

(I i,;f-)'eoHhf (1 r;-,V")*‘*<»aii«', (-':() 

a uKi'ful relation whieh ih. limv(‘\('r, alioady implied by (10) 

315. We lia\(' now eonneeted the (1 new eonstanta witli the (1 old 
oiU'H A’;, i' au> eipiai respect ivrlv to A,,i Itelataon (IH) deterinaw'H 
<'in l(*rnis of (, gnin the worhl constant and (21) detenmneH V,', 
in ti'iiiiH of V„ 'It Itelation (IS) is extremelv heant.ifni, and its 
sinipheity shows that we made a wiseelioiei' of notation m introdueing 
the conihination of % and i w hu h we call r '’I’he leeiproeal eharaoter 
of lelations (20), (21), and (22), which we shall discuss shoitly, should 
also 111 ' noticed 


316. Since an,^ one of th(> thiee rehitions (2(1), (21), (22) is equiva- 
lent to ;{ se.d.ir lelatioiis, and smei' i ih (‘qmvalimt to only 2 scalar 
nnmheis, there must he one sealai relation hetweeny, and V,', nidi'- 
peiident of i. 'I’ins is found to hej 


tanh'2»;i 



v;,)’ (v,; 
v„ v;)> 


v„)> 


( 21 ) 


317. Wit h the aid of t hi' afto\ i* K'lations, wi' can express the lorinulno 
m till' seiond coliunn of integrals (0) (It) m terms of thi' original 
constants of inti'grntion V,„i, A',. Some caieiilntioiis whose details we 
oimt give 


V' 

V r(l r'”r'l'. ’^'"^'(2i// 1/14) J 

‘"'S'oslKi 2,/H^/ 0 ’ 

(!(>') 

!»' 

v ,.V,.V ‘""W-s 

<Hmli 1 

(IT) 

r 

V, A' il eoshfi 2?), 1 r/) 

(I I'li'h')* eoslu 

(12') 

V7' 

r.\' Y ' i. 

j yj 

(i:$') 

}•! 

it ! ‘ t’Ohhf 

(I 1 ipf , 

(in 


In these fonmilae. A' is the ftinelion XU) of ( delined hy (0) 'I’hese 
formulae exhibit e\phei(I\ the continuity, at 1 , ri, ?/ ^/e ^t< 

I hi Nt»h* ih 
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of the two Tbranches of the trajectory IFor they have been obtained 
by transformation of the second column of integrals (9)-(14), and 
they reduce to the first column on putting 7 ) = rji, X = Xj, and 
letting 5 -> 00 


318 We now comment on a remarkable point We have considered 
the complete family of mtegrals of the two separate sets of differential 
equations, 


^ = v 

dt 


dt 

dt 


= (P-Vi) 


X 


o 




(25) 

(25') 


It follows that if we are given only the circumstances of projection 
P, V, t the acceleration appears to be two-valued But actually the 
complete family of trajectories is determmate This is because we 
are confined to real trajectories, i e trajectories starting at # = 0, 
P = 0 Along the branch distmguished by the pnmed symbols, 
d^/dt IS negative, along the other branch, d^/dt is positive If then 
decreasmg values of t are considered, f is increasing along the primed 
branch, and then along this branch, by the second of (12), t' does not 
tend to zero but to a constant value as | oo and the zero of time 
IS not accessible along this branch Changmg over to the unprimed 
branch, we find that t decreases to zero as required, and we follow 
backwards a trajectory already enumerated The complete set of 
constants Vo,i,Xj or Vo,i',XJ enumerates completely all trajectories 
that are observable from i = 0 onwards 
We can put the matter another way Suppose that we fix the 
circumstances of projection, P,V,«, and then attempt to solve the 
equations for the correspondmg constants of integration, namely 
Vo,i,Xj, from the mtegrals of (25) and V;,i',X^ from the integrals 
of (25'), treatmg these as mdependent constants of integration not 
necessarily connected by the contmuity relations (5), (17), and (20). 
Then we find mcompatibfiity unless ^ = oo, |V| = c We can only 
solve either for the one set or the other An unprimed branch only 
comcides m epoch, position, and velocity with a primed branch at the 
pomt ^ = CO, |V| = c, where they are branches of one and the same 
trajectory For the complete family of trajectories issuing from i = 0, 
P = 0, with the totahty of correspondmg accessible sets of values of 
V the acceleration is always completely determinate 
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Wo can pxit the matter still another "way The equations of con- 
tinuity P = P', V = V', t = t' provide 7 conditions to he satisfied, 
whilst we have only 6 constants to determine They are only com- 
patible when ^ = CO The fact should be remembered that | is not 
a mere parameter, but is given when P, V, < are given, by the identical 
lelation satisfied by the mtcgials Were $ a mere parameter, we 
should have Q constants plus the value of ^ at our disposal, and the 
fit could be made anywhcie Actually it can only be made at = oo, 

I V I - c The reader will find it of great mtcrest to supply the details 
of this investigation for himself 

319. The reader may be puzzled by this situation This is because 
he has been hi ought u]) to believe that differential equations are the 
fundamental lelations governing the universe, and so whenever he 
sees a dilTeiential eipiation ho expects a consequent tram of events 
The situation we aio analysing is a totally different state of affairs 
Wo are consideiing }»rimaiily not a system of differential equations 
but a system of trajectories described by moving particles We began 
our statistical analysis with a statistical set of trajectoiies, satisfying 
the cosmological jiimciple Wo further imposed the condition that 
no particle was to be cieated or destroyed Prom this stage on the 
compk'tc family of ti <ijectoiies was determinate It could presumably 
have been at once handled and dcsciibod by a sufficiently powerful 
calculus involving only functional equations Amongst these func- 
tional equations is that cxjirossirig the pormancnco of each material 
paiticlc 'I’lie povi'ity of the icsourcos of mathematical analysis led 
us to exjui'ss this jiernianenci'-condition in differential form, a form 
we called Boltzmann’s equation, and insertion m this of the general 
functional fotni of the acceleration-ielation led to an unambiguous 
differmitial ecjuation T’hi* ambiguity of sign only appeared when we 
inti'gratc'd this e(|uation in a form involving a square root But no 
ri'levant (ionsuk'ration demanded that wo should always consider 
simultaneously both signs of tins square root Actually wo have to 
couskUt sometiiiK's tlu' one and sometimes the other, depending on 
the tiajectoiy by which the jiaiticle ai lived at the velocity-event in 
question A sufficiently jioweiful calculus avoiding the successive 
jirocesses of diflcrcntiation and integration would have led imme- 
diately to the description of the complete trajectories m the forms 
of the jiarallel columns of formulae (8)-(16) This system of trajec- 
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tones IS what is the real subject of our discussion, not the incidental 
differential equations first derived by a differentiation and then in 
turn pamfully integrated in terms of 6 arbitrary constants The 
sixfold mfimty of trajectories were in effect g%vm as soon as we 
had formulated them as satisfymg the condition of particle-per- 
manence and the cosmological principle We are discussing pheno- 
mena, not differential equations The reader must not allow himself 
to be humbugged by mathematics Differential equations, like the 
world in Wordsworth’s sonnet, are Too much with us’ The pre- 
eminent role assigned to differential equations (field equations) in the 
general theory of relativity is no doubt one of the reasons for the 
hmitations of that theory We have encountered a set of phenomena 
— ^trajectories — ^not describable by determinate differential equations 
These equations waved a flag to mdicate that the situation was 
difiS.cult for them, and they met the difficulty by offering us a choice 
of sign m a term, one to be taken in one set of circumstances and 
another m another 

The upshot of this discussion is that the family of trajectories we 
are examimng as a world system is completely determinate, but we 
cannot embody this determinacy in a single function expressing the 
acceleration-law m O’s experience as a one-valued function of the 
variables t, P, V 'Autres temps, autres moeurs ’ The human analyst 
attempts to describe the trajectory-determinacy in terms of a one- 
valued acceleration as a function of P, V, but the situation resists 
description in these terms 

Physical interpretation of the second branch 
320 . As i increases above ti, on any given trajectory, |V| (which we 
now caU 1V'|) decreases and ^ decreases Clearly as ^ decreases, X' 
increases and the variable 17 decreases As ^ 1, Z' ^ 00 and 17 -> 0 

Thus by (12) and by (11) |P'|-^oo But, also, as ^->1, 

{->0, and by (10) V'->Vo Thus the physical moaning of the 
mtegration constant Vq is that it is the limitmg velocity, as i 00, 
along the trajectory which began, at « = 0, with velocity Vo Thus 
every particle acqunes ultimately a constant hmiting velocity which 
IS a function of its origmal integration constants % and 1 only, and 
it ^tnnately comes to rest relative to that fundamental particle 
(which we may call P'f) which moves according to Pq == Vq ^ 

In the hodograph diagram (Mg 13 ) the representative pomt M 
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moves from Mq to Mi m time ti (m O’s experience), then retraces its 
path and ultimately, as ^ oo, assumes a limiting position 

Thus after reaching the speed of light, in the second stage of its 
career, every particle decelerates (at least at first) and. ultimately 
accompanies, in velocity, the nucleus of one of the original sub- 
systems, but a d%Jferent subsystem from that to which 'll originally 
belonged 

321. Whether it actually falls into or reaches the nucleus itself? 
P' (== 'Y^t), we are not in a position to say until the form of 

IS more precisely prescribed It would only fall into tlxe nucleus if 
hm(P--Vi^') = 0, le if 

limX'^sinhTj = 0 , 

r ^ 1 r "" 1 

led A J d$ exp A J d$ =0 

j J L j J 

Of the factors, the first tends to zero, the second to mfinity. 
behaviour of the product depends on the nature of the singula'i'ily in 
tp(^) at I = 1 Obviously a fairly strong singularity in yob weak 

enough to assure the convergence of rj to zero, would give a liiTiit oo 
for the product, but a sufficiently mild smgularity would jiornnt a 
non-zero limit, and an exceedingly mild singularity a zero limit It 
follows that though the particles with a given V,, and i coino to 
rest relative to the nucleus of the associated VJ-sub-system, they may , 
and in general wiU, fill a volume of space surrounding the 'Vo-nucltniH. 

322. The complete career of every particle is now patent. Tf it is the 
nucleus of a sub-system Vq, it moves for ever with the velocity 

If it IS not the nucleus of a sub-system, but starts with, the velocity 
V(, at i = 0 (thus ‘belonging to’ the Vo-sub-system) it accolcraU'H |- 
up to the speed of light, then decelerates and 30 ms the sub-Hystiou 
Vq associated with V,, and i, as given by (21) The value of Vo ih 
different for every different i, for given % Thus the uon-nuch'ar 
members of the Vo-sub-system ultimately ]om different sub-aynteuiH, 
depending on the values of their integration-constant i The original 
sub-system Vq loses an infimty of members— we may say that it 
ultimately loses every non-nuclear member — ^to a definite sot of other 
sub-systems 

■j* Possibly decelerating a little at first, as is evident from, tb© lxoclo|ji a,|>lx 
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Tor example, our own sub-system, defined by % = 0, loses its 
members to tbe sub-systems given, by (24), by 

I Vo I = ctanb2i7j (26) 

323. But tbe Vo-sub-system does not go uncompensated for these 
losses It will, to certain particles of other sub-systems, play the role 
of a Vo, and receive from these other sub-systems wanderers which 
come ultimately to rest relative to itself Putting V^ = 0 in (24), we 
find that particles arrive, as t oo, at rest relative to our own sub- 
system, from the sub-systems given by 

|Vo| = ctanh2')7^ (27) 

Companson with (26) gives at once a particular case of certain 
reciprocal relations we shall estabhsh shortly For the == 0’ sub- 
system ultimately loses members to those precise sub-systems from 
which it ultimately gams members 

324. The foregomg translation of our mathematics mto words must 

to mislead The actual state of affairs m the universe 
will be comphcated by the local accelerations, tidal couples, and rota- 
tions of the galaxies or sub-systems arismg from the imperfect way 
in ■which they satisfy the cosmological principle, due m turn, most 
probably, to that discreteness m three dimensions which is not fully 
escribed by our statistical, average-taking methods 'What we have 
been describmg are our average expectations Every member of a 
sub-system is accelerated away from the nucleus of the sub-system 
to which it belongs, and towards the apparent centre m the frame in 
which It IS momentarily at rest, passes through the speed of light, and 
ifitimately joms (m velocity) some other sub-system Its acceleration 
hen tends to zero, and it may be said ultimately to succeed m its 

aim of falhng mto the apparent centre in the frame in which it ulti- 
mately comes to rest 


Associated sub-systems 

325. The sub-system V^ where V^ is given by (21) may be said to be 
associated with the sub-system % m respect to the vector i It is 
easy to calculate the present positions of the nuclei of the sub-systems 
associated with ourselves (% = 0), whose members ultimately come 
to rest relative to ourselves It foUows from (27) that their present 
distance from us is 

cftanh27?„ (28) 
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%livTo i iH our pn^Hfuii rporh But a leas shoit cut to the roBult gives 
moie UiHiglii Fcjf trajts toi i<*rt alotig which the coi responding particles 
(suiie to rent lelidivi* to oinst^Ives, must he zeio Such 

a IrajtH'ton in^lciugs t<*' a nuh s\hteni % given l)y (22) But since 
V<', th VI* ha\t‘ U, and luaua* by (22) 


Va ^ltanh2 




(29) 


Hence tht* nucleus of tin* sub system to which the ultimately atiiving 
particle oiigmalh belonged m imw at a position r^tanh2'^^i liom 
ouisehes Snell pai tides ultimat(*lv anivi* fiom the diiection Xh 
lor b> (Bd then \docitN V' is paudld to 1 l', le to | i, the sign 
depending on tlie r(‘latne maguitu(h*s, for iC ~ H of 7 ; and ^ Fiom 
(21^) it follows that the int(*gnition pauumder t foi such paiiades is 


“'/I 


Foi 


Hinh < 


(Vo i),v 
(« re-=)5 


Hinh 2 


m 


It iH wolth noting tlint the sanu* ii^sult- lollows, a,H it should, from (21) 
Flitting V/, t) in (21 ) we lm\e 


ci( I 


smh 2Yjf 
eosh(i 27ji) 


(29 a) 


Hence is paudli*! to i Multiplying scalarl} by i w<* have* at once 


Hinh 1 


sinli 2r/^ 
(umh{< 27j;)’ 


whence 




(29 h) 


ami (29) follows 


dih, d1ie fundaiiientid i*haractei of tlu* world (amsiant is evulcni 
d1ie n suits wc* lm\e just obtaimai should he* contrasted with our 
rc mils on eosinic ra>H in the pieceding ehaptm* (hdaxu^s from which 
we me Hfur recen ing sw ift part lelins are at a present distance^ dtanh i/jp 
galii\it*h fioin wlmdi we slndl uUinmtdtj leceive pariK‘h*H coming 
iisyiiipiof to lelative rest urt^ at a piesent distance r/tanh2t;|. 
Both these distamaM nie less than th<^ ladnis of thc^ (expanding light- 
H|ilH*re F, d, and ilu* fust <liHtance is 1 (»hh than the HcnauKh 

lief I /Yforift/ f/irnrriaa 

di7. We shall now (‘stablish some rmnarkahh* rtwiproeal relations 
C’oiwHler fust the trajectory defined, m O’h <*\pcneiUM% by any 
V||, liiiv i. and any It poHM^Hses an assoinatial constant c, a known 

4tet K k 
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function of V,, and i Its second branch possesses constants Vq, i, and 
Xi, where Vq is given in terms of Yq and i by any of (20), (21), (22) 
Consider next a trajectory of any other whose ‘Vo’ (velocity 
at i == 0) has the value just calculated, and whose ‘i’ is — i, where 
i IS the value for the trajectory just considered The ‘e’ of the new 
trajectory is accordingly — e', where e' is the constant associated 
with the second branch of the first trajectory The new trajectory 
on its second branch will possess constants which we will call V'o and 
i", with an associated e" Then i" and e" are given, by (17) and (18), by 

1" = -i, (30) 

-e'-e" = 2ijj (31) 

Hence e" = —2rji—e' 


by (18) 


(32) 


Hence the ultimate velocity along the second trajectory, namely 
Vo, IS given, by (21), by 




v'-c(-i)(i-F^vc^)i — H 


cosh(— e'— 2ij;) 


by (22) 


= Vi+ci(l-FiVc^) 

= Vo, 


smh 2'qi 
cosh(e'-P2i7;) 


(33) 


Thus, whilst the trajectory (PJ, i, e) has for its second branch 
(Vojije'), the trajectory (Vq, — i, — e') has for its second branch 
(Vo) — i) — e)) independent of the chosen values of the X/s We may 
write this symbolically thus 


(Vo,i,e)^(V;i,0, I 
(Vi,-l,-e')->(Vo,-i,-c) / 

It follows that for every particle which the Vo-sub-system ultimately 
gams from the %-sub-system, the VJ^-sub-system ultimately gams a 
particle from the Vo-sub-system 


328 Consider this pair of trajectories more closely For given Xj, the 
(^> particle attains the speed of light at a definite epoch and in a 
defimte position Let Xp' be the value of X; for this trajectory Let 
Xp> be the chosen value of Xj for the trajectory (Vq, — i) Along this 
second trajectory the corresponding particle also attams the speed 
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(if lighf at wiiiu' (l('lini<(‘ (‘iHich and in wmio di'fnnti' jKiHition. Wo whall 
jtr(iv(‘ thnf if A'{'' A'}“', the two tiajoctonos uitoraoi'tat a oommon 

ojKich, and that thiH ('pooli, .ind tiu‘ a.sHooiat<>d ]K)int of intoiHOction, 
arc the I'poch and [lOMtion at Mlnofi tho two paitiolca attain th(' Hpc'od 
of lifiht 'l'h(‘\ at(' fhon moMiig in dilTtwont din'ctiona, and may bo 
amd fo (‘ollidi' 


329. Fin tho filin' to 
b\ ( 12 ), 


light \<'locit\ on tlio (A')'',y),i) trajectory ih, 


AJ'h (■oali(t 7/i) 
(1 <‘osh< 


(35) 


'I’ho tiiiK' to light \oIorit\ on the (A)'^’, V,',, i') tin.|ootory jh by tho 

wuno formula 


,ui 

But from (Ih), 


A'p'i (•ohIi( (' 7/i) 
(1 ooh 1 i( (') 


(3(i) 


ooMli(t t/i) fonh((' I 7/j) t*osh( t' 7ji) 
tVing tliH and (23), v\(‘ him* that tln> two tiinoH t)'* and au^ eipial 

pnnidod (37) 


AjL’^iniu ih(- poMtuHi ni \Uu(*h tin* particlt^ on tho 
tiajcH’loiy attains tlu* Mpnnd of light and tlie (siru'Hponding epocli 
satihfj^ tho n^latnai 

ftu b' SI Old ) 


i 


(3H) 


hy tho iiiht of fonnulao (11) and (12) (V)nwH|U 0 'ntly aiong tho 
i) trajootory tho pomtion and c^pooh at which tho 
Hpoc*d r IS littiuncd nro (‘(tnno<*t(*d hy 


Fp^ 


V' 


r{I 


0 


Hinh t/; 


(swh( 


Vt) 


( i) 


lb {2fl), tlii'Ho an* <*({uiil. But \\(* have juat prov(‘d that /[’* 
Ht'nce 1*/“ Pf, and tin* poHitionH eomcnh* 


(39) 

ty^) 


\Se notiei* further that I* ti im uidi'pemh'nt of the value of A"";, 
and aecoidingh ail trajectories with given V,„i attain the velocity 
of light at point*! whime Iocuk ih a utraight liiu*, nanu'ly a vi'ctor m a 
li\ed direction from O given iiy (‘W), and tin* dihtanceH along thw 
Htiaight line, for vaiying A'j, are propoitional to 
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332. We have throughout been considering the forms of trajectories 
calculated as if ummpeded by colhsions We have agreed to regard 
colhsions as secondary effects outside our ideal scheme of motions, 
modifying its reahzation m nature We are not to suppose that given 
an (JTjr, i) trajectory there is really existing the precise trajectory 
(■^i> Vq, — i), for the probahihty that the exact conditions 

~ ^ 0 ^^ = Vq, = Vq are satisfied by some pan of 

trajectories is zero It is an unavoidable limitation of the statistical 
method of analysis that it treats as existents relations that will not 
be exactly satisfied Thus our analysis is not to be taken to mean 
that this careful tuning of motions which theoretically results m 
colhsions IS exactly realized 


333. A still further result of interest may be proved We shal l show 
that Vo hes inside the angle formed by and This will also imply 

that % hes inside the angle formed by Pp) (= P^) and 
For we have 



Vj— ci(l— Fo/c^)f(cosh e -f smh e), 
cosh(e— (ji) 

Vo-ci(l— F?/c2)i 

COsh(e— 2 t;;) 


The desired result will follow if we can show that 


smh 


Vi 


< 


sinh2Tj, 


cosh(e— ■);;) ' cosh(e— 

These mequahties are readily established 


< coshe + smhe 


( 40 ) 

( 41 ) 

( 42 ) 


( 43 ) 


HodograjoJi and posihon diagrams 

334. We are now ready to exhibit the beautiful geometrical relation- 
ships of our trajectories m a position-hodograph diagram 
In Fig 19, 0 represents the observer, and the figure represents the 
state of affairs m O’s experience OM^ represents the vector 
OJfo tFe vector Vq ifo is the sense of the umt-vector i M^, M[ 
are pomts on the hodograph such that OMi= OM'i = c 

Pq is the point Vo^^, Pq the point and the hue jo ining P' is 
parallel to — i The position at which the particle following the 
(Xj,Vo,i) trajectory attams the speed of hght hes on PoP;, and this 
IS the same point F\ (previously called P[2)) at which the particle 
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following the associated trajectory (Zj, Vo, — i) attains the speed of 
light These two trajectories are shown in the diagram 

Along the trajectory OP^, which is tangent to the vector Vq at 0, 
the representative point M in the hodograph moves from Ifo to Mi, 
and the tangent at P^ is parallel to OJIfj After P reaches P[, it follows 
a trajectory which hecomes ultimately parallel to Vq, and the repre- 
sentative hodograph point M retraces its path from Mi along MiM^, 
coming to rest at ifo as i -> oo 



Fig 19 Complomontaxy trajoctonos and thou passage through tho speed of light 


Along the trajectory OPl (wlicro PJ ™ P^), which is tangent to 
Vo at 0, the representative point AT' in the hodograph moves from 
Jfo to M'l, and tho tangent at P^ is parallel to OM'i After P reaches 
PJ, it follows a trajectory which becomes nltimately parallel to V^, 
and the representative hodograph point M' retraces its path from 
M'l along coming to rest at ATq as 5^ -*> oo 

The particle following the trajectory OPi which started with tho 
n Helens of the sub-system following the straight lino Pq = 
ultimately accompanies in velocity the nucleus of tho sub-system 
following the straight line Pq ^ Vq ^ Converse relations hold for the 
trajectory OP'i 

335. A second pair of associated trajectories is shown in tho fignie, 
delinod by tho same values % and i, or Vq and — i, but possessing a 
different value for Xi ( = X'^ Prom what has boon proved, these 
tiajectories also intersect on tho straight line OPj, and their particles 
pass through the point of intersection simultaneously, the epoch of 
'collision’ bearing to ii tho same ratio as the distance of tho point of 
collision bears to OPi 

336 Every trajectory lias a point of inflexion at its point P^, where 
tho particle- velocity is c, tho two branches of tho trajectory are the 
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two solutions of the two differential equations associated with 
opposite signs for the surd 

337 . The diagram clearly exhibits the mterchange of members of the 

sub-systems % and Vq It must be remembered that Vq and Vq are 
not both arbitrary The possible values of Vq, for given Vq, form a 
two-parameter system of vectors given by (21), the system depending 
on the world-constant Thus for given the extremities of the 
vectors Vq he on a surface, which is a surface of revolution around 
Yq as axis The shape of the surface, m O’s experience, depends on 
Vi \Wh % = 0, it reduces to the sphere 

Vq = — citanh2i7; 

338. The diagram displays OPq (the direction of Vq) as lying between 
OPi and OMi, and similarly OPq as lying between OPi (= OPi) and 
0M[, m accordance with what we have proved For fixed Yq and 
varymg i, the pomts Mi he at the ends of the chords ±1 (drawn 
through the extremity Mq of the vector Vq) of the sphere of centre 0 
and radius c The positions P^ ^, P'^ i of the apparent centres of the 
system to the two particles passmg through (= P^), in the frames 
m which they are momentarily at rest, are the intersections of the 
chord m direction ±i, drawn through Pq with the sphere of centre 
0 and radius ct 


339 For given Vq, i, the time ti to hght-speed is simply proportional 
to X\ This can take any value between 0 and oo Thus particles 
are amvmg in any given vicimty with speeds approximating to that 
of hght at aU times 


340 The whole of the relations expressed by the above diagram are 
invanant under transformation from the particle-observer 0 to any 
other fundamental particle-observer O', for all are equivalent Each 
observer O' can make up his own diagram for the pair of particles 
foHowmg associated trajectories just considered No two such 
diagrams coincide, but allhave the same general form and the same 
properties A particle which is passmg through the speed of light 

lihtXT ^ passmg through the speed of 

light for any other fundamental particle-observer O' 

fom t ““r on the precise 

^(1), which we have left arbitrary subject to certam types of 
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behaviour at 1 and ^ co It is remarkable that so much can be 
established without further information as to ip{$) It means that the 
properties we have established are common properties of a continuum 
of umverses, or rather more than a continuum of umverses, for the 
cardmal of the class of continuous functions exceeds the cardinal of 
the contmuum 


342 Whilst P travels from 0 to P,, the apparent centre (to P) of the 
whole system travels from 0 to by a path along which the vector 
PPf. steadily increases in length At P = Pj, it has a maximum 
Beyond Pi, it steadily doereascs, at least at first It is easily found 
that on the second branch, 


d 

dt 

so that jP'- 
80 long as 


P'-V'<| 


t'Y' 
'X ' 




o 




s 


V'i' I , the distance of P from the apparent centre, decreases 

< c 

How far this holds, and whether it always holds, depends on the 
nature of the singularity in i/r(|) at | = 1 This singularity might he 
further investigated by discussing in detail the coexistence of the 
relations 


hmZ' 

^->00 


: X'l hm exp 


HI 




X^' 


V'^ 


for tho various possible forms of </((^) near = 1 which are compatible 


with tho divergence at ^ - 1 of J 

S 


at ^ = 1 oi 


00 

J' 


1)*^(^) d^ and the convergence 
tp{^) d$. But I do not propose to undertake such 


investigations hero My conjecture isthat P'—Y't' r-^ P'— Vq t' con- 
stant as ^ 1, f -> 00 , but the grounds for this will appear later If 

wo could assume this, it would follow from (11) and (13) that X'^tj 
and tend to finite limits as ^ 1, ^ 0, ■>] -> 0, and this would 
fix the form of tho singulaiity in as ^ 1 as given by 


exp 





const 


O 




or 


(^~i) 
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Tins satisfies all our conditions, but in the time at my disposal I have 
not seen my way to estabhsh it a ^priori If this result holds good, we 
may say that the complete motion of P is one of pursuit of the 
apparent centre (to it) of the universe, following projection away from 
it with velocity Vq, and of the ultimate practically successful overtaking 
of the apparent centre as ^ oo The whole history of the totality of 
trajectories then appears m a rational and easdy intelligible light. 

343 It should be remembered that it is only m the expe^ lence of 0 that 
the gravitational pull of the system of the universe always changes 
sign as P’s velocity passes through c In P’s experience the accelera- 
tion of P reckoned relative to the movmg apparent centre (not 
the fimdamental particle with which happens instantaneously to 
comcide) is always towards But the exact mathematical embodi- 
ment of P’s experiences of the system would require the use of formulae 
of transformation from an 0 to an accelerated P, which we have not 
here mvestigated We have not found it necessary to use any 
formulae of transformation save from an O to an equivalent O' 
Formulae of transformation from coordinates used by 0 to coordinates 
used by P (from P’s own measures) are of an altogether different 
order of profundity 

Astronormcal %denUficaUon Cosmic clouds 

344 We now mquire whether there is any evidence in nature of the 
remarkable result predicted by our analysis, namely, the ultimate 
arrival m the vicmity of each nebular nucleus of particles coming to 
rest relative to that nucleus Is there any evidence of particles from 
outside coming to rest relative to ourselves as time (in our experience) 
advances’ Without such evidence the discussions of the present 
chapter, though of fascmatmg mathematical interest, would be 
largely academic 

345. The phrase H' must not be misunderstood We have 
mtroduced no absolute reckonmg of any Targe’ time — there is no 
physical constant, of the dimensions of a time, in our work in com- 
parison with which t must be large Whatever happens in the limit, 
as t' -> 00 , must be happenmg, approximately, for some particles for 
any given t This follows at once from our formulae If we consider 
our own vicimty, which is given by | near 1 , or 77 small, and ask for 
particles commg to rest relative to our own galaxy, as ^ 00 , then at 



§J45 ASTRONOMICAL IDENTIFICATION COSMIC CLOUDS 257 
oui present epoch t, they will already have very small velocities pro- 
vided {rj—i) IS sufficiently small, as follows from (10) on putting 
V; = 0 and determmmg V' By (12) we can take t' equal to our 
present epoch by appropriate choice of and then from (11), 

puttmg Vq = 0, P' will also be ‘small’ if has the right kmd of 

singularity Hence by any given time t a number of particles bound 
for Vq = 0 , 1 e for rest relative to us, will already have been reduced 
to small velocities Such particles should have congregated m our 
own vicimty to some extent at any given epoch, and their presence 
should be apparent amongst the surroundmgs or contents of our 
own galaxy It should already have gained some members from 
external galaxies, and these gamed members should be s bar mg the 
motion of our own galaxy relative to neighbourmg galaxies 

346 A survey of our own galaxy immediately discloses objects at 
rest relative to our galaxy as a whole, namely the interstellar cloud 
or clouds of calcium and sodium vapour, and the cosmic dust-clouds 

It was discovered in 1905 by Hartmann that the absorption hnes 
due to lomzed calcium m the spectrum of the star S Orioms, which is 
a spectroscopic binary, did not share the ‘motion’ of the other Imes in 
the spectrum, but remained ‘stationary’ He attributed the origm 
of the stationary Imes to a cloud of calcium vapour surroimdmg the 
double star and at rest relative to its centre of mass Smce then, 
‘stationary’ hnes of calcium and sodium have been discovered m the 
spectra of many other binary stars, but m all cases the stars are of 
type H 3 or earher There have also been observed hnes of the same 
character — sharp and narrow — in non-binary stars, m such case the 
radial velocity mdicated by the calcium hnes does not necessarily 
coincide with that indicated by the other hnes m the spectrum It 
was shown by J S Plaskett in 1924 that the source of the ‘stationary’ 
hnes has a mean radial velocity agreeing with the reflex of the radial 
component of the sun’s motion amongst the stars It was further 
shown by J S Plaskett in 1929 that the motions displayed by 
the radial velocities for the stationary hnes mdicated a rotation of 
the source about a centre closely agreeing with the direction of the 
centre of galactic rotation discovered by Oort m 1927, and that the 
mean velocities for separate groups of ‘stationary’ hnes agreed well 
with the hypothesis of galactic rotation The still more significant 
result was discovered by him that the ‘rotational term’ (in Oort’s 

4021 L 1 
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notation) for the source of the ‘stationary’ lines is very closely one- 
half that for the corresponding stars, i e that the mean source of the 
hues in question is one-half the distance of the stars 
These various results can be reconciled by the assumption (due to 
Plaskett)t of the existence of a widely diffused cloud of ‘vapour’ 
contammg ionized calcium and sodium atoms, more or less regularly 
istnbuted^ and participatmg m the galactic rotation That the 
‘stationary’ hnes are only observed m the hotter stars is explained 
by the fact that in the cooler stars any absorption due to the calcium 
cosmic cloud would be masked by the calcium in the stellar atmo- 
spheres, m still hotter stars, on the other hand, calcium in their 
atmospheres will be doubly lomzed and the atmospheres are m- 
capable of showing the H and K hnes, in accordance with the theory 
of high-temperaturc ionization The physical properties of such a 
‘gaseous substratum’ in the galaxy were studied m detail by Struve 
and Gerasimovic in 1929 Makmg allowances for the ionization of the 
calcium and sodium and for the probable partial abundance of calcium 
m relation to other constituents, they concluded that its density 
was of the order of lO-^s gramme cm -3, a httle higher than the range 
10 27_io-3o of the present mean local density of matter in space 

347. Such a gaseous mterstellar cloud of lomzed and other atoms thus 
shares the mean motion of the stars embedded in it It is ‘at rest’ 
relative to the stars of our galaxy as a whole, m the two senses that 
It yields the same value for the solar motion and the same value for 
the galactic rotation 


348. It IS far from certam that this mterstellar cloud has not 
ongmated from the stars of our galaxy themselves In early papers J 
on the solar chromosphere I pomted out that the selective radiation 
pressure on ionized calcium atoms m the atmospheres of the hotter 
stars would make it difficult for them to form a screen of such atoms 
of such a thickness that the outermost atoms would be m mechamcal 
equihbrium, and that m that case the atoms would be expelled under 
radiation pressure, thereby tendmg to populate mterstellar space 
I later§ mdicated other meohamsms by which atoms might be expelled 
from even cooler stars like the sun Processes of this kmd have been 
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considered m great detail in more recent years by Beals, Chandrasekhar, 
and others, and it is quite possible that the totahty of such processes 
in past ages has furmshed the constituents of the interstellar cloud 
It seems, indeed, reasonably certain that the interstellar cloud has 
been and is being recruited by such processes The atoms emitted 
would possess in the mean the mean motion of the stars emitting 
them, as observed 

349. Nevertheless the estimated density of the mtersteUar cloud 
seems somewhat high for this process to be the sole agency. Here 
I would only point to the possibihty that the interstellar cloud m- 
cludes arrivals from other galaxies The ultimately arriving particles 
of our general theory would share the motion of the centre of the 
galaxy, they would be free from any K-effect, unlike the stars or 
other proper members of our sub-system, and this is precisely what 
J S Plaskett found for the calcium atoms — zero K-effect Eurther, 
having come into our vicinity, they would be subject to any local 
irregularities in the mean gravitational field of the cosmos present in 
our neighbourhood due to chance fluctuations from the idealized dis- 
tribution of galaxies, and if it is their fluctuations which are respon- 
sible for the rotation and flattemng of our own system (if flattened 
it be), then the arriving atoms would tend to paiticipate in time in 
the galactic rotation 

350. But I do not press this possible explanation For there is a 
totally separate body of evidence as to the presence in our galaxy of 
a stratum of material, an 'obscurmg dust-cloud’ extending over and 
parallel to the galactic equator The researches of Trumpler, Bok, 
van de Kamp, Stebbins, Hubble, and others have shown that there 
IS a discrepancy between the observed colours of the stars and their 
observed spectral-types which is a function of galactic latitude and 
indicates a reddemng of stars in low galactic latitudes, that this 
extends to the globular clusters of stars which are supposed to outline 
our own galaxy, that counts of extra-galactic objects indicate a 
general obscuration m the galactic plane, by which there is a systematic 
decrease in the number of objects of a given apparent brightness from 
galactic pole to equator, that this obscuration is practically complete 
in the galactic plane itself, for extra-galactic nebulae are not observed 
within a few degrees on either side of this plane, and that these various 
results may be harmonized by the assumption of a relatively thin 
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stratum of obscurmg material, eontributmg an optical thickness of 
perhaps 0 8 photographic magmtude (van de Kamp) or 0 5 magm- 
tude (Hubble) The sun is situated inside the layer, and roughly 
half-way between its boundaries, the layer seems to be symmetrical 
about the galactic equator The obscuration of objects in higher 
galactic latitudes is expressed fairly accurately by a cosecant formula, 
indicatmg a plane parallel-sided slab of dust particles 

351. As van de Kamp has pomted out, and as must have occurred 
to many, the existence of an obscurmg belt is not pecuhar to our own 
system alone It has been known for long that many spiral nebulae, 
seen edgewise, show well-marked equatorial bands of opaque matter 
Indeed, Curtis m 1918 pomted to the occurrence of dark lanes m 
spiral nebulae as a relatively common phenomenon, and considered 
It as evidence for a similar band of occultmg matter at the periphery 
of our own system To van de Kamp it suggested rather a more or 
less continuous equatorial layer, and the suggestion would appear 
to be generally acceptable Quantitative comparisons of the size of 
the obscurmg layer m other systems with that m our own confirm 
the suggestion Estimates of the Imear thickness of the layer range 
from 1,600 parsecs to 400 parsecs, the lower value being favoured f 

352 Much work is now bemg done on the subject, and the above 
summary is very mcomplete It is not our object to treat in detail 
of the whole existing observational material But enough has been 
said to justify raismg the question what is the origin of this obscurmg 
material, present m our own system and m distant galaxies ’ 


• I suggest that our mathematical analysis furnishes an answer 
suggest that the cosmic dust-clouds present m and around the 
galaxies are the products of the arrivals, in the vicimty of nebular 
nuclei, of particles from other galaxies I suggest that we identify the 
ultimately arrivmg particles, which as time advances come to rest 
relative to, and m the vicmity of, each galaxy as predicted by the 
general theory, with the constituents of the obscuring clouds, not 
excludmg also a possible identification with the constituents of the 
interstellar calcium and sodium clouds, whose relation to the dust- 
clouds IS not yet understood J 
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354 There is no direct evidence of the motions of the ‘cosmic’ 
clouds or obscurmg clouds associated with the different galaxies But 
their mere existence in association each with its own galaxy shows 
that the ‘proper motion’ of each obscurmg cloud coincides with that 
of the associated nucleus Thus each cosmic cloud is at rest relative 
to the correspondmg nucleus, and hence its separate particles share 
the motion of the correspondmg nucleus The obscurmg cloud may, 
like the calcium cloud, share the rotational motion of the associated 
galaxy, or it may not This would be, m my view, a secondary or m- 
duced phenomenon The main point is that observational astronomy, 
m three different directions— (1) the interstellar calcium cloud, (2) 
the galactic layer of obscuring material giving rise to colour excesses 
in stars and reduction even to ultimate complete obscuration of 
the brightness of objects towards the galactic equator, and (3) the 
obvious equatorial belts of obscurmg matter seen m not too distant 
external galaxies vindicates the presence of particles at relative rest 
with respect to the associated systems 

355. It has been often conjectured that the stars have been formed 
as condensations in widely extended primeval distributions of matter 
We have regarded them as possibly formed by agglomerations re- 
sulting from successive colhsions of primary ‘particles’— a not 
essentially different origin In either case the system of the stars 
formmg a galaxy would appear to be older than the obscurmg clouds 
themselves, for if they weie coeval, the clouds should have condensed 
or concentrated by now equally mto stars I do not remember to 
have seen this point mentioned before If then the cosmic dust- 
clouds are relatively younger, they must have been formed after the 
galaxy had already evolved mto a set of stars Our explanation of 
them as the result of arrivals from other galaxies is m harmony with 
this circumstance Our explanation predicts that they are still, and 
ever will be, m process of formation and growth, and that the oldest 
galaxies, namely ourselves and those m our own neighbourhood 
(reckoned as seen by ourselves), will possess the most developed cosmic 
clouds Thus our proposed identification of the ultimately arrivmg 
particles from distant nebulae with the material of the obscuring 
clouds simultaneously accounts for them formation, motion, and non- 
resolution mto stars Obscurmg dust-clouds are the accumulated and 
accumulatmg debris of the dismtegration of distant galaxies by the 
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pull of the -whole universe, and this same puU brmgs them to ‘rest’ 
relative to some nuclear particle or other, statistically Each particle 
IS endowed ultimately -with some constant limiting velocity, the value 
depending on the imtial circumstances Each ultimately arri-vmg 
particle has passed through a phase of its trajectory where its velocity 
was comparable with that of hght, and only those particles amve m 
this manner which have happened to avoid serious colhsions, m 
particular have not taken part m a cosmic ray phenomenon 

356. We did not set out to seek any ad hoc explanation of cosmic 
dust-clouds The conclusion that particles ultimately attam con- 
stant hmitmg velocities was, however, an mevitable consequence of 
our formal analysis, and unless we could point to such particles in 
existence near galaxies the complete identification of our theoretical 
structure with the system of the umverse would have been wantmg 
We find that such particles are m fact present, and this confirms our 
general scheme This particular feature of the general scheme pro- 
vides m turn an explanation of the ongm, continued existence, and 
probable future of the cosmic dust-clouds which is entuely unforced 

357. There are various features to notice about our explanation Our 
analysis has been throughout statistical We have always tacitly 
employed volumes large enough to contain a large number of umts 
Thus when we say that, as i oo, a particle tends to assume the 
velocity Vo and so comes ultimately to rest relative to the Vo- 
nebula, we mean that the volume of space associated with the re- 
cession velocity Vo will tend to be tenanted with such particles In 
nature not every possible value of Vq wiU be represented by a nebular 
nucleus, but only a discrete set of values of V' The ultimately 
amvmg particles, bemg more numerous than the nuclei themselves, 
will more nearly represent a contmuum of velocity There will there- 
fore be some dispersion of the ultimately arriving particles in velocity, 
and an assigned Vo-nebula will collect particles for the range of V^ 
represented by this nebula m relation to its nearest neighbours We 
may say that the quasi-contmuum of ultimate velocities VJ will be 
dimded up into discrete, fimte domams, each domain correspondmg 
to some existmg sub-system or nebula 

358. The observational evidence summarized above suggests that 
the hmitmg position P' of a particle is such that P'— V;<' or P'— V'i' 
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tends to a non-zero constant Por the dust-particles which have 
already arrived would appear to be each at a definite non-zero dis- 
tance from the galactic centre In this case, as we saw, further in- 
formation about the function can be obtained, namely the nature 
of its singularity at f — 1 

359 As regards the galactic flattemng of the cosmic dust-clouds, it 
IS reasonable to suppose that this has been caused in some way by 
the same 'forces’, to use a dynamical mode of thought, as have pro- 
duced the characteristic detailed forms of the nebulae Out statistical 
analysis only enables us to calculate average effects, and it gives 
spherical symmetry for the arriving particles, that is, it predicts that 
the average dust-cloud obtained by superposing all the dust-clouds in 
a given not too small volume would be spherical in form It is, of 
course, remarkable that dust-clouds should be so strongly concen- 
trated towards the galactic planes That the concentration should 
be more marked than for the stars in general is, however, a general 
consequence of our results For whilst the dust-cloud particles come 
to relative rest, the stars themselves are animated by an outward 
motion and an outward acceleration, and thus are subject to a ten- 
dency to diffuse outwards 

360 . The density of dust-clouds could be calculated much as we have 
calculated the intensity of cosmic rays and the density-distribution 
near a galactic-nucleus We should agam use Jacobians to transform 
from our distribution in space and velocity to the space-distribution 
of the ultimately arriving particles in terms of the constants of inte- 
gration, and then transform back to space-coordinates, lastly we 
should put Vq = 0, and examine the behaviour for ^ ~ 1 and | 
decreasing, at any arbitrary epoch t This would be a most fascinating 
calculation, but I have not yet had time to carry out the details 

361 . If the obscuring clouds consist of dust-particles, we may identify 
at least some of our ideal particles as dust-particles On dynamical 
grounds (the equivalence of gravitational and inertial mass) we should 
expect particles of all sizes to follow the same forms of trajectories 
The dust-particles may range from particles of macroscopic size down 
to molecules, atoms, or even neutrons or other elementary particles 
Generally speaking, then, it is convenient to regard our ideal particles 
as typical dust-particles or smaller entities Larger agglomerations. 
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formed by collisions, may be expected also to arrive from outside at 
relative rest as ^ oo, but such visitants should be much rarer than 
dust-particles It is tempting to speculate that some of the objects in 
the galactic system possessmg low absolute velocities relative to the 
galactic centre have also arrived from the outside, and will accompany 
us m perpetuity, they are to be distinguished from the other casual 
visitants m course of passage through the galactic system (also 
arrivals from outside) which possess non-zero velocities relative to 
the centre 

362 The foregomg explanation has not been previously suggested 
and I would repeat that it is not an ad hoc explanation, devised with 
the object of explaimng the facts The ultimate arrival from other 
galaxies of particles coming to relative rest is an intrinsic part of the 
scheme of phenomena exhibited by a statistical system satisfying 
the cosmological principle, and in this as in so many other ways it is 
confirmed by observation I am aware that various arguments could 
be advanced against my identification, and that apparently conflict- 
ing facts might be cited But the subject is m a state of rapid develop- 
ment, and a provisional explanation is better than none Rutherford 
once remarked that no phenomenon was ever explained unless a 
simple hypothesis was adopted soon after its discovery, as the multi- 
phcity of new facts rapidly discovered would otherwise negative the 
chance of any explanation whatever receiving attention Accoi dingly 
I submit my explanation of cosmic dust-clouds, fully prepared to 
modify its details in the hght of later discoveries 

363. But an important point finally emerges The cosmic dust- 
clouds appear m our treatment not as an accidental accompaniment 
of galaxies, but as an essential constituent of the scheme of the 
cosmos They are in process of building up, and have been m process 
of formation, by transit of particles across inter-galactic spaces, since 
the beginnmg of thmgs They are still growing, and will continue to 
grow for ever For every particle we ourselves lose to other galaxies, 
we gam some other particle Indeed, as we have shown, if we lose 
(ultimately) a particle to galaxy A, we ultimately gam one from the 
same galaxy A Nebular evolution may thus be described, m relation 
to this phenomenon, as a contmual mterchange of partners On a 
gigantic scale, the dance of the umverse is a chain-dance Dissolution 
IS accompamed by re-formation, but re-formation of a new type of 
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system It is often asked, where could cast-off matter ultimately 
congregate’ The answer is each galaxy is the rubbish heap of some 
portion of the umverse Each galaxy, as it ages, loses distant members, 
but IS recrmted at the same time Any existmg galactic neighbour- 
hood IS simultaneously the drill-ground of old soldiers and young 
recrmts, but the young recrmts are the emissaries of some other 
battahon 

364. We ourselves lose members to a well-defined sub-set of galaxies 
defined by the sub-set of velocities V' = — ci tanh 2 - 17 ,, where rji is 
a world-constant We gam our obscurmg clouds from the same sub- 
set of galaxies These he, at any mstant in our experience, on a 
sphere centred at ourselves Each galaxy of the sub-set is li ke wise 
the centre of a new sphere of associated galaxies, with which it mter- 
changes partners No two such spheres comcide Thus the cosmos 
possesses a sort of articulating orgamzation, by which each nucleus of 
a sub-system is associated with a fimte number of other sub-systems 
But the associated systems all overlap — each galaxy is a member of 
a number of associations The grand system of such intersecting and 
partially overlapping associations of sub-systems just occupies the 
expandmg light-sphere centred at any arbitrary member of the system 
of nuclei, and this totahty constitutes the universe Sub-systems — 
overlappmg associations of sub-systems — ^the cosmos, such is our 
picture The mterconnexion of galaxy with distant galaxy is a feature 
entirely unexpected when we embarked on our investigations, it gives 
a rational view of the course of nebular evolution 
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XIV 

THE CAREER OF THE UNIVERSE 

365. We have now completed an account of our mam investigation 
The relation of the structure we have erected to the structures erected 
by the methods of general relativity will be considered in the next 
part W e now propose to take a general view of the principles employed 
and results obtained 

366. The systems of particles in motion which have been constructed 
must be carefully distinguished from their possible applications to the 
umverse Whether they represent the universe is a matter partly for 
observation, partly for general considerations lying outside the scope 
of relativity pure and simple Thus whether the nebular nuclei are 
in uniform relative motion, whether their density-distribution is 
locally homogeneous but ultimately increasing outwards, whether 
there is an upper bound to observed distances, whether the average 
sub-system consists of outwardly accelerated particles, etc , arc 
questions to be settled by observation Whether the universe contains 
an mfimte number of systems can never be answered by observation 
in the affirmative, for we can at most count a finite number I have 
already given general considerations which lead us to conclude that 
the umverse must mclude an mfimte number of particles, but bearing 
m mind the historic vulnerabihty of general considerations I only 
pomt out here that whilst observation could conceivably verify the 
existence of a finite number of objects in the umverse it could never 
conceivably verify the existence of an infinite number The philo- 
sopher may take comfort from the fact that, in spite of the much 
vaunted sway and dommance of pure observation and experiment m 
ordmary physics, world-physics propounds questions of an objective, 
non-metaphysical character which cannot be answered by observa- 
tion but must be answered, if at all, by pure reason, natural philo- 
sophy IS somethmg bigger than the totahty of conceivable observa- 
tions But quite apart from questions of pure observation, and from 
the larger world-questions that cannot be settled by observation, our 
various systems of matter-in-motion possess what may be called an 
abstract reahty, akin to any other abstract situation envisaged in 
natural philosophy 
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367. Theoretical physics consists essentially in the propounding of 
situations not existing in nature, and then in applying them to nature 
Newton gave us superb examples He introduced the concept of the 
particle acted on by no forces, which he stated would travel in a 
straight line with uniform velocity When this statement has been 
dissected into definition and content, there still remains the circum- 
stance that the situation it contemplates is never realized m nature 
This does not in the slightest degree militate against the utility of the 
concept, or against its practical application to situations occurring 
in nature A better example for our purpose is the two-body problem 
consisting of a massive gravitating body with a particle in motion in 
its presence Newton from his dynamics and law of gravitation deter- 
mined the nature of the possible motions of the particle and showed 
that it consisted of Keplenan orbits, or parabolas or hyperbolas 
with Keplenan properties In nature we never have either two bodies 
existing 'alone’, or, of the two bodies, one so small that it realizes 
the concept 'particle’ But this does not impair the 'validity’ of 
the analysis of the abstract gravitational situation consisting of one 
heavy particle and one non-massive one 

368 The simple kinematic systems of equivalent particles, and the 
more complicated statistical systems, here developed, exhibit abstract 
gravitational situations of this kind Whether they are realized in 
nature is an absorbing question, but one entirely ii relevant to their 
'validity’, just as Newton’s solution of the Keplenan pioblem is 
independent of the degiee to which it is represented in natuie The 
'validity’ or 'truth’ of our kinematic systems is a question of the 
correctness of the arguments used and of the legitimacy of the ideal 
experiments on which they weie based I submit that they have an 
interest independent of the extent to which they repioduce observable 
characteristics of the universe 

I propose now first to review the abstiact chaiacteiistics of the 
systems constructed, then to iccount summarily then observable 
characteristics 

Abstract charactensUos 

369. The procedure has been to devise descriptions of events and 
phenomena capable of being made by a single observer with his own 
instruments, then to find the conditions to bo satisfied by certain 
sets of phenomena when the desciiptions by different observers aio 
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compared The mstruments supposed to he in the possession of the 
observer are the clock, or time-measurer, and the theodohte, or 
direction-measurer Every single formula we have stated has an 
immediate content in terms of clock-measures, theodohte-measures, 
and Doppler shifts Clock-measures relate to events at the observer, 
theodolite-measures to directions recorded by the observer, Doppler 
effects to the ratios of time-differentials An epoch t of an event at 
the observer is an immediate judgement An ‘epoch’ t of an event 
not at the observer is the arithmetic mean of two epochs of events at 
the observer connected with the distant event by an ideal experiment 
consistmg of the dispatch and return of a signal A ‘distance’ r or 
2^)1 of a distant event is the difference between the same two 
epochs of events at the observer, multiphed by an arbitrary constant 
\e A coordinate x is the product of a ‘distance’ r from the observer 
and a direction-cosme, namely the cosme of the angle between some 
fixed direction and the direction of the observed signal received at the 
observer from the event, i e its apparent direction as seen m a theo- 
dohte Actually we established the three-dimensional form of the 
Lorentz formulae by ideal expenments mvolving in effect parallax 
measures, for we used two distmct moving observers who had already 
determined their relative motion But the diagrams we drew depict- 
ing the separate pictures made by the two observers could have been 
constructed equally from theodohte observations of directions by 
using the same Pjdhagorean theorem employed to combine the 
parallax observations Thus a set of coordinates (x, y, z, t) is equivalent 
to a pair of time-measures at the observer and a pair of angles at the 
observer When we say that each observer adopts Euchdian space 
for his own descriptions of events we merely mean that he has con- 
structed coordinates out of observations made at himself by the 
above rules In general relativity, on the contrary, events are some- 
times described by means of coordmates constructed partly out of 
one observer’s observations, partly out of another’s In our scheme 
the set of coordinates of an event is always definable in terms of 
observations made by the observer usmg these coordinates 

370. The observer then depaed the velocity of a particle in his 
experience as dx/d«, dy\dt, dzjdt, where (x, y, z, t), [x+dx, , tpdt) were 
neighbounng events at the particle A velocity, hke the position- 
and epoch-coordmates, is a construct by an observer out of his own 
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measures, and so relates to his own experience By an obvious 
extension of meanmg of the word velocity, the signal velocity was 
found to be simply c, m the observer’s experience A eoordmate 
velocity can be immediately reduced to an observable Doppler effect. 

371 . Questions of relativity only arose when we attempted to compare 
the experiences of different particle-observers The genera] question 
was to find the relations between the coordinates (x, y, z, t) attached by 
A (from his measures) to an event P and those [x’, y', z' , t') attached 
by B (from P’s measures) to the same event P when A and P 
could each (a) make the necessary ideal observations on P, (b) make 
observations on one another, it being understood between them that 
coordmates were to be constructed out of observations by the same 
formal rules, in particular by the selection (by agreement) of the same 
arbitrary |c for assignmg distances We tackled this problem m 
stages 

372. We first considered the case of A and P makmg observations 
on one another We did not mvestigate the general problem of what 
restriction a knowledge of A’s observations on P imposes on the 
possibilities of P’s observations on A Instead, for historical and 
other reasons, we assumed the possibility of realizing m nature a 
pau of observers A and P such that A describes the totahty of his 
observations on P in the same way as P decribes the totahty of 
hzs observations on A By ‘the possibihty of reahzmg in nature’ tVng 
situation I did not of course mean that such situations actually 
exist in nature any more than Newton assumed that there exist m 
nature ‘bodies under no forces’ I mean that it was legitimate to 
suppose that an abstract situation of this character was a possible 
situation in the sense of natural philosophy The fact of this bemg 
possible IS our basis m experience of what follows Of course the 
situation has not been verified by experiments and observations 
actually carried out, but then no more has Emstem’s situation that 
the velocity of light appears the same to two observers m uniform 
relative motion We are actually replacmg the totahty of experiences 
recorded (mcluding such fundamental ones as the Michelson-Morley 
experiment) by a simpler experience which we beheve to represent 
a possible situation, an experience which could be confirmed by 
actual measures capable in principle of being performed The situa- 
tion we contemplated replaced the situation contemplated m 
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Einstein’s axiom Emstem’s axiom was wholly insufficient for us, 
because in mentioning velocity it already presupposed some un- 
specified scheme of assignment of epochs and distances to distant 
events, and its 'distances’ mvolve the use of the indefinable concept 
of the rigid length-measure Our point of progress was that we 
provided actual tests, which A and B could carry out with their 
clocks, which would result in A and B being able to confirm or dis- 
prove whether they could describe their observations on one another 
in congruent terms They could thus ascertain whether or not they 
were 'eqmvalenf 

373 showed that when we added to the ideal experiments above 

mentioned the further ideal experiment of A and B reading one 
another s clocks, we were able to show that the conditions of equivalence 
imphed the behaviours of their clocks in one another’s expeiience 
This was the fundamental step The further steps of correlating the 
experiences of A and B m regard to any event whatever, namely the 
relatmg of {x, z, t) with {x\ y' , z\ f ), were httle more than corollaiies 
from the clock-behaviour theorem We were led to transformation 
formulae of which particular cases, when the equivalent observers 
described one another as in umform relative motion, reduced to the 
well-known Lorentz formulae The Lorentz formulae were thus 
derived from time measures only, without use of the indefinable 
concept of the rigid length-measure and without use of the axiom 
of the constancy of hght-velocity to observers m umform relative 
motion, simply from the axiom of the possibility of the existence of 
equivalent observers, which is much wider than any axiom relatmg 
to uniformly movmg observers 

374. The upshot of this situation is that each of a set of equivalent 
observers m uniform relative motion can employ, for reducing his 
OTva measures, Euchdian space and Newtonian time, and make 
diagrams and calculations accordingly The Lorentz formulae effect 
a correspondence between the various Newtoman times and Euclidian 
spaces adopted by the various eqmvalent observers The resulting 
physics, m the experience of each separate observer of the set of 
eqmvalent ones, is simply ordmary classical physics 

375. The contrast between our procedure and that of ‘general’ rela- 
tivity hes partly m the circumstance that we have begun with actual 
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observations and constructed coordinates and relations between 
coordinates out of them ‘general’ relativity begins with a conceptual 
geometry m which events are described by conceptual coordinates, 
and later (by means of the defimtion of a hght ray as ds — 0, 
8 J ds = 0) ascertains the observations implied by this conceptual 
scheme ‘General’ relativity is concerned with the class of relation- 
ships, and the class of systems of particles m motion, describable by 
means of a Riemanman metric, it never claims to show that all 
possible systems of particles m motion can be so described Conse- 
quently it IS not lemarkable that at least some systems are incapable 
of description in terms of its conceptual scheme On the other hand, 
our method ensures the possibility of descriptions of any system 
containmg eqmvalent observers by means of observations made by 
those observers, these systems, as will be shown, mclude systems 
not described m ‘general’ relativity 

376. The next difference from ‘general’ relativity arose in the use of 
the apphcation of the prmciple of relativity itself ‘ General ’ relativity 
assumes the proposition that a relation describmg a physical law 
must be expressible m the form of the vanishing of some quantity 
in all systems of coordmates But it makes no distinction between 
transformations of coordinates which are mere transformations of 
observations made by a single observer %nter se, and transformations 
of coordinates which involve the mixmg of observations made by one 
observer with observations made by one or more other observers 
Transformations of the former type are of a merely mathematical 
content and add nothing from the pomt of view of natural philosophy, 
they are tautomerisms, alternative ways of expressing one observer’s 
observations m symbols That the expression of a law of nature m 
the language of ‘general’ relativity mcludes the totahty of such 
special transformations is the real reason for the cumbrousness of the 
tensor calculus, it is as though a language were being used which 
contamed all possible languages, all possible syntaxes, as particular 
cases But more important still is the consideration that ‘general’ 
relativity does not clearly distmgmsh between transformations which 
are tautomerisms and transformations which contam a factual con- 
tent, namely transformations which relate the experiences of one 
observer to the experiences of a second observer Such transforma- 
tions add to the content of an enunciation, from the pomt of view of 
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natural philosophy Stripped to their essentials, the transformations 
which alone have a natural-philosophical content connect observa- 
tions made by one observer at himself (for observations are only 
possible by an ego) with observations that would be made by another 
observer at himself, when the motion of the second observer m the 
experience of the first observer is specified by relations defined by 
observations made (or capable of bemg made) by the first observer 
on the second observer — each observer being idealized as a particle 
Thus the transformation must connect straightforward clock-and- 
theodohte observations, a clock-plus-theodolite being carried by each 
separate observer 

377 . Our method on the contrary was to transform not from any set 
of coordmates to any other but to transform from any one observer 
to any other observer For this purpose it is sufficient to use only one 
set of coordmates, and that the simplest, for each observer, we chose 
for him Cartesian coordmates and Newtonian time We actually 
found it necessary, m our apphcation of the method, only to transform 
from one observer to another equivalent observer But this must not 
be allowed to obscure the essential nature of the method, which is 
presumably capable of much wider apphcation 

378. As a consequence of the method we were able to apply the 
prmciple of relativity m a new way, to determine the form of what 
may be called a Taw of nature’ on a priori grounds This became 
possible when we constructed a system of moving particles such that 
they not only were equivalent in pairs, but possessed equivalent 
descriptions as a whole by any two (equivalent) particle-members 
We described such a system as satisfying the cosmological principle, 
and defined it by the condition if two particle members A and B are 
such that A = B, then also A ^ B We then inquired as to the 
description of the acceleration of an additional freely moving test- 
particle added to the system Since all the given particles are 
equivalent, and describe the whole system equivalently, the descrip- 
tion of the acceleration by means of a function of arguments defining 
the freely movmg particle must be of the same functional form in the 
experience of each of the given particle-members of the system, 
usmg coordmates constructed out of observations by the same rules 
of combmation There are two essential conditions satisfied which 
ensure the legitimacy of this apphcation of the prmciple of relativity, 
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namely that the observers enumerating the acceleration function ai o 
equivalent and that they adopt what may be called congr'uent co- 
ordinate systems It would be no use for one observer to uso Oaztcsian 
coordinates and another spherical polar coordinates It was fox tins 
reason that we had first to begin with observations, then to proscribe 
identical rules for the observeis to use in compounding thoir obsciwa- 
tions to yield coordinates To begin with a conceptual scheme of 
unspecified coordinates, as in general relativity, would make the wbok*. 
procedure inapplicable Thus m our hue of thought a Taw of natnt e" 
satisfied a condition of conservation oiform (of a function), not as in 
general relativity a condition of conservation of values (of a tensor) - 
General relativity is like a garden where flowers and weeds grow 
together The useless weeds are cut with the desired flowers, and 
separated later In our garden we try to cultivate only flowers. 

379. We were then able to trace the general properties of trajectories 
of freely moving particles, and to show that the originally givc^n 
particles, of prescribed motions, could also be considered as ficcly 
moving, free from constraints (A similar procedure occurs in general 
relativity, where, when a metric is chosen, the trajectories axe defined 
as the geodesics, and it is later shown that the originally piesciibcKl 
particles-in-motion whose constrained motion gives rise to tlio ‘Afield’ 
described by the metric will in fact follow free paths ) Wo tlms 
obtained a great deal of information about certain systems of given 
particles in motion and the possible motion of an additional 1 voo 
particle at large in the system We can call such a system a ‘'gt^avi- 
tating’ system if we wish, though we gam nothing by using the wor<l 
"^gravitating’ The important point is that we thus construct, in tlie 
flat space and Newtonian time of each observer, a hiaturai’ syntcMn 
of non-zero particle-density moving without constraints, without any 
recourse to the 'curvature of space’ on the one hand, or to any spcKulu^ 
'theory of gravitation’ or 'field equations’ on the other hand No 
physical constants were necessary to its description, the one arbitrary 
constant B, a constant of proportionality in the density-distribution, 
simply defined a continuum of possible distributions 

380 The system was completely 'relativistic’ m the only significant 
sense of the word, namely that its members, describing their cxpica i- 
ences according to the same rules for combining observations, had 
identical experiences — or rather superposable experiences. 
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381. The construction, in even one particular class of instances, of 
a gravitating system without recourse to the curvature of space or 
any specific theory of gravitation constitutes an advance on the 
so-called ^general’ theoiy of gravitation or relativity The latter 
theory adopts, quasi-empirically, a Taw* of gravitation’ or ^field- 
equation’ which embodies the invariant form of theNewtoman scheme 
of gravitation and dynamics, but it gives no reason why this particular 
form should be chosen, and indeed explicitly recognizes that other 
field-equations, containing an arbitrary constant A, would be equally 
legitimate, nor does the introduction of a 'curvature of space’ go any 
distance towards 'explammg’ gravitation, for it leaves unanswered 
the questions 'what is the thing that is curved?’ and 'why is it 
curved ? ’ The general theory of gravitation piously hopes that nature 
favours some particular value of its arbitrary constant A, but it is 
bound to confess that as far as its own principles go all values of A 
are equally acceptable Eddington has indeed attempted to face this 
question, but his answer has not won general acceptance Our 
system, on the other hand, contains no physical constants whatever, 
either arbitrary to the theory or special to nature The only constant 
occurring is c, which was an arbitrary original choice on the part of 
one observer, commumcated to other observers f 

382. This suggests the inspiring possibihty that all 'gravitational’ 
situations ought to be capable of similar treatment 'Only future 
research can show this, but it is part of my faith that all gravitational 
motion, ]ust as in the world-systems we have constiucted, is but the 
only possible totahty of motions appertaining to a given prescribed 
abstract situation which are capable of consistent description by all 
the particle-observers present, and that such description will contain 
no natural constant’ whatever It is quite clear that, once we have 
constructed a single gravitating system free from introduced natural 
constants, to take any other view of gravitation would be a retrograde 
step The general progress of physical science lies in the way of 
reducing more and more experiences to fewer and fewer principles, 
and of reducing more and more constants to combinations of a small 
number of constants In the world-systems we have constiucted we 
have carried this aim to its logical conclusion — ^we have expressed 

t I refer here to the simple kinematic system The more general system contains a 
constant of mtegration G, but arguments already given are in fact equivalent to the 
fixmg of (7 m terms of the arbitrary function defining the statistical system 
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the gravitational system m question in terms of no irreducible con- 
stants whatever The 'cosmical constant’ A is thus most probably 
only an accident due to the particular mode of expression adopted by 
general relativity Instead of introducing this constant by an arbitrary 
assumption and then trying to get rid of it by reducing it to a com- 
bination of other constants, as Eddington does, it is surely better 
to aim at an enunciation of gravitation which itself contains no con- 
stants and which therefore assumes neither the existence nor the 
non-existence of the ‘'cosmical constant’ 

It IS scarcely profitable to attempt to forecast the future of research 
on gravitational problems on these lines, but some indications may 
be given Suppose the problem is the Keplerian problem of the test- 
particle P in motion round a massive one 0 Then the totality of the 
observations made by P on 0 must be describable by P m the same 
functional form as the totality of observations from any other test- 
particle P' on 0, made by P' Transformation from P to P' will 
provide a condition to be satisfied Since the 'gravitational field’ 
surrounding 0 is simply the summary of the motions of all possible 
test-particles, if we can describe the totality of observations from 

0 of test-particles P, or of observations from all P’s of 0, we shall 
have found the utmost of which analysis of the system is capable 
We may expect in this way to obtam simultaneously the laws of 
motion’ and the 'field’ A similar method could in principle be apphed 
to any local gravitational situation The techmcal difficulty is to 
find the transformation from P to P' But in all cases the signifi- 
cant step would be the transformation, not of coordinates, but fiom 
observer to observer when each observer uses congruent coordinates, 

1 e coordinates constructed out of observations by the same rules 
It is the transfer of observer’s head-quarters which matters 

383. When, in our programme, we added not only one free particle 
to our simple kinematic system, but a multitude, and arranged the 
new system to satisfy the cosmological principle, we were able to 
determine fully the 'gravitational field’ — ^we were able to extract the 
utmost possible from the principle of relativity m our form This 
'utmost possible’ proved to be precisely the complete description of 
all the motions, given the particles present given i/j, which defined 
the statistical description of the population of particles present, we 
obtained a description of the trajectories followed, m the minutest 
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detail, and that for any ift Thus we accomphshed for these systems 
a complete gravitational programme without recourse to ‘field equa- 
tions’ or to any specific formulation of a ‘theory’ of gravitation The 
results are thus of an absolute character They should be compatible 
with any specific theory of gravitation which is strictly relativistic 
But they avoid the ambigmty present m Einstem’s law of gravita- 
tion— the ambigmty in density, given a metric, due to ignorance of 
what value to attach to ‘A’ It is irrelevant to plead that A may be 
small, the ambigmty IS definitely present 

384 We could, if we wished, analyse our changes of motion in terms 
of action at a distance We should, agam, be at hberty to consider 
such actions at a distance as propagated instantaneously, or as pro- 
pagated with the speed of hght, the results of the analysis would be 
different m the two cases For example, we might find that on one 
mode of analysis we could introduce a constant parameter y which 
we could call a constant of gravitation, on other modes of analysis we 
might find the same parameter to be effectively dependent on the 
time, an effect which might be described as ansmg from the ‘m- 
fluenoes’ of distant particles retarded by a finite time of propagation 
Actually the analysis of our statistical system contams only the 
constants C and rji, both connected with the function ^ defimng the 
distribution considered 

385 With regard to our avoidance of the introduction of the ‘curva- 
ture of space’ or of ‘space-time’, it is, I thmk, becommg gradually 
better recognized that the phrase ‘the curvature of space’ denotes 
nothing physical m nature, that the phrase ‘physical space’ is mean- 
ingless, and that to use a metric defimng a Riemannian continuum 
IS but one amongst many possible choices of mathematical procedure 
useful for descnbmg certam classes of phenomena Any notion that 
bodies are accelerated ‘because space is curved’ or that nebulae 
separate ‘because space is expandmg’ is of course meamngless Space 
and space-time are constructs, manufactured for convenience with 
no more physical content than the phrase ‘the ether’ We have’made 
our work inteUigible by employmg, of aU the spaces at our legitimate 
disposal, the space commonly used m physics This differentiates our 
treatment markedly from the modes of expression used in current 
gravitational relativity We have employed for the time of each 
observer the time commonly used m physics, the time by which 
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velocities are measured, races timed, and railway time-tables con- 
structed This has for a consequence that all false paradoxes and 
contradictions with experience are avoided In our work it would be 
impossible for two pai tide-observers to meet with synchronized clocks 
and meet later to find the one younger than the other No meanmg 
can be attached to an observer’s ‘wavmg his now’ about m a con- 
tinuum 

Observable characterisUcs 

386 The observable characteristics of the simple kinematic system 
of equivalent particles with a hydrodynamic type of flow have been 
summarized in Chapter VI I propose here to summarize the charac- 
teristics of the statistical systems which have been constructed by 
adding other free particles to the simple system until the cosmological 
principle is again satisfied These abstract gravitational situations 
have the following properties 

(1) the trajectories divide themselves into sub-systems, 

(2) the particles, members of any one sub-system, are concen- 

trated towards a nucleus, 

(3) the nuclei follow the motions of the 'simple’ kinematic 

system 

(а) they recede from one another, 

(б) their motions satisfy a velocity-distance proportionahty 
at any one epoch in the experience of any one of them, 

(c) their velocities are constant in the experience of any one 
of them, 

{d) they possess no preferential velocity-frame, 

(e) each nucleus is central with regard to all the others, 

(/) the nuclei are distributed approximately homogeneously 
in the immediate neighbourhood of any one of them, 

{g) the density of nuclei increases at great distances from any 
one of them, tending to infinity at distance ct, where t is 
the present epoch, 

(4) the particles, members of a sub-system, are distributed in 
density round their nucleus accordmg to a law of the inverse 
cube, or a law somewhat more severe, 

(5) the totality of sub-systems is contained within an expanding 
sphere of radius ct centred at any nucleus, where t is the 
present epoch reckoned by the observer on the nucleus, the 
boundary of this sphere is inaccessible, 
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(6) the members of any sub-system are m outward accelerated 
motion from their nucleus, 

(7) the members of the different sub -systems are in transit across 
mter-nuclear space and intermingle, 

(8) the nuclei determme a background of fimte luminosity which 
IS never ultimately resolvable, 

(9) the total number of sub-systems is infinite, 

(10) every particle attains the speed of light at a finite epoch and 
at a finite distance in the experience of any assigned nuclear 
observer, 

(11) in any arbitrary volume of space there are present at any 
epoch particles moving with speeds in the vicmity of that of 
hght, 

(12) after attaming the speed of hght each particle decelerates and 
attains a constant limiting velocity as -> oo, m the experience 
of any nuclear observer, 

(13) in the vicimty of each nucleus there ultimately arrive particles 
at rest relative to this nucleus, from other sub-systems, 

(14) for each particle which the sub-system belonging to a given 
nucleus ultimately yields up to another nucleus, the given 
nucleus ultimately receives a particle from the sub-system 
belonging to the second nucleus, 

(15) each nucleus is associated with a definite set of other nuclei, 
to which it sends, and from which it receives, ultimately 
uniformly moving particles 

387 Overlookmg local deviations from pattern, we have identified 
the system so described with the umverse described in astronomy 
We begm by identifymg the sub -systems with the extra-galactic 
nebulae and the sub-system nuclei with the nebular nuclei This may 
be called our principal identification hypothesis, and covers properties 
(1) and (2) Any further reproduction of the properties of the abstract 
system by the observed universe may be regarded as confirmation of 
this hypothesis 

388. The possession by the nebular nuclei of the properties enumer- 
ated under (3) has been the subject of Chapter VI The recession and 
recession law confirms (3) (a) and (3) (b) Characteristic (3) (c) is not 
yet verifiable within the present range of observation, but may soon 
be tested when regard is paid to the fact that in a photograph or 
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spectrogram the positions and velocities recorded correspond to 
different epochs for objects at different distances Characteristic 
(3) {d) is demanded by onr behef that the universe will possess no 
pieferential frame of reference Characteristic (3) (e) is assigned to 
the universe on almost all cosmologies Characteristic (3) (/) is con- 
firmed by Mount Wilson and Harvard surveys, though some recent 
work by Shapley calls it in question Characteristic (3) {g) is scarcely 
within present observable range 

389 The law (4) of concentration of matter towards a nucleus, 
together with the spherical symmetry of the sub-systems when un- 
disturbed by tidal effects or other local irregularities, is compatible 
with the observed luminosity-distribution in nebulae, its rapid 
increase towards an almost-pomt-nucleus, and the circular shape of 
the observed isophotic contours near a nebular nucleus 

390 Characteristic (5) is not within the range of present observa<- 
tional verification But if Hubble’s law continues to hold — and its 
linear form is an essential consequence of hydrodynamical con- 
tinuity — some upper limit to the distances must exist, as otherwise 
velocities exceeding the light-velocity would be predicted 

391 Characteristic (6) is confirmed by the observed K-effect inside 
our own galaxy, and by the outward motions suggested by the 
observed forms of many nebulae It is true that the existence of the 
K-effect in its usual form, in our galaxy, has been called in question 
by recent work by J S Plaskett, but it must be remembered that an 
outward motion from the galactic centre will only reveal itself locally, 
at an excentric point hke the sun, by a differential K-effect increasing 
with distance and different in different directions, and observed radial 
velocities have not yet been analysed for a differential radial com- 
ponent of this kind Such an effect may be present, but not yet 
disentangled from the differential galactic rotation effect of Oort, 
which would partly mask it It is to be hoped that analysis of stellar 
radial velocitieb for a differential K-effect varying with galactic longi- 
tude and latitude but symmetrical about the line joimng the sun to 
the galactic centre will soon be undertaken 

392. Characteristic (7) is in accordance with evidence recently 
adduced by Larmor as to the motion of stars and star-clusters into 
our own system from outside 
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393 Characteristic (8) is in accordance with present observation 
An ultimately resolvable background would create tremendous philo- 
sophical difficulties, as we shall see in Part IV 

394. Characteristic (9) can never be confirmed by observation But 
no hmit to the number of observable nebulae has yet come into 
observational recogmtion, and we saw in Chapter VI that a universe 
0 a finite number of objects would again create profound difficulties 

395. Characteristics (10) and (11) are in accordance with the pheno- 
mena of cosmic rays, more especially their absence of association 
with particular directions, the corpuscular character of the primary 
agent, and possession by such primary corpuscles of speeds indefi- 
mtely close to that of light 

396. Characteristics (12) and (13) are m accordance with the observed 
existence of cosmic dust-clouds and other obscurmg clouds, travelhng 
with their respective galaxies Characteristics (14) and (15) give a 
rational picture of the development and history of these clouds 

observed characteristics of nebular proper motions of 
nebular flattemngs and rotations, and of the spiral forms of nebular 
arms are not formaUy accounted for in the ideal scheme we have 
described But place for them exists in the scheme For the nebulae 
are discrete, fimtely separated, systems, whilst our analysis has 
roughout been statistical m character, treating of elements of 
vo Time large enough to contam a number of umts and so covermg 
offiy average properties of sub-systems The random orientations of 
the obserTOd planes of spiral nebulae is in accordance with our 
ana ysis But a more finely detailed analysis would endeavour to 
replace the contmuous statistical calculus by a calculus of fimte differ- 
ences If such a calculus is attempted, it appears impossible to con- 
struct an abstract system of discretely separated particles satisfymg 
the cosmological prmciple in three dimensions f This is an important 
negative result It is therefore impossible to approximate fully to the 
statistical system by a system of discretely separated objects, though 
such a system can be constructed easily m one dimension A dis- 
cre ely separated set of particles may be arranged so as to satisfy 
Jatistically (i e on the average) the cosmological prmciple, but the 
detailed aspects of the system as viewed by each member must differ 
t See Appendix, Note 8 
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slightly from member to member A most fascinating domain of 
mathematics opens up at this point, for we could investigate the 
condition of minimum deviation from satisfaction of the cosmological 
principle for a set of finitely separated particles I do not propose to 
examine this problem here, but it is clear that differences of aspect 
will be associated with residual accelerations, fluctuations, or devia- 
tions from the smoothed-out values, which in turn may set up local 
proper motions, rotations, tidal flattemngs, and other features of 
form and motion It is not improbable that such dynamical conse- 
quences can be inferred by purely kmematic methods, for example, 
the departure of the grand system from perfect spherical symmetry 
round each individual member will be expressible as the coefficients 
of a momental quadric, whose axes will determine components of 
acceleration and associated couples Thus whilst statistical analysis 
gives the broad features of the world-system, individual peculiarities 
of form and motion must await a more powerful and more detailed 
technique capable of dealing with the 'fine structure’ of the umts 
concerned It would, indeed, have been wholly unsatisfactory if our 
crude statistical analysis had predicted the forms of individual 
nebulae, we may regard it as paving the way for a calculus which, 
taking due account of finiteness of separation of nuclei and the three- 
dimensionahty of space, will examine subordinate details Our present 
calculus has played the important part of indicating which are merely 
fine-structure details and which are large-scale features 

398 One point on which criticism may be anticipated may be 
mentioned Each sub-system in our scheme contains an infimte 
number of particles, the infimty occurring at the nucleus of the sub- 
system In one way this infinity in the ideal scheme is satisfactory 
it IS the way chosen by the mathematics to define a strong central 
nuclear condensation, and to ensure the existence of this condensa- 
tion for all time, for a finite population for each sub-system, owing to 
its centrifugal expansion, would eventually be impoverished to zero 
But it may be asked what 'influence’ the infimty m density at each 
nucleus has on the forms of trajectories This question can be 
answered in general terms, and the singularity in density removed, by 
subtracting from the statistical system a simple kinematic system 
corresponding to the nuclear singularities This will leave the motion 
of each nucleus unaltered — ^its velocity will continue constant — since 
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the ‘field’ of the simple kmematic system reduces to zero at each 
fundamental particle. The details of the forms of individual trajec- 
tories of other free particles will be affected, but not their general 
features, for the acceleration-formula will remam of the same func- 
tional form We cannot simply superpose accelerations, of course 
A new analysis is reqmred, combining the hydrodynamical and 
statistical treatments, much in the same way as mixed radiation 
fields, consistmg of contmuous pencils of radiation and parallel beams 
of radiation, can be treated in theoretical optics I do not here 
attempt this analysis, but the idea of superposmg a hydrodynamical 
system (taken negatively) on a statistical system may prove a fruitful 
one A fnon it offers the possibUity of reducmg the population of a 
sub-system to a fimte number 

399. Our treatment has throughout been guided by the desire not 
merely to express the umverse in symbols but to go behind the 
symbols to the phenomena It is thus m marked contrast not only 
with current relativistic cosmology but also with much of modern 
theoretical physics, which demes that symbols can be used to give 
insight into the relations between phenomena 

The cwre&r of the universe 

400. We have described a possible career for the universe from the 
dawn of tune to the everlastmg future, from ‘creation’ to ‘world 
without end’ In our abstract idealization we trace the history of each 
individual constituent from f = 0tof-^oom the experience of any 
of the fundamental equivalent observers, and we describe the rela- 
tionship of each particle to other particles, their memberships of sub- 
systems, the events along them trajectories and their ultimate fate 
No such comprehensive scheme of motions, no detailed treatment of 
the mfimtely-many-body problem, no complete world-history, has 
been previously sketched 

401. We briefly restate this world-history The epoch t = 0 defines 
an imtial singularity It is a smgularity in total density, and a siug n 1fl.T- 
pomt on each trajectory Trom this event each particle starts with 
some defimte uutial velocity %, where 0 < |Vo| < c and % = 0 
specifies the arbitrary particle-observer O in whose experience the 
mitial velocity was Vq. But smce the pomt i == 0 is a smgular point 
on the trajectory, the value of Vo does not fully specify the trajectory 
The trajectory is defined by two other constants, a vector i and 
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a scalar Xi The particles with a common imtial velocity \ form a 
sub-system The 'centre’ of the sub-system moves with the constant 
velocity Vq, and follows a singular trajectory, namely a straight line 
The members of the sub -system separate from one another according 
to the values of i and but move with the average velocity 
Seen from its centre, each sub-system possesses spherical symmetry, 
each member moving radially outwards from the centre m a way which 
depends on the whole statistical distribution of particles present 
Each member has for its hodograph (m O’s experience) a straight hne 
defined by % and i, the different members with the same hodograph 
differing in their X/s In the experience of 0, who is the centre of the 
sub-system % = 0, a member of the Vo-sub-system (Vq ^ 0) may be 
at first accelerated or decelerated, but it is always eventually acceler- 
ated This acceleration (or deceleration) is always directed towards 
the apparent centre of the whole system to the particle concerned, 
namely the position of that 'fundamental’ particle Vq = constant for 
whom the constant is equal to the mstantaneous velocity V of the 
particle concerned, all reckoned in O’s experience, in the frame of 
this fundamental observer Vq = V, the particle concerned is momen- 
tarily at rest (Each fundamental observer is not only the centre of 
his associated sub-system, but also central, m his own experience, 
with respect to the totality of particles present ) As V, the velocity of 
the moving particle concerned, changes, the fundamental particle 
relative to whom the moving particle is instantaneously at rest alters, 
and the apparent centre of the umverse (to the moving particle) 
migrates from fundamental particle to fundamental particle It has 
been shown that though always 'falhng freely’ towards the apparent 
centre (to it) of the grand system, the moving particle never reaches 
the migrating apparent centre, save possibly as i -> oo Instead, in 
its 'endeavour’ to reach this apparent centre, it accelerates until 
it attains the velocity of light, which it does at a fimte epoch and at 
a fimte position interior to the whole system Whilst swiftly moving, 
with a velocity m the neighbourhood of that of hght, it may take part 
in a collision and give rise to a cosmic-ray phenomenon (It may, 
indeed, undergo colhsion before or after this juncture, in which case 
it may take part in a process of dust-particle-buildmg or star-build- 
ing ) After attaimng the velocity of hght, if it continues to avoid any 
colhsion, it decelerates and, as ^~>oo, tends to assume a constant 
limiting velocity 
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(The acquisition of the speed of hght and the subsequent decelera- 
tion may be described as due to the 'gravitational pulF of tlie whole 
universe of matter in motion But it will be noticed that the notion 
of a gravitational potential is completely inapplicable to the system, 
partly because it is impossible to get to 'great distances from all 
attracting matter’ (the usual dynamical phrase), partly because the 
system possesses no 'field of force’ m the sense in which the phrase is 
used m discussing conservative systems in dynamics Though the 
acceleration formula exphcitly involves the velocity it is not to be 
imagined that the acceleration 'depends on’ the velocity, the velocity 
has to be mentioned simply because an observer has to be mentioned 
in whose experience the motion is being described, but the accelera- 
tion 'depends’ only on the distance of the particle concerned from 
the apparent centre of the system in the frame in which it is at rest ) 

The members of a sub-system are strongly concentrated towards 
the centre of the sub-system, which thus forms a nucleus These 
nuclei we identify with the nuclei of the extra-galactic nebulae, and 
we accordmgly identify the sub-systems with the nebulae themselves 
The members of the different sub-systems intermingle, any assigned 
volume of space contaimng a single nucleus will contain, in addition 
to the particles belongmg to this nucleus (possessing the same value 
of %), particles belongmg to other, distant or neighbouring, nuclei 
Internuclear space will accordingly be peopled by 'field-particles’, 
derived from a variety of nuclei and belonging to a variety of sub- 
systems Near an assigned nucleus, the field-particles or intermingling 
members from other systems will be in a negligible minority compared 
with particles 'belongmg to’ the nucleus concerned These latter 
particles stream outwards from the nucleus, their outward motions 
constitutmg what is usually described as a K-effect, and helping to 
give rise to the observed forms of the arms of spiral nebulae. 

The members of each sub -system appear to have originated from 
the associated nucleus But they may be considered as having equally 
origmated from any other nucleus, for all issued from the primeval 
smgularity at ^ = 0 They 'belong to’ a nucleus simply m the 
techmcal sense of possessmg the same integration constant But 
their density-concentration allows immediate recognition of the value 
of Vo characterizmg them, namely the % or constant velocity of the 
nucleus The separation of the nuclei carries with it the partial 
separation of the sub-systems, in the sense of the separation of the 
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majority of the members of a sub-system from the majority of the 
members of any other sub-system 

Each nuclear region steadily loses members Theoretically, in the 
abstract scheme, the process never terminates, but goes on for ever 
without the density-concentration ever disappearing For the density- 
concentration IS represented in the ideal scheme by an infinity in 
particle number Actually, for the fimte-density concentrations of 
nature, the process must result in the complete dissolution of the 
sub-system But the nuclear vicmity does not go uncompensated 
Each nucleus gathers in its vicimty particles arriving at relative rest 
from other sub-systems, shed off as it were from other nuclei These 
arriving particles ultimately move along with the nucleus which is 
then destination They may be identified primarily with the clouds 
of obscuring matter found m association with galaxies Such dust- 
particles may be formed from the coalescing of atoms, electrons, posi- 
trons, or other primary corpuscles represented by our ideal particles 
But larger formations, such as stars, multiple stars, planetary systems, 
or star-clusters, may also ultimately arrive and build up a new 
galactic system Thus every sub-system is m process partly of con- 
tinuous dissolution, partly of contmuous re-formation, the new 
arrivals may ultimately build up a complicated, umfoimly moving 
cosmic structure 

402. It might be thought from this, at first sight, that the ulUmate 
state of the universe is a collection of moving cosmic clouds and other 
f 01 mations replacing the original galaxies This is not so The umverse 
possesses no ultimate state Each individual galaxy disperses, and 
IS replaced by an obscuring cloud or other aggregation, as i oo, as 
reckoned in its own local time-history, 0 < ^ < oo But at great 
distances from it, in its own time-experience, the galaxies are at a 
much earlier stage of evolution That is to say, at events on the Vq- 
galaxy at the world- wide instant t in the experience of an observer at 
the nucleus of a given galaxy Vq = 0, the observer on the Vo-galaxy 
will assign to these events the earlier epoch ^(1 — Fo/c^)^, and therefore 
his stage of dissolution and re-formation will be less advanced Ever, 
on the confines of the observable umverse, galaxies could in principle 
be observed in arbitrarily eaily stages of evolution, in a stage arbi- 
trarily near = 0, i e arbitrarily near 'creation’ Thus though the 
process of dissolution and re-formation is ever in being for each 
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individual sub-system, we can never say that it is nearing comple- 
tion for the totahty of galaxies The evolutionary process, however 
far advanced at any individual nebula, has proceeded along only 
an arbitrarily short course for other sufficiently distant, sufficiently 
swiftly movmg galaxies m the world-wide ‘present’ of the given 
mdividual nebula The universe goes on for ever The evolutionary 
process never terminates, it never even approaches termmation We 
can no more speak of the ‘age’ of the umverse, objectively, than of 
the ‘radius’ of the umverse, each refers to a particular observer at a 
particular stage of his experiences To us, now, at epoch t measured 
from the natural time-zero, the ‘age’ is t and the ‘radius’ ct, but at an 
event m our world-wide ‘present’, t, for the observer expenencmg this 
event on the nucleus moving with velocity Vq, the age is i(l— 
and the radius and thus both are smaller 

Thus whilst each mdividual sub-system has an ultimate fate, the 
universe- as a whole has no ultimate fate Eeferring to the whole 
umverse, the word ‘ultimate’ has no meamng All statements to the 
effect that the umverse ultimately stagnates, or passes to a state of 
‘heat-death’, all attempts to mvoke the second law of thermo- 
dynamics on the cosmic scale, are devoid of meamng Each separate, 
hmited aggregate such as a star or galaxy may cool or decay, the 
second law may be vahdly apphed to any fimte system not com- 
prismg the totahty of thmgs, but to apply it to a umverse containing 
an mfimte number of entities has no meamng Entropy, as Eddmgton 
has remarked, points tune’s arrow, but time is rather to be regarded 
as a ffight of arrows, each with its distmct course, and no entropy- 
maximum IS ever attained by the umverse, even as f oo, for every 
experience, however large t may be, mcludes events for which the 
local time and so the local measure of the local entropy-mcrease are 
arbitrarily small The umverse, if capable of representation by our 
ideal scheme, as it seems to be, is an ever-continumg system, knowmg 
birth but not death Each lumted portion, each nebular system, 
decays, perhaps dies, but the race of nebulae survives for ever 
Into the further philosophical unphcations of these conclusions, 
with their frank contrast with the expressed views of writers like 
Eddmgton and Jeans, which have been taken so seriously by 
tlunkers such as Inge, I shall not here enter I would only remark 
that previous discussions of the cosmological problem have scarcely 
passed beyond the rudimentary ‘hydrodynanucal’ stage comparable 
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With OTir discussion m Part II, and that no complete statistical analysis 
of the universe as a collection of separate moving particles has been 
previously given By re-analysmg the foundations of relativity, with- 
out making use of any so-caUed laws of nature’ or 'natural constants’, 
we have given answers to questions which have engaged the attention 
of philosophers since fundamental inquiry began I am deeply con- 
scious of the many imperfections in the answers, and oui attempt at 
a complete cosmology must necessarily be regarded as a provisional 
solution, liable to drastic revision or even complete rejection as 
investigation and observation advance I merely submit that our 
answers to the questions of time and space, of past and future, of 
geometry and gravitation form a self-consistent whole, free from 
internal contradiction and resting on an extremely small substratum 
of empirically ascertained fact, this substratum comprising httle 
more than the existence of a temporal experience for each individual. 

403. Minkowski once said 'The whole umverse is seen to resolve 
itself into world lines, and I would fain anticipate myself by saymg 
that m my opinion physical laws might find their most perfect expres- 
sion as reciprocal relations between these world hnes ’ In a very 
imperfect way we have carried out Minkowski’s programme, we have 
avoided making any hypotheses of a physical character about laws 
of nature, yet we have airived at a complete description of an infinity 
of possible motions of systems which may be described as gravitating 
systems Whether the distribution of matter-in-motion 'causes’ the 
accelerations undergone by the particles we have never had to inquire , 
we have found it sufficient to ascertain what accelerations coexist 
with specified distributions of matter-in-motion Just as an absolute 
time disappeared in Einstein’s analysis, so an absolute law of gravita- 
tion has disappeared in ours Minkowski’s programme has proved 
completely practicable 

404 Kjxchhoff once referred to 'the formulation of the natural 
sequence of the motions of inammate material systems’ This is 
Minkowski’s programme expressed in other words 

405 Sir Joseph Larmor has written 'To say, as is sometimes done, 
that force is a mere figment of the imagination which is useful to 
describe the material changes that are going on around us in nature 
IS to assume a scientific attitude that is appropriate for an intelhgence 
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that surveys the totality of things ’ Without claiming the possession 
of such an intelligence, we may assert that this is precisely the 
attitude we are compelled to adopt in attempting a solution of the 
cosmological problem Torce’ we have in fact regarded as a figment 
of the imagination ‘Matter and motion’, in Clerk Maxwell’s phrase, 
are alone observable, counts of particles, clock-measures, Doppler 
effects, form the world-stuff we have discussed It is not surprising 
therefore that a purely kmematic treatment, avoiding dynamics, 
has proved adequate for our purpose, for our material is of kinematic 
character Dynamics is an intermediary between man and motion 

406. Lord Kelvm once asked ‘Were the primordial atoms relatively 
at rest m the most ancient time ‘Or were they moving with velo- 
cities relative to fixed axes through the centre of inertia of the whole, 
sufficiently great to give any contribution to the present kinetic 
energy of the umverse?’ ‘It is conceivable that all the atoms were 
relatively at rest in the most ancient time ’ 

We have obtained an answer to Lord Kelvin’s first question, and 
answered his conjecture in the negative The atoms were not at rest, 
for that would have been to give a meaning to ‘rest’ in contradiction 
with the impossibfiity of describing an absolute frame of reference 
Our proposed representation of the universe contains no frame of 
‘absolute rest’ The system has no centre of inertia, only an apparent 
centre m the experience of any observer, and different centres for 
different observers 

407. The writer of the article ‘Herbert Spencer’ in the 1911 edition 
of the Uncyclopaedia Bntanmca remarks ‘Spencer appeals alternately 
to the mstabihty of the homogeneous” and the impossibility of 
complete equihbration to keep up the cosmic see-saw, but he can only 
do so by confinmg himself to a part of the universe A world wholly 
homogeneous or equivalent could no longer change, whilst so long as 
a part only is in process of change, the process cannot be represented 
as umversal Agam an infimte world cannot be wholly engaged in 
evolution or m dissolution, so that it is really unmeaning to discuss 
the umversahty of the cosmic process until it is settled that we have 
a universe at all capable of bemg considered as a whole ’ 

I submit that our provisional solution of the cosmological pioblem 
answers Spencer’s arguments Though Spencer saw through a glass 
darkly, his arguments have their full force But since our inferred 
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world-structure has a finite volume at any one time (in the experience 
of any one observer) it ts capable of being considered as a whole, 
though from the inside only Change is provided for by the all-pei- 
vading evolutionary process, advanced near ourselves and only just 
begun near the confines We meet Spencer’s difficulties by makmg 
use of the mathematical concept of an open set of points, an infinity of 
points in a fimte domain deprived of its limiting points so that every 
point IS surrounded by others There is no cosmic see-saw Experi- 
ence, the totahty of all experiences, is a succession of overlappmg 
and related hfe-times Experience of the past is commumcable, 
experience of the future unattainable The inevitabihty of the local 
evolutionary decay-process is accompanied by a perpetual all-but- 
re-creation near the boundary, elusive, rambow-like, incapable of 
capture Spencer rightly urged the impossibihty of the homo- 
geneous and the static Motion is nature’s answer to problems of 
time, nature’s device for constiucting an infinitely populated umverse 
in a finite space possessing, owmg to the inaccessibility of its boun- 
dary, all the properties of mfinite space but avoiding the difficulties 
of an mfimte space 

408. To discuss time is to discuss the coie of experience To discuss 
space IS to discuss the scaffolding of a building The scaffoldmg is 
put in by the observer, is necessary for the examination of structural 
details But the scaffoldmg is arbitrary The resultmg mode of 
description will depend on the scaffoldmg, will be a function of points 
of view But what is important is what is inside the scaffoldmg, the 
structure itself 
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PART IV 

WORLD-PICTURES 


XV 

THE WORLD-PICTURE ON THE SIMPLE KINEMATIC 

MODEL 

409. The object of Part IV is to compare the kinematic structure 
we have erected with Newtoman and with relativistic dynamics and 
their associated cosmologies 

410. In the scheme of 'general’ relativity any proposition represented 
by symbols is capable of immediate translation into observations 
Similarly in our kmematic scheme any proposition is immediately 
translatable mto observations Therefore a complete comparison can 
be made between the relativistic cosmologies and our own by turning 
both mto the imphed observations and then comparing the observa- 
tions As our view is that the geometry adopted by an observer is 
arbitrary, it would be idle to compare geometries, we should get no 
farther Likewise it would be idle to compare any propositions stated 
in terms of coordmates We must go back to the actual observations 
out of which the coordinates have in our systems been constructed, 
and the actual observations imphed by the conceptual constructs of 
'general’ relativity 

411 The plan of Part IV is that we first briefly collect together the 
formulae givmg the observable properties of the kmematic structures 
We then construct a complete cosmology based on Newtonian dyna- 
mics and gravitation, withm the domain of validity of the Newtonian 
system We next observe that the symbolic representation of the 
Newtoman cosmology is formally identical with the symbolic repre- 
sentation of the cosmologies of 'general’ relativity, but that the latter 
representation requires a different mterpretation in terms of observa- 
tions This mterpretation we proceed to obtain in a form strictly 
comparable with the mterpretation of our simple kmematic models 
m terms of observations Comparison then shows that certain rela- 
tivistic cosmologies under various circumstances approximate to our 
systems, and even tend to them in certain limiting cases, but differ 
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from them essentially in definite and important respects We come to 
the conclusion that the relativistic cosmologies must be rejected as 
contradicting experience, whilst the kinematic models are compatible 
with experience 


Comparison with local Newtonian gravitation and dynamics 

412 The simple kmematic model is described by the observer at the 
origin as possessing the particle-density distribution 

Btdxdydz 


ndxdydz 

where B is arbitrary, as satisfying the velocity law 
u = xjt, V = yjt, w = zjt 
and as possessing the velocity distribution law 

B dudvdw 


ndxdydz = n' dudvdw 


( 1 ) 


( 2 ) 


(3) 


C^{1 — {u^ + V^-\-W^)lc^Y 

The acceleration of a free particle movmg with velocity V (u, v, w), 
at the position P (x, y, z), at epoch t is given by 


^ = (p- voic'd), 


where 
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Z = t- 
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^ = Z^IXY (6) 

The spatial particle-density near the observer (putting 
a: = « = z = 0) IS given by 

9io = BjcH^ (7) 

If Too ^ particle (here representing a nebula), the mass- 

density po IS given by 

Po = no mo = mo BjcH^ (8) 

The acceleration of a free particle P near the observer, at rest rela- 
tive to the observer, is 

dV P 




(9) 


The Newtoman acceleration for a particle near the observer is by the 
inverse square law 


dt 


■ W|P|%- 


PI2 tpl 


( 10 ) 



292 WORLD PICTURE OIT THE SIMPLE KINEMATIC MODEL § 412 
where y is the Newtonian constant of gravitation The two values of 
the acceleration will agree, for |P | small, if 



1 e , using (8), if = £i[_G((l)] ( 12 ) 

The number Q{1) has been shovm to be negative, and by arguments 
depending on the more detailed statistical world-system — (?(!) was 
shown in certam cases to be umty The hydrodynamical or simple 
kmematic system can be considered as the limit of the statistical 
system for marked nuclear condensation, and without more ado I 

shall assume that -Q{1) is m fact umty for the simple kinematic 
system 


413. Smce 5 is a constant, if we define mo to be constant then we 
must have y a: t This means that tlie Newtoman ‘constant’ of 
gravitation, if estimated by this method from the acceleration of a 
free particle m the space immediately surrounding a not too small 
group of neighbourmg galaxies, should be propoitional to the epoch 
t reckoned from the natuial time-zero It should therefore be 
apparently increasmg at the rate of one part m 2 x 10® per year This 
must not be taken to imply that local gravitation, in the solar system 
for example, possesses a varymg y Our result relates to the estimate 
of gravitation made by an observer observmg a freely moving particle 

in motion at smaU relative velocities in inter-galactic space not too 
far off 


414 The quantity B has an immediate physical meamng The 
density, in the experience of observer O at the origin, mcreases out- 
wards, ultunately to infimty But suppose he estimates what may 
be called the extrapolated mass of the universe by multiplying his 
local density by the total volume of occupied space as estimated 
from the maximum distance of nebulae inferred from the velocity- 
distance proportionahty His local density is po = m^BIcH^, the 
volume IS f 7r(c<)® Consequently, the extrapolated homogeneous mass 
namely the product of these, is 

iTTfriQ B, 

i,® C®f/y (13) 

I^or i _ 2x 10® yeais = 0 exlO^’' secs , c = 3x10^® cm sec 
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y == 6 66x 10-^ this mass is 2 4x grammes It must not be 
supposed that this is the mass of the umverse, which on our analysis 
is infimte But the mass cHjy, where t is the observer’s present epoch, 
constantly appears in all relativistic cosmologies, some of which 
indeed assign it as the actual mass of the umverse We shall meet this 
quantity again m our account of current relativistic cosmology, in 
which, however, y is a constant of nature 


415. The local density, namely or is now seen to be 


Po — 


1 


( 14 ) 


or gramme cm at the present epoch It is remarkable that this 
IS independent of the arbitrary constant B A density of the order 
l/7ry^^ constantly appears as the local density at epoch t in all cosmo- 
logical treatments, as we shall see 


416 A given nebular nucleus m the vicinity of a given group of 
nebulae is on this model unaccelerated This can only be reconciled 
with the Newtoman law by introducmg a repulsive force propor- 
tional to the distance The value of the required constant of pro- 
portionality IS readily found The equation of motion of the nebula 
must be 


0 = — y 


M{r) 


-lo^Xr, 


( 15 ) 


where is the repulsive acceleration which is the resultant of all 
the repulsive actions at a distance arising from the totality of matter 
present *1 Now here M(r) = ^Trp^r^ = r^/yt^, whence 



( 16 ) 


independent of r The present numerical value of this is about 
10“^^ cm This IS approximately the value assigned to the 'cosmical 
constant’ A in Einstein’s original static umverse 


417. It IS evident without calculation that this must come out so 
For our system, like Einstein’s, assigns zero accelerations to the 
particles or nebular nuclei, though whilst in Emstein’s model the 

t It IS readily shown that a system of repelling point centres, spherically sym- 
metrical about 0 and each repelhng with a force proportional to the distance, gives 
a resultant repulsion at any point proportional to the distance of the point from O 
This follows by a simple application of the triangle of forces 
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nebulae are all at relative rest (in contradiction with the impossibility 
of describing a standard of absolute rest), in our system the nebulae 
possess such constant velocities that they determine no preferential 
standard of rest It must be remembered, however, that in our treat- 
ment the ^cosmical constant’ (a function of the time) would represent 
a mere subjective resolution of the accelerations 'zero’ into an 
attraction and an equal and opposite repulsion In Einstein’s treat- 
ment it was supposed to be a genuine constant of nature, though 
introduced empirically In our kinematic treatment of gravitational 
problems no constants of nature are mtroduced at all Our comparison 
affords great insight, however, into the manner in which an empirical 
procedure such as Einstein’s can lead to a belief in the objective 
existence of a quantity which a more deep-going analysis shows to 
be merely subjective Thus do we dignify with the name 'laws of 
nature’ regularities or relations inserted into the situation by the 
observer— a view held and forcibly expressed in his Gifford lectures 
by Eddington, but a view from which his own practice, in relation 
to the 'cosmical constant’, has somewhat deviated If the observer 
chooses to believe in action at a distance, he will inevitably be led to 
introduce 'constants’ of nature, but these are purely products of his 
own imagination, at least in this context f Our analysis not only 
introduces no cosmical constant, but makes it highly improbable 
that any such constant has any pait in the ultimate description 
of phenomena 

418. The foregoing formulae (13), (14), (16) are reproduced here for 
convenient comparison with the similar formulae of relativistic cos- 
mology We now proceed to state briefly the pioperties of the simple 
kinematic system in terms of observations 

Possible observations 

419. We have seen that the essential instruments of observation are 
the clock and the theodolite We make an observation on a distant 
observer’s clock, in effect, by measuring the Doppler effect for the 
lines in the source he accompanies It is therefore sufficient to replace 
the instruments of observation by a clock, telescope, and spectro- 

t The constant y, of course, serves a useful purpose — it enables us to pass from 
particle counts to mass measures, just as c enables us to pass from time-measures to 
length measures , the value of y fixes the gramme, the value of c the centimetre 
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scope The following observations can then be made on any world- 
system 

(i) The Doppler shift-coefficient s of any nebula can be measured 
at epoch of observation by the observer’s clock, and so s determined 
as a function of ^ ^ ^(^2) 

(11) The number Nds of nebulae per unit solid angle with observed 
Doppler shifts between s and can be counted at epoch of 

observation t^ by the observer’s clock This can thus be determined 
as a function of s at epoch ig? ^^d by repeating the observations 
at different epochs it can be determined as a function of the two 
variables s and N ^ N{s, tf) 

In addition, (m) the telescope will yield some information about the 
state of evolution of the nebula identified by the Doppler shift s This 
can be interpreted as yielding the local nebular time t' on the nebula 
defined by 5 as a function of the epoch of observation f = f (5, ifg) 

Lastly, (iv) if the observer is provided with a photometer or other 
brightness-measuring apparatus, he can determine the brightness b of 
the 5-nebula at epoch of observation ifg a function of s and 
b = 6(5, y 

420. Just as these observations can be actually carried out on the 
actual umverse, so any proposed model of the univoise, whatever 
gcometiy or laws of nature bo adopted, can be taken as predicting 
the result of these observations Any model proposed for the universe 
thus predicts at least four functions involving only observed quantities, 
namely s{t2), N{Sy tf), f{s, and 6(5, tf) Any proposed model can be 
compared with the actual universe by constructing these four func- 
tions mathematically and then comparing them with the results of 
observation 

421. Similaily any two models of the universe can be compared by 
constructing the four functions mathematically and comparing the 
functions In such a comparison everything introduced by the 
observer — geometiy, coordinates, assumed laws of nature — is elimi- 
nated, and the comparison is one of observations only We compare 
as it were the actual photographs and spectrograms that would be 
obtained by exposing large telescopes and spectroscopes to the skies 

t It IS coRvomont to contxnuo to uso % for tho opocL of recoption of a light signal, as 
in Chapter II 
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It then foUows that two proposed models of the universe are iden- 
tical, and only identical, when these four functions (at least) are 
identical 

422. I propose in due course to construct these functions, or rather 
the first three of them, for the simple kinematic model we have 
examined m Part II and for the umverses of current relativistic 
cosmology, and then to compare them This will settle defimtely the 
question whether our models do or do not coincide with the models 
of current relativity 

423. It IS surpnsmg that this methodology has not been adopted by 
previous writers i' Investigators have analysed ad tvausmm the gm- 
metncal properties of umverses on different geometries, with different 
values of the ‘cosmical constant’ and differmg values of the constants 
of mtegration that arise, but have scarcely paused to tabulate the 
correspondmg observable properties m detail It is, however, only by 
comparmg observable properties that we can mstitute any com- 
parisons between the umverses of current relativistic cosmology and 
the kmematic umverses constructed on such different principles 

424. I shall m fact confine myself to the observational properties 
(i), (u), and (ui) Property (iv) is readily discussed, but its discussion 
requires certain prmciples of physical optics which are outside the 
scope of the purely kmematic considerations of the present work 
Moreover a complete discussion of the luminosity or brightness pro- 
perties of nebulae requires the makmg of some assumption as to the 
variation or constancy of lununosity of a given nebula in its own local 

time-Mstory These problems wiU perhaps be discussed m due course 
in technical papers 


Observable f unchons for the simple kinematic system 

425. The simple kmematic system of movmg particles is defined by 
( ) and (2) above The velocity of any particle is constant Conse- 
quently Its observed Doppler shift is mdependent of the epoch of 
o servation t^ The function 5(#2) givmg the variation of Doppler 
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shift with epoch of observation is accordingly 

5(^2) = constant (17) 

This IS observable function (1) 


(18) 


426. The coordinate recession velocity V has been shown to be 
connected with the Doppler shift-ratio s by the relation 

[l-V/cj 

It IS worth while, in parenthesis, to derive this again from first 
principles If a light-signal leaves a particle at epoch t in O’s reckon- 
ing, when the distance of the particle is r, then by the definitions of 
epoch and distance it arrives at 0 at epoch #2 by O’s clock, where 

^2 ~ t-\-rlc (19) 

Hence, for two neighbouring signals, 

df 2 = dt-j-drjc 
= dtil+V/c) 

But if t' is the local time on the particle considered, we know that 

t' = <(i_F2/c2)i, dt’ = dt(l—V^lc^)i (20) 

Hence by the defimtion of the Doppler shift-ratio s, 

dt2 

y ^2 I 

Solving, we have — = (21) 

c ^ ^ 

Hence for a range dV mV, the corresponding range ds in s is given by 

^ (22) 

Now formula (3) above gives the number of particles with recession 
velocities between V and dV, inside a sohd angle doj, as 

BV^dVde 

c3(l_F2yc3)2 

Introducing for F and dV in terms of s and ds from (21) and (22) in 
(23), the desired number is 


/1+F/cU 

[l-VIcj 


4s2 


dsdo) 


(24) 


This IS the observable function 

4021 


(U) 

Qq 
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427. The distant local time t' is connected with the time of observa- 
tion i ^2 by the formulae (19) and ( 20 ) Putting r = Vtwe have 

or t' — t^js (25) 

This IS the observable function (m) 

428. Our three functions connecting observables are accordingly 

s = const (indep of (i) 

N do)ds = B dsdo), (ii) 

i = ^2 A (ill) 

In these is the epoch at the observer at which the observation is 
made, and s is the Doppler shift-coefficient observed at this epoch 
Formula (i) gives the march of s for any arbitrary nebula, (li) gives 
the density of particles on a photo-spectrogram in terms of 5 and 
epoch and (ui) gives the local time on the nebula identified 
by 5 , at epoch of observation 

429. In Chapter XVII we shall obtain the corresponding formulae, 
in terms of the same observable variables s and ^25 for the universes of 
general relativity In order to obtain these formulae in as simple a 
way as possible, we turn aside in Chapter XVI to consider liow the 
cosmological problem would be solved by a Newtonian analyst using 
Newtoman time and Euchdian space for all observers but assuming 
these tunes and spaces to be connected not by the correct formulae of 
relativity but by the simple (incorrect) formulae of Newtonian re- 
lativity 



XVI 

NEWTONIAN AND RELATIVISTIC COSMOLOGY 

430 Great insight into the cosmological problem is obtained by- 
constructing a solution by the methods of classical mechanics (New- 
tonian dynamics and gravitation) and Newtoman relativity This 
will be found to convey an easily mtelhgible idea of the dynam%cal 
nature of the phenomenon of the expandmg umverse Further it will 
be found greatly to facilitate the mathematical discussion of the 
dynamical relativistic solutions, by suggesting appropriate mathe- 
matical procedures and by attaching physical meamngs to certam of 
the symbols occurrmg in the djmamical relativistic solutions whilst 
indicating at the same time what symbols are devoid of physical 
content 

431 By a Newtonian solution of the cosmological problem we mean 
of course a distribution of matter m motion satisfying the cosmo- 
logical principle and obeymg the laws of Newtonian dynamics and 
gravitation in accordance with Newtoman relativity In Newtonian 
mechanics, once a system is given, its future motion is determinate 
The object of the investigation is to find such a system of movmg 
particles such that for any pair of particles A,B both A = B and 
A ^ B, or, m words, such that the desciiption of the system from 
any particle A of the system as observing head-quarters is identical 
with the description of the system from any other particle B of the 
system This is of course the hydrodynamical case, in which the 
members of every pair of particles are eqmvalent, the more refined 
statistical case, in which the system contains particles besides the 
equivalent pairs, I shall not here consider, though there is no diffi- 
culty in constructing one The addition of a dynamics to the problem 
of course enormously simplifies the mathematics as compared with 
the solution by purely kinematic methods, where we have no empirical 
dynamics to guide us 

432 There are various other advantages in constructing solutions of 
the cosmological problem by the methods that would have been used 
by an analyst of the Newtoman period First, it was until recently 
generally supposed that a solution of the cosmological problem on 
Newtonian principles was impossible This was the view of Einstein 
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when he wrote f 'If we ponder over the question as to how the 
universe, considered as a whole, is to be regarded, the first answer 
that suggests itself is surely this As regards space (and time) the 
universe is surely infinite There are stars everywhere, so that the 
density of matter, although very variable in detail, is nevertheless on 
the average everywhere the same In other words However far we 
might travel through space we should find everywhere an attenuated 
swarm of fixed stars of approximately the same kind and density — 
This view IS not in harmony with the theory of Newton The latter 
theory rather requires that the universe should have a kind of centre 
in which the density of stars is a maximum, and that as we proceed 
outwards from this centre the group-density of the stars should 
dimmish, until finally, at great distances, it is succeeded by an 
infinite region of emptiness The stellar universe ought to be a finite 
island in the infimte ocean of space —This conception is of itself not 
very satisfactory It is still less satisfactory because it leads to the 
result that the light emitted by the stars and also individual stars of 
the stellar system are perpetually passing out into infinite space, 
never to return, and without ever agam coming into interaction 
with other objects of mature Such a finite material universe would 
be destined to become gradually but systematically impoverished ’ 
Einstein appended a proof claiming to show that the intensity of the 
gravitational field at the surface of any sphere in a homogeneous 
infinite distribution of matter would ultimately become infinite with 
increasing radius of the sphere, 'which is impossible’ Elsewherei 
Einstein remarked 'Diese Schwierigkeiten lassen sich auf dem Boden 
der Newtonschen Theone wohl kaum uberwinden ’ 

The above considerations are, however, invalid In the first place, 
the notion of the intensity’ of a gravitational field is a pure concept 
Einstein’s mathematical proof involved the concept of lines of force 
But the point is not whether the conceptual field, calculated with 
hypothetical boundary conditions, in a given frame of reference, ever 
becomes infinite, but whether the accelerations, actually undergone 
by the particles present and capable of observation by other particle- 
observers, become infimte in the experience of these particle-observers, 
reckoned in the frame moving with the particle-observer considered 

t The Theory of Relativ'ity (English trans , Methuen), 4th edition, chapter 30 
p 105 (1921) ^ * 

t Bitz Preus<t Akad , 1917, S 150 


§432 NEWTONIAN AND RELATIVISTIC COSMOLOGY 301 
These have to be measured by specified particle-observers before they 
have a meaning, and it can be shown that Newtonian systems can 
be constructed in which the relative accelerations are small near 
the observer and everywhere finite in his experience In the second 
place, there is no need to posit, in Newtonian mechamcs, a unique 
centre for the universe, with density everywhere decreasmg outwards, 
Newtonian mechanics by no means imphes the hsland universe’ view 
This will be shown by actual construction of systems which are both 
homogeneous (in the Newtonian sense) and self-consistent, i e which 
obey everywhere the laws of Newtonian mechanics In the third 
place Einstein’s argument claiming to deny the likelihood of particles 
and light passing away from one another for ever and claiming 
to demand perpetual remteraction is of a metaphysical, a jpriori 
character, and we have no justification for imposing this demand 
(Actually our statistical kinematic system satisfies Einstein’s demand, 
in part, but it does so as an a posteriori consequence of our application 
of the principle of relativity ) 

Einstein’s considerations were put forward before the phenomenon 
of the expansion of the universe was generally recognized They show 
how dangerous it is to attach weight to a prion general arguments 
The existence of motion as well as matter in the universe is an essential 
element which Einstein at that time left out It is indeed impossible 
to construct a static world-system satisfying Newtonian dynamics 
without modifications of Newton’s law of gravitation, such as that 
which was suggested by Seehger, or that which was suggested by 
Einstein which was equivalent to the introduction of the 'A-term’ in 
his field equations With the important proviso that motion is left 
out, Einstein’s argument as to the impossibility of a homogeneous 
Newtonian universe is valid But as soon as we permit motion in the 
smoothed-out distribution of matter, systems built up upon Newtonian 
mechanics and on the strict Newtonian law of gravitation become 
possible, and are fully valid within the domain of Newtonian time 
and space, that is to say, within the domain of Newtonian relativity 
They are valid subject to the conception of world-wide time-keeping, 
the same for all observers Of course, as soon as we inquire by what 
observations observers can determine this time, we find that observers 
who are equivalent in the Newtonian sense fail to find themselves 
equivalent when they employ identical procedures for calculating 
coordinates (in particular, epochs of distant events) out of observa- 



302 NEWTONIAN AND EELATIVISTIC COSMOLOGY §432 
tions, and so tke Newtonian concept of a universal time lias to be 
abandoned Instead we have to reconsider the observations which 
the equivalent observers, usmg the same rules for combnung observa- 
tions, make on one another, with the result that the Newtonian 
scheme requires modification The resulting modifications have been 
the theme of Parts I, II, and III of this work 

433. But, secondly, amongst the advantages of a Newtoman dyna- 
mical treatment, it will be shown that the modifications required only 
affect phenomena beyond the immediate neighbourhood of the 
observer, i e m practice beyond the present range of astronomical 
mstruments, say 200 milhon hght-years’ distance from the observer 
If we call the phenomena occurrmg withm this range of observation 
local phenomena’, we may say that the local phenomena predicted 
by the Newtoman scheme are mdistmguishable from the local pheno- 
mena predicted by the schemes of current relativistic cosmology 
Small modifications are mdeed mtroduced if we add to that gene- 
rahzation of the Newtoman scheme which is obtamed by takmg 
= 0 as the ‘field equations’ a term on the 
left-hand side But this merely corresponds to modif3rmg the New- 
toman inverse square law by the addition of a repulsive accelera- 
tion ^Xt (A > 0), and with this modification the Newdoman and the 
general relativity phenomena are again locally identical Thus 
Newtoman theory (as distinguished from the specific Newtoman law 
of gravitation) is fully competent to predict a set of locally observ- 
able phenomena, whether the local phenomena actually observed 
agree with these predictions is a matter for mvestigation Thus the 
astronomer in his discussions of his own observations can justifiably 
compare them, as far as is yet required by his range of observa- 
tions, with the theoretical predictions of Newtoman theory, without 
recourse to general relativity, or ‘curved’ or ‘expanding’ space The 
elaborate calculus employed m the methods of general relativity 
conceals beneath a cloud of sjrmbols the simple phenomena actually 
predicted, and robs us of any physical insight into these phenomena 
Bor local phenomena, Newtonian time and space are sufficient for 
the astronomer’s purposes until he is driven to consider the kme- 
matical bases of dynamics 

434 This remarkable eqmvalence of local phenomena on Newtonian 
and relativity djmamics would alone justify a close consideration of 
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world-systems possible withm Newtoman cosmology But, thirdly, 
a still more remarkable resultf will be established It will be shown 
that the Newtoman differential equations expressmg the motion of 
the particles and their distribution, considered as differential equa- 
tions with regard to Newtoman time t as independent variable, are 
identical in form with the relativistic differential equations expressing 
the motion and distribution, considered as differential equations with, 
respect to ‘cosmic time’ t' as mdependent variable, t', it wdl be 
remembered, is the time of an event as observed by the moving 
observer at whom it occurs Newtoman ‘distance’ t is the same 
function of Newtoman time t as the conventional relativity coordmate 
r IS of cosmic time t', or, apart from an arbitrary multiplymg constant, 
the same function as the conventional ‘radius of curvature of space’ 
R The inner meamng of this remarkable identity of form remams 
for future mvestigation It mdicates some deep-lymg parallehsm 
between the forms of thought employed m Newtoman and m rela- 
tivistic dynamics, when these are apphed to the construction of a 
cosmology Whether local, isolated gravitational situations (such 
as the Keplerian problem) can be thrown mto formally identical 
symbohsms on the two schemes is not yet known, the symbohsms 
at present customarily employed exhibit them, of course, differently 
In the meantime the parallelism allows us to attach physical 
meanings to the symbols occurrmg m the relativistic equations, 
which symbols have been assigned hitherto a purely mathematical 
content The interpretation of the relativistic equations is thus 
greatly facihtated The mterpretations of the identical Newtonian 
and relativistic symbohsms are of course different, the imperfect 
code of mterpretation of the Newtoman symbols mto observa- 
tions has to be replaced by the self-consistent relativistic interpre- 
tation 

435. When we have thus constructed Newtoman world-systems, and 
effected a complete correspondence between them and the current 
relativistic solutions, and when we have correctly interpreted the 
relativistic formahsm m terms of observations, we can proceed to 
compare the current relativistic world-pictures with the kmematio 
world-pictures We now go to analytical details 

f This general result is due to W H McCrea and the author, working in collabora- 
tion, after particular cases of it had been discovered by the author alone 



304 NEWTONIAN AND RELATIVISTIC COSMOLOGY §436 
The Newtoman ‘paraboUc’ universe'^ 

436 If a system of particles m motion of hydrodynamical character 
satisfies the cosmological prmciple on Newtoman mechanics, t.hftn it 
must he homogeneous in density For each of the equivalent particle- 
observers uses the same world-wide time and space, if t and«' are the 
epochs of an event to two Newtoman observers 0 and O', then t' = t, 
and p{A,t) has an unambiguous meanmg, and for two such observers 
to possess identical descriptions of the system m terms of coordinates 
measured from themselves, we must have p(A,t) — p(B,t) indepen- 
dent of the positions of A and B We have already seen (Chapter III) 
that absolute homogeneity has an unambiguous meanmg in Newtonian 
time But the density is not necessarily constant m time We have 
already shown (Chapter IV) that in a Newtoman system satisfying 
the cosmological principle, the motion of every particle must be 
radially outward (or mward) from every observer, and we have seen 
that the velocity v must be of the form rF{t), where r is the Newtonian 
distance Our object is to determine the forms of F(t) and of p{t) 
imphed by Newtonian mechamcs 

437 . To be precise, let ® be the particle-velocity, radial in direction, 
at distance r from an observer O situated on one of the particles of 
the system Let M{r) be the mass contamed in the sphere of radius 
r, centre 0 We gain insight by considering first a particular case 
Consider the case in which, on Newtonian mechamcs, the particle at 
r has the parabolic velocity of escape from the mass contained within 
the sphere of radius r If the gravitational effect of the material 
outside the sphere of radius r can be ignored, then if the particle once 
possesses the parabohc velocity of escape, it does so always For the 
particle moves with the boundary of this sphere, and the mass inside 
the sphere is constant, consequently the motion, on the assumption 
made, is simply that of a particle just escapmg from a fixed mass 
We shall have to verify that the assumption is in fact legitimate, i e 
that for all observers the material outside their respective spheres, 
for any r, at any can be self -consistently ignored 


438 . The parabohc velocity of escape v is defined by the equation 




yM{r) 


( 1 ) 


t Quart J of Math (Oxford), 5, 64, 1934 


I- 
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where y is the Newtonian constant of gravitation This definition 
involves no appeal to the notion of a gravitational potential, which 
IS here inapplicable since we can never get to a great distance from 
all attracting matter It is merely the integral of the Newtonian 
equation of motion ^ 


obtamed by multiplymg by v or LrjDt, mtegrating, and setting the 
constant of mtegration equal to zero Smce M{r) = equation 

(*> S'™® (3) 

The motion must be such that the hydrodynamical equation of con- 
tinuity — ^the Equation expressing the conservation of mass — ^must be 
satisfied This equation runs, in polar coordinates and Eulerian 
notation, 

( 4 ) 


dp 1 d . ^ . - 

= 0 


Here, w is a function of r and t given by (3) Inserting (3) m (4), smce 
p = p{t) IS a function of t only, we have 


Integrating, we have 

— 2p“^+(247ry)^^ = const , 
or, choosing a suitable origin of t, 

— 2p'~^-{-‘[24:7ry)H = 0 


This gives 

and (3) then givesf 




(5) 


439 We now verify that this is a solution of the dynamical problem 
The acceleration of the particle is 

Dv ^ /2 r\ _ 2 _ 2 r 

Wt 'Dt\dtl 

and this is precisely the Newtonian acceleration required by (2), since 
_ M{r) __ ^ |7rr® 1 2 r 

6777^2 = ~ 9 p 

t The minus sign is also permissible, and gives a contractmg umverse The choice 
of the positive sign can be made on the basis of observation, or, more fundamentally, 
on the basis of the arguments of Chapter IV, which established the a priori improba- 
bility of a contracting universe in certain cases 
4021 T, ^ 
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440. Now consider any second observer O' attached to some other 
movmg particle of the system Let his distance from 0 at time t be 
the vector R Then his velocity is |R/i, and his acceleration — 
as reckoned by 0 Consequently the distance r', velocity v', and 
acceleration g', relative to himself, which he assigns to the distant 
particle whose distance, velocity, and acceleration are respectively 
r, V, and g as reckoned by 0, are given by 

r' = r— R, 


2R 

v' = V , 

3 t ’ 

g' = g-|_^]^ 


by the principles of Newtoman relativity Hence 

tj 3 ( ’ 


2/r 


2r' 

9 U 2 


9F’ 


and the velocity and accelerations are thus of the same form in 0^’s 
coordinates as they were in those of 0 Consequently O'^s measures 
of the motion of the particle considered satisfy the same dynamical 
conditions with respect to O' as those of 0 did with respect to 0 
Thus 0 s assumption that the matter outside the sphere of radius t, 
centre 0, can be ignored imphes the same assumption for O', and so 
IS self-consistent Each particle m the Newtonian system can equally 
be regarded as the "centre’ of the whole system, it behaves as if 
distributed with spherical symmetry round every particle 


441* It will be noticed that the velocity law v = ^Tjt and density- 
law p = Ij^Tryt^ are of the same general form as the velocity-law 
^ = rjt and the local density law p^ = Ij^Tryt^ on the simple kinematic 
system, with this difference, that the simple kinematic system is 
only capable of local Newtoman description if we take y oc t The 
numerical values of the local density calculated via the observed 
recession-law is, however, much the same as for the simple kinematic 
system For if we write as the velocity-law v = ar, where ol is the 
present observed value of the recession constant, then the parabolic 
Newtoman system gives t = f a-i, p = whilst the simple 
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kinematic system gives t = p = oc^/^y The estimate of the 
‘age’ IS multiphed by |, the estimate of the density by J 

442. We notice that the velocity law for the Newtoman parabohc 
umverse, namely v = |r/«, is of the form v =rF{t), as it must be on 
any cosmology satisfymg the equation of contmuity with a smtable 
meanmg for t 


Comparison with the relaiivistic universe of Einstein and de Sitter 

443. The particular Newtonian umverse thus constructed is effec- 
tively defined by the two equations 

.i ,,2 _ V^i'r) Dv yM{r) 

^ ~ m = — 75 “-’ 

with M{r) = ^npr^, (7) 

for equations (6) themselves imply the equation of continmty This 
IS seen by differentiating the first of equations (6), when we get 

Et r^ ^rEt^^’ 

and use of the second of (6) yields at once 

^if(r) = 0 

Integration of DrIDi = |r/i^ gives at once for the motion 

r = const (8) 

Now transform (6) by writing 

r = fR{t) {R{t) oc «!»), (9) 

where the value of /, corresponding to the arbitrary constant m (8), 
specifies the particle under consideration Then 

fldR Ev pd^R li/ft \ A, £% Tiq 

Introducing these in (6) we have 

lYdRV Svy 
(i? dj “ 3 


2 d^R 
R dt^ 


(L^Y 

\R dt I ’ 


( 11 ) 
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equations independent of /, and so expressing properties true for 
all particles of the system 


444. Next introduce ‘Emstein’s constant’ k defined by 


K = Siryjc^, 

and transform the time-variable by wntmg 


edit — dr 

Then (10) and (11) become 



2 d^R II dBV 

B dr^^XR dr) ~ 


( 12 ) 

(13) 


Equations (12) and (13) are identical with the equations for an ex- 
panding universe of zero curvature with pressure p = 0 and cosmical 
constant A = 0 defined by the metnc 


ds^ = dT^—\^R{T)f{dx^-\-dy^-\-dz^) (14) 

This IS the well-known model fihst considered by Einstein and 
de Sitter f 


445. Conversely, from the relativistic equations (12) and (13) found 
by Emstein and de Sitter we can infer equations identical m form 
with the parabohe Newtoman equations (6) and (7) For the ‘coordi- 
nate distance’ r of a particle from the origm m the metric (14) is 
given by 

where / is a constant for the particle, depending on the particle 

chosen Then , , , ,tv 

1 ^ di? 

r dr ~ R dr 

Introducing these in (12) and (13), returmng to t and substituting for 
K we see that c cancels and we are left with 



If we define m{r) by m{r) = ^nr^p, 


(15) 

(16) 
(17) 


t Froc Nat Acad Sc* , 18, 213, 1932, Dm« of Oahfomia Pvb MoiA. , 2, 161, 1933 
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then by (15) ^ ^ 

= -L:^/ (^Y\ 

2yDt[[dtl j’ 

which by (16) is zero Hence m(r) is constant following the motion, 
and (15) and (16) then give 


= y^(^) ^ _ ym(r) 

^ r ’ Dt~ ’ 


( 18 ) 


which are identical in form with the Newtoman equations It then 
follows, exactly as in the Newtoman case, that for the system of 
Emstein and de Sitter the density p is given m terms of cosmic time 
t by the formula p = Ij&Tryt^, and that the coordinate velocity (rate 
of change of coordmate distance with respect to cosmic time) is given 
by i; = Ir/t 


446. The exact observational mterpretation of the Einstem-de Sitter 
system will be found in the next chapter In the meantime we notice, 
first, that since cosmic time t (the time kept by each particle-observer 
for events at himself) comcides locally with Newtoman t, the 
identity of the formal relations shows that aU local phenomena are 
identical m the parabohc Newtoman system and m the Einstem- 
de Sitter system It follows that an analyst of Newton’s period, 
unacquainted with general relativity, who had formulated on New- 
toman principles the parabohc Newtoman universe would have been 
led to predict the same local phenomena as an mvestigator adopting 
Emstein and de Sitter’s procedure He would have been led to the 
same predicted relation between the local rate of expansion and the 
local density, and to the same estimate of the local age reckoned 
from i = 0 


447. Secondly, there is a perfect and complete correspondence be- 
tween the parabohc Newtoman and the Emstem-de Sitter relativistic 
umverses, vahd not only locally but for all values of the coordinates 
A single example of this correspondence will now be given 

448. In the parabohc Newtonian umverse, each particle, smce it is 

endowed with the parabohc velocity of escape, comes ultimately to 
rest relative to the observer as time advances, as « ^ oo, i? 0 This 
IS clear smce v = x const 
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In the corresponding relatmstio universe velocities have only a 
conventional meaning, and we accordmgly go straight to observed 
Doppler effects Let a hght-signal leave a particle at local or cosmic 
+,iTne t', and arrive at the observer (at the origm) at epoch of observa- 
tion ^2 We shal l now use r to denote not the coordinate dtstarice hut 
the radial coordmate measure, so that dr'^ = do(^-\-dy^-\-dz^ Then 
m the space-tune of metric 

ds^ = c^dt^-[R{t)Jdr^, ( 19 ) 

along a hght-path (fe = 0 we have 

cdt 

W)' 

Hence if r ref eis to the paiticle from which the light-signal arrives, 

we have , 

_ r cdt 

]W) 


dr — 


( 20 ) 


Hence for two neighbouring hght-signals from the same particle, of 
fixed radial coordmate r, 

^ dt^ dit 

Hence the Dopplei shift coefficient s is given by 


dt' Bit’) 

Puttmg R{t) = bfi, 


( 21 ) 


where b is arbitrary, (20) and (21) give 

r/c = Z{tl—t'^)jb, 
s = 4/0 

Ehmmatmg t’ between these, 

= 

{tl—{brJ3c)y 

For a fixed particle (or nebula) r is constant, and as tlio epoch of 
observation tends to infinity, 

Thus m the Einstein-de Sitter universe, as the epoch of observation 
advances, the Doppler displacement for any given particle tends to 
zero. The particle thus appears to come ultimately to rest relative 
to the observer, as in the corresponding Newtonian universe In 
the relativistic universe the Doppler shift steadily decreases as the 


( 22 ) 

( 23 ) 

( 24 ) 
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epoch of observation advances, and this will be interpreted by the 
observer as a steady deceleration 

Thus in both the Newtonian parabohc universe and in its relativ- 
istic analogue, a state of ultimate rest, or stagnation, supervenes for 
any given set of objects observed by a given observer This is true, 
however extensive the observed set of particles The observer thus 
picks out ultimately an absolute standard of rest This is sufficient 
of itself to rule out the parabohc relativistic universe as a possible 
representation of the umverse, for though the parabohc relativistic 
universe is constructed rigorously m accordance with Emstein’s em- 
bodiment of the prmciple of relativity, this system does not satisfy 
the wider demand that it should pick out no unique standard of 
rest Thus the parabohc relativistic model of Einstem and de Sitter 
fails to achieve the construction of a umverse free from an absolute 
standard of rest, a demand which is, however, satisfied by the simple 
kinematic system The circumstance that both systems use a flat 
space must not mislead the reader — it is a merely superficial resem- 
blance, the ^space’ of the simple kinematic system is something very 
different from any spatial cross-section H = const ’ of the space-time 
defined by the metric (14) Events are mapped in totally different 
ways in the two schemes, and the trajectories of receding particles, 

1 e observationally 5 as a function of are totally different m the 
two cases In the next chapter we shall find a much weightier reason 
for rejecting Einstein and de Sitter’s system as a possible repre- 
sentation of the universe in accordance with experience 

Hyperbolic and elliptic Newtonian universes | 

449. We proceed to obtain the most general Newtoman universes 
As before, let v denote the Newtoman velocity of a particle at distance 
T from a particle-observer 0 of the system at time t, and let M{r) be 
the mass inside the sphere of radius r 

We repeat for the convenience of the reader some of the analysis 
of Chapter IV In the equation of continuity 

= (25) 

p IS a function of t only, mdependent of r Put 

t w H MeCreaandE A Milne, QimH J of Math (Oxford), 5, 73, 1934 


( 26 ) 
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Then (25) becomes ■. ^ 

whence, integrating, d = + 


where 0{t) is an arbitrary function Conditions of continuity at 
r = 0 require 0{t) = 0, as we saw in Chapter IV Here we shall 
infer the same result by another argument 
The Newtoman equation of motion is 

Dv yM{r) 


(28) 


in formmg this equation the observer 0 has tentatively made the 
same assumption as before, namely that he can regard, himself as 
the centre of spherical symmetry of the whole system Equation 
(28) may be written m Eulenan notation, putting M{r) = ItttV, 


Hence 



(29) 


must be a function of t only Inserting for v from (27) and carrying 
out the necessary partial differentiations we find at once that 
^(0 = 0 Hence v = rF{t) (30) 

Inserting this in (29), we have 

F'{t)+[mf = -Wp ( 31 ) 

Equation (30) may be written in the form 




( 32 ) 


where here without amhigmty djdt denotes differentiation following 
the motion, i e differentiation of r as a function of t along the 
trajectory of the particle The mtegral of (32) is of the form 

r = fB{t), (33) 

where /is an arbitrary constant defimng the particle considered and 
i?(<) IS a umversal function of t, mdependent of the particle considered 
(For by (31) F{t) is a umversal function of t ) The function B{i), 
by (26) and (32), satisfies the relations 

f ^B ^ ^ ^P 

B~di ~ ^ ^ I'pTt 


(34) 
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Integrating the equahty of the first and last of these, we have 


where b is constant 
(31) we find 


P (35) 

Introducing (35) and (34) for p and F{i) in 

E dt^ ~ ’ 


of which the first integral is 


IdR'^ \iTyb 

\^] 


K, 


(36) 


where K is constant It follows from (34) that F{t) is given hyf 



= (37) 

where K = Ab^ (38) 

Accordingly, by (30), v = r[| 7 ry/)+Ap*]^ (39) 

This IS sunply the most general Newtoman integral of the motion, 
for smee M{r) = ^npr^, it may be written 



and M{r) is constant followmg the motion, hence (39) differentiates 
into (28) 


450. It follows that the given particle possesses the eUiptic, para- 
bohc, or hyperhohc velocity accordmg as A | 0 By (36) the constant 
A IS the same for all particles Hence if one particle possesses an 
elhptic velocity, so do they all, and similarly for the parabohe and 
hyperhohc cases By (39), v obeys a velocity-distance proportion- 
ality, and (39) gives exphcitly the density m terms of the ratio of 
velocity to distance But the density is not umquely determmed — ^it 
depends on the constant A Thus the solution is in the form of a con- 
tmuum of umverses, fixed by the values assigned to A 


451. It remams to find the density as a function of t This is equiva- 
lent to the deterimnation of B as a function of t, which is obtained by 
integrating (36) It gives 

n 


t 


_ r RUB 


t We again choose the positive \ 
ss 


( 41 ) 
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It IS convenient to simplify this by writing 

— A ~ 1 


Then 


t = 


/ 


jide 

{§ny+Ad)^ 


§451 


(42) 

(43) 


452 . It will be observed that b occurs only in combination with R, 
and that it disappears from the formulae (39) and (43) expressing 
physical relationships In fact b and R are purely conventional 
magmtudes devoid of any special physical sigmficance, but b can be 
chosen so that ^ is a length The Newtoman universes depend on 
the smgle physical parameter A 
When A = 0, (43) gives 

t = mw)-K 


or 


_ 1 _ 1 


2 ^ 

whilst (39) gives then t? = - 

3 t 

in agreement with our special treatment for the parabolic case Also 
It{t) = b^6 — {Q7ryb)H^ 


Comparison with the universes of current relativistic cosmology 
453 The equation preceding (36) may be written 


2 , 
R cW “ 


(44) 


where k is ‘Einstein’s constant’, given by 

K = STryjc^ 

Also (36) may be written 



where k = 

Adding (44) and (45) we have 


Ah'* 


2 d^R (1 dRy k 

RC'^dp'^XRcdtj 


(45) 

(46) 


( 47 ) 



§ 453 COMPARISON WITH UNIVERSES OF CURRENT COSMOLOGY 315 
Equations (45) and (47) are formally identical with the equations 
of current relativistic cosmology for an expanding universe of 'radius’ 
jB, space-curvature hjR^^ with cosmical constant A = 0 and pressure 
p — 0 Such a universe is defined by the metric 


where 


ds^=^c^dt^-R^da\ 


dx^-\-dy^-\-d'^ 

[l + lk{x^+y^+Z^)f 


(48) 

(49) 


and equations (45), (47) are consequences of the field-equations 

( 50 ) 

applied to this metric f In the relativistic equations (45) and (47) 
t denotes cosmic time, the time kept by the moving particle-observer 
experiencing the event. 


454, It follows that the Newtonian distance r of a particle from the 
observer is the same function of Newtoman time t as the relativistic 
function R is of cosmic time t (The relativistic function R is propor- 
tional to the coordmate distance of a particle of fixed coordinates ) 
There is a complete correspondence between the Newtonian umverses 
and the relativistic umverses in the sense that a Newtonian universe 
of elliptic velocity {A < 0) corresponds to a relativistic universe of 
positive space-curvature {k > 0), a Newtonian umverse of hyperbolic 
velocity {A > 0) to a relativistic universe of negative space-curvature 
{k < 0) It follows also that the local properties of the relativistic 
universes are identical with the local properties of the corresponding 
Newtonian umverses, the local world-picture given by observation is 
the same in the two schemes 


Physical interpretation of the ^curvature of space^ in relativistic 

cosmology 

455. The correspondence can be put in a still more striking way 
Consider a Newtonian umverse of given A Put equal to the 
parabolic velocity in the same universe at distance r Then by (39) 
or (40), (35) and (46), we have 




: Ap^ = 


AK^ 


^]L 


t See, e g , Robertson, ‘Relativistic Cosmology’, Reviews of Modern Fhysics, 5, 66, 
Jan 1933, or de Sitter, UmtJ of Cahforma Puh Math ^ 2, IQl, 1933 
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Put 1/51^ equal to the curvature 1c of the corresponding rela- 
tivistic universe Then the last relation may be written 

'ifi — 

' C2 

This simple equality contains the full physical content of the cutvo,- 
ture of a relativistic umverse, W is positive or negative according as 
^ vl, and the conventional value of 912 bga^s to the square of the 
Newtoman distance r the same ratio as the conventional value of 
the (velocity of hght)^ hears to the deficiency of below The 
space-curvature of a relativistic universe is merely a mathematical 
symbol representmg the relation of the actual velocity of expansion 
to the parabohc velocity of escape at the same distance Eelativistic 
cosmology simply selects a space of positive curvature when < v^, 
a space of negative curvature when > vl The space chosen is of 
course totally different from the space commonly used m physics 
or m our kmematic solutions All these spaces are simply maps of 
various kinds But whilst the kmematic method uses a map identical 
with the map used m everyday hfe, best smted to our other experi- 
ences, relativistic cosmology uses a map in which a given particle 
IS given fixed coordinates, and then secures motion for the particle 
by making the map expand In all cases there is no real entity, 
physical space , and accordingly no physical quantity ‘the curvature 
of space’ describmg a physical property of any such entity When 
writers on relativistic cosmology sometunes state that we are un- 
fortunately Ignorant of the true curvature of space, all they mean is 
that we cannot as yet determme whether the nebular velocities exceed, 
equal, or are less than the parabohc velocity of escape, reckoned 
locally with respect to a given observer The ‘curvature of space’, 
which has been endowed with such mystery, is merely a mathematical 
device for descnbmg on both the large and the small scale what is 
equally well descnbed on the small scale (locally) m Newtonian 
dynamical terms, and what is formally describable on the large scale 
m the same terms 

456. Our analysis thus throws a flood of light on the cumbrous 
mathematical paraphernaha of ‘general’ relativity The deduction 
of equations (45) and (47) by the methods of the tensor calculus from 
the field equations (50) is a tedious process, mvolvmg the calculation 
of numerous Christoff el symbols In some way which requues deeper 
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investigation, the simple Newtonian calculus gets to the same destina- 
tion with incomparably less labour The present position awaits the 
insight of an investigator who will tell us why the Newtonian analysis 
reproduces the results of general relativity obtained via the tensor 
calculus Theparallehsm must go deep down into the fundamentals 
of relativity and dynamics Tor the relativistic cosmological equa- 
tions (45) and (47) are formally mdependent of the value of c, 
for they reduce to (36) and its predecessor Thus the whole for- 
mahsm of relativistic cosmology is strictly independent of the value 
assigned to c, le of the ratio of our usual length and time umts 
The tnter^etation of the formalism depends intimately on the value 
of c, as we shall see m the next chapter In some way Newtonian 
dynamics and gravitation embody a formahsm completely and 
absolutely eqmvalent to the relativistic formahsm, the two schemes 
differ in their mterpretation of the formahsm m terms of observations 
As stated earher, it would be of the first importance to ascertain 

whether a similar formahsm exists m other abstract gravitational 
situations 


457. In the meantime the parallehsm of the Newtoman and rela- 
tivistic formahsms can be used to interpret the relativistic umverses 
employmg expanding spaces of positive or negative curvatures, just 
as we mterpreted the expandmg space of zero curvature Tor 
example, m the Newtoman case in which A > 0, each particle is 
steadily decelerated relative to the chosen observer, and comes 
ultimately to a constant limiting velocity, given by 

In the corresponding hyperbolic relativistic case (A > 0, 15; < 0) the 
correspondmg property is that the observed Doppler displacement 
for any assigned particle steadily decreases and tends to a 
constant non-zero limit as the epoch of observation advances The 
particle thus appears to decelerate, m the experience of the observer 
The details of the proof of this are worth consideration 


458. If a hght-signal leaves a particle at local time f and arrives at 
the observer at his time t^, then since cfs = 0 along the hght rav we 
have by (48) , 


r cdf 

J m ^ 

t 



( 52 ) 



318 NEWTONIAN AND RELATIVISTIC COSMOLOGY §458 
For a particle of fixed coordinates in the space defined by (48), [a] is 
constant, and so, as before, the corresponding epochs and 

for a neighbouring signal are given by 


dt' 


(53) 


whence the Doppler shift coefficient s is given by 


since ^2 > and R is 
quently the Doppler 
particle as the epoch 


dt^ R{P<^ 




> 1, 


(54) 


dt' R{t') 

an increasing function of its argument Conse- 
shift coefficient s will decrease for any given 
of observation advances provided 


1 e provided 
1 e by (53) provided 


dt,\B{t')) ^ 


0 , 


R R {t')dt ^ 

wr 


R\%) < R'in 


But R IS the same function of cosmic time t as the Newtonian distance 
r IS of Newtonian time t (apart from a multiplying constant), in the 
correspondmg Newtoman universe with the same A Now in the 
Newtoman umverse every particle is decelerated Hence d^rjdt^ < 0, 
and so d^Rjdt^ < 0 Hence R'{t) is a decreasing function of t Hence 
R'it^) < R'{t') Thus the Doppler effect decreases with advancing 
epoch of observation Further, since for large t in the Newtonian 
case we have v ^ const , therefore r tx const , and so ultimately 
in the relativistic case const Hence ultimately, by (53), 

log(^ 2 /^') ~ const , and so ultimately 




h 

f 


rw 


const 


Hence the Doppler shift decreases to a constant limit This example 
affords a good illustration of the utility of employing results for a 
Newtonian umverse to secure relativistic results for the corresponding 
relativistic universe 


459. Relation (41) can be integrated in finite terms The form de- 
pends on the sign of A It is clear that the density p, and so the local 
density near the observer, as a function of t, depends on the nature of 
A There is thus no umque local density, for given t, in either the 
general Newtonian solution or the general relativistic solution We 


§459 INTERPRETATION OF ‘CURVATURE OF SPACE’ 319 
are led m fact to a continuum of solutions defined by the value 
assigned to A This is in marked contrast with the kmematic solu- 
tion, m which the local density is uniquely, independent of the 

arbitrary constant £ defimng the solution We shall examine m the 
next chapter the cases A small and A large, observed at epochs of 
small or large 

In all cases it should be noted that the constant of integration b 
IS without physical sigmficance It never appears m any relation 
relating observable quantities The constant A alone possesses a 
physical significance For example, the assigned curvature, is 
simply -Apilc\ by (46) and (35) 


Modification for the introduction of the cosmical constant ‘A’ 

460 . A solution of the cosmological problem on ISlewtoman principles 
IS also possible when a term proportional to r is added to the New- 
tonian accelerations Thus if we write the Newtoman equation of 
motion as 


wt = -y- 


-JAcV, 


the analysis can be conducted as before and we find 

V = r[|7ry/3-f-ApS-f JAc^]^, 

e 

didd 


t 


Jo 


[irry-\-Adfi-^hc^d^]i ’ 
where ” p — ijps 

Further, the Newtonian differential equations reduce to 

' ^/cp-f JA, 


(28') 

(39') 

(43') 

(45') 

(47') 


where k = - 

These are identical m form with the equations of relativistic cosmology 
for p = 0, A ^ 0 j- It follows as before that there is a complete corre- 
spondence between the relativistic umverses and the Newtoman 
universes as modified by the A-term, and that the local phenomena m 
the two systems, as observable, are identical 

t Robertson or de Sitter, loc ait These equations are due essentially to Fi lodmann, 

1924,andtoLemattre,Ann ,Soc Nc. Brv^elles, 
47 A, 49, 1927, MN , HAS 483, 1931 


\Bc dtj 

_2 

Rc^di^^ 


(L^WIL-X 

\R cdt) 


P = 
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461. It may be remarked that an additive acceleration proportional 
to r IS the only permissible modification of the Newtonian inverse 
square law which is compatible with the satisfaction of the cosmo- 
logical pimciple, any other modification would make it impossible 
for every observer to calculate accelerations, etc , as though he were 
central This fact sheds an altogether deeper sigmficance on the 
cosmological principle than its mere adoption as a selective defini- 
tion of the systems to be considered It suggests a reason why the 
buildmg-up of relativistic kinematic systems satisfying the cosmo- 
logical principle reproduces phenomena locally reconcilable with an 
assumed inverse square law and a cosmical repulsion, though m the 
kinematic treatment both appear as mere arbitrary resolutions, by 
the observers, of observable accelerations into the effects of action 
at a distance, and so are artificial 

462. There is no theoretical or obseivational justification for the 
adoption of a cosmic term Ar as expressing an objective law of nature 
General relativity was driven to introduce it in an endeavour to 
secure itself from the difficulties imposed by its own limitations In 
a kinematical treatment these hmitations disappear, and there is no 
need either to assume, or not to assume, the existence of a ‘cosmical 
constant’ A, any more than to assume the existence or non-existence 
of a ‘constant of gravitation’ The accelerations undergone by 
particles in the presence of other particles have been shown to be 
capable of discussion, in systems satisfying the cosmological prmciple, 
without recourse to an assumed existence of ‘laws of nature’ Further, 
the field equations of ‘general’ relativity, even if objective laws of 
nature are assumed, are equally compatible with any value of A, and 
general relativity from its own principles gives no reason for supposing 
A to be small It appeals, in fact, empirically to the observed small- 
ness or non-existence of any A-term in local gravitational situations, 
thus reveahng an essentially empmcal constituent in the framework 
of ‘general’ relativity It has become fashionable of late to consider 
it as more satisfactory on general or aesthetic grounds to take A = 0, 
but this procedure is equally empmcal There is no more funda- 
mental justification for assignmg A the value zero than for assigmng 
it any other value In having to face the necessity for a decision as to 
the presence or absence of A, ‘general’ relativity encounters its limita- 
tions We have shown that at this point progress comes not by trying 
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to generalize general’ relativity but by going to the underlying 

In the further comparisons, given in the next chapter, between 
Mnemahc and general’ relativity, we shah only treat in detail the 
case A 0, not on aesthetic or scientific grounds but by way of 


402i 


XVII 


COMPARISON BETWEEN THE SIMPLE KINEMATIC SYSTEM 
AND THE SYSTEMS OF RELATIVISTIC COSMOLOGY 


463. We begin by examining the 'world-model of Einstein and 
de Sitter, namely that described m terms of flat expanding space, and 
constructmg its world-picture 


The universe of Einstein and de Sitter 

464 In this system the metric is given by 

ds® = c^dt^-{R{t)J(dx^+dy'^+dz^), (1) 

and the solution of the associated field equations has been shown to 

be given by 2 r 1 

B{t) = bt\ v = p = (2) 




In these formulae b is arbitrary, and y is a constant We proceed to 
find, for reasons explained in Chapter XV, (i) the behaviour of the 
Doppler shift s for any particle of fixed coordinates as a function of 
the epoch of observation ^ 2 , (u) the number of particles, inside a solid 
angle do), possessmg at epoch of observation Doppler shifts lying 
between s and (m) the local time f on the particle observed as 

a function of s and the epoch of observation ^2 

465. Transforming the space-section of (1) to polar coordinates 
r, ifs, <j), it becomes 

ds^ = dt^-[R[t)Y{dr^+r‘^ dijj^ -f d<j>^), 

where x = r cos \jj, y = r sm^ cos (f>, z = r sm ^ sin </> 

The element of volume in the three-space near r, i[j, <f) is accordingly 
[R{t)fr^ dr sm iff dijjdcj) 
or drdo), 

where dco is the element of sohd angle The mass enclosed in the 
element, measured locally, is 

p[lt(t)Yr^ drdcjL), 

and if mo is the rest-mass of a particle, the number of pai tides in 

this element is ^ 

-^[B{t)fr^drdw 

niQ 

Substituting from (2) for p and B{t), we see that t cancels, and the 
number comes out as 

dr do) 


677ymo 


(3) 
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For an element do) of the shell of fixed coordinates r, r-\-dr, this 
number is a constant, as it should be, independent of the epoch 

466 We now calculate the Doppler shift coefficient s for these 
particles If a light-signal leaves the particle defined by r, ip, <j> at 
local time t' and arrives at the observer at this observer’s time 
then since ds = 0 along the path, 




(4) 


For two neighbouring light-signals, from the same source to the same 
observer, we have 


0 = 


dt' 


or 


R{h) wy 

dt^ ^{^ 2 ) 1^' 


Hence by (4) 


df R{f) \f 


or 


\ 3c«|j 


( 5 ) 

( 0 ) 

(7) 


This gives the behaviour of s as a function of for a given particle of 
fixed coordinate r, and is the answer to (i) 


467. Differentiating (6) at a fixed epoch of observation t^, we see 
that a range dr in the coordinate r corresponds to a range ds in the 
Doppler shift, wheie „ .j 

dr = (8) 


Inserting for r and dr from (6) and (8) in (3), we see that the number 
of particles inside a sohd angle dw, with Doppler shifts between 
sands+ds, IS „ „ 

(9) 

477Wo y s* ' ' 

This IS the answer to (u) 


468. The answer to (iii) is given immediately by (5) in the form 
We nowtabulate our thiee world-picture relations (relations 
between observable quantities) in the forms 

1 
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Ndsdco = r dsdojf (11 ) 

47rmo y 

f = tjs^ (mO 

469. These may now be compared directly with the three corre- 
sponding formulae for the simple kinematic system obtained at the 
end of Chapter XV and called there (1), (11), (111) We see at once 
that all three relationships are essentially different for the Einstein- 
de Sitter system as compared with the simple kinematic system We 
take them in turn 

(l) In the simple kinematic system, s for any given particle is con- 
stant In the Einstem-de Sitter system (parabolic case), by (1') s 
decreases as the epoch of observation, advances, as t2->oo, 

and the particle tends ultimately to possess a zero Doppler shift 
Thus in the parabolic system, every particle appears ultimately to 
come to rest 

(11) In the simple kinematic system, iV is a constant multiple of 
this tends to zero as 5 -> 1, and 00 as 00 Thus the 
count of nebulae must show a constant population when classified 
m terms of Doppler shift s In the Emstein-de Sitter system, N is 
proportional first to secondly to The observable 

population similarly classified therefore increases with advancing 
epoch of observation fox s = 1 it is zero, and as 5 -> 00 it tends 
to zero 

(m) In the simple kinematic system, f is proportional to and 
inversely proportional to m the Einstein-dc Sitter system f is also 
proportional to but is inversely proportional to 

This IS sufficient to show that the kinematic system (described in 
flat space) appears to observation fundamentally different from the 
Emstein-de Sitter system (described in flat expanding space) The 
two structures are thus entirely different 


470 The Emstein-de Sitter system possesses certain other pro- 
perties of a striking character which compel us in the end to reject it 
Consider formula (11') The total number of particles observable at 
epoch of all possible Doppler shifts, is 


CO 





9 c% 

r™o 


J 5^ 

1 


ds= 

m^y 


(10)t 


t Eormiila (10) bears a superficial resemblance to the ‘extrapolated homogeneous 
population’ of the simple kinematic system, , for this quantity has been shown in 
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Thus ec^^a/y IS a measure of the total mass of the system observable 
at epoch This is of the order of all estimates of the ‘mass of the 
universe But here the mass observable mcreases as increases, 
being proportional to for by defimtion y is a constant In fact, 
as fg 00 the total mass observable -> co Where does the new mass 
enter the field of observation’ 

471 So far we have tacitly ignored the possibihty of negative values 
for t' If we permit them, (5) permits t' = and (6) gives 

r — (3ci|/6)(l-(-5~t) Positive values of t' then correspond to 
l<s<oo, 0<}-< 3ci|/6, negative values of to oo > s > 0, 
r > Zct\lh At r = Zct\jh we have s = oo and t' — d 

The resulting world-picture at would he as follows f The observer 
sees, surroundmg himself, a spherical domain of recedmg particles, 
extendmg from s = 1 to s = co At s — oo, the particles are viewed 
at their natural time-zero, t' = 0, these particles are recedmg with 
the velocity of light, and therefore just invisible Outside this 
domam would appear a zone of recedmg particles, extendmg from 
s = 00 to s = 1, observed at negative values oi t' At s = 1 the 
particles would appear at rest relative to the observer Outside these 
again, and extendmg mdefimtely, would appear a domam of approach- 
ing particles, 1 > s > 0, also viewed at negative local times At 
mdefimtely large distances, 5^0 and the approach velocity tends 
to that of light 

The trajectory of any individual particle, of fixed coordmate r, 
would he as follows At gieat distances from the observer {f ~ — oo), 
the particle would he approachmg with the speed of hght, but subject 
to a repulsive acceleration The approach-velocity first reduces to 
zero (s = 1), then changes sign and becomes a recession velocity 
which mcreases to that of hght (s = oo), acquired at epoch of observa- 
tion ig = {brjicy, lastly decreases to zero (s -> 1) as ig, f -foo At 
the epoch = (brjZcf, t' is zero and the acceleration changes sign 
from repulsion to attraction 

Chapter XIV to be equal to c’ij/mjy In both cases, o■*^/y is a fundamental mass 
associated with, the description of the system But in (10) y is a constant, whilst in the 
corresponding formula for the simple lonematic system y a: bemg here merely a 

convenient measure of the acceleration of an mter galactic free particle, attributed to 
the matter between the observer and the free particle but actually arising from the 
presence of the mfinity of particles present 

■j Cf McCrea, Ze^ts f'dr Astrophys , 9, 290, 1935 T am indebted to Dr McCrea 
for discussion on the subject of negative f 
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472. Since here A = 0, this change of sign appears inexplicable on 
physical grounds But there are two other reasons for rejecting this 
interpretation of the model Birst, whatever luminosity is attributed 
to an individual nebula for t' — oo, the density-distiibution at 
great distances (where 5 ~ 0) is such that the total sky -brightness 
would be infinite The model violates in fact Seeliger’s well-known 
condition for finite sky-brightness f 

Secondly, as shown m Chapter IV, it is highly improbable that 
observation could ever disclose a contracting system Yet to permit 
negative values for t' is to suppose that a contracting phase of the 
system is open to observation at Further, since the local density 
IS infinite at f = 0, it is absurd to suppose that we can 'see beyond’ 
this fundamental singularity If negative values of f are allowed, 
the world-picture is m fact entirely fantastic 

For these reasons we disallow negative values of f and reject the 
associated interpretation of the Emstein-de Sitter model We can 
only rescue the model by supposing that, in it, particles are actually 
created on the expanding frontier 5 = oo, f = 0, each newly created 
particle r is then first open to observation at the epoch == {brjSo)^ 
The model is now free from internal contradiction, but only at the 
cost of involving the creation of matter within the actual teinpoial 
experience of the observer at the origin 

473. Suppose the observer at the origin builds a very big telescope 
Let him expose it on the sky, at epoch ifg Since by (10) the total 
number of particles observable at is finite, he must see a speckled 
background contaimng only a fimte number of luminous objects 
But as he watches he will see fresh particles appear, at first with very 
small luminosities and very large Doppler shifts, at the maximum 
distance of any observable particle, as he watches further, each new 
particle will brighten and decrease in Doppler shift, ultimately fading 
again and acquiring m the hmit a Doppler shift zero {s = 1) He 
actually sees the process of creation going on Each particle is born 
at its own time-zero, and the observer at the oiigin would see the 
whole early history of the particle, from f = 0 on 

474. This IS what the mathematics predicts The mathematics is 
responsible for this creation of matter, and it does so because it is 

f The ‘star ratio’ tends to a constant See Russell, Dugan, and Stewait, AatronoMy^ 
2, 810 
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set an otherwise impossible task It is asked to produce a finite 
number of observable objects, given by (10), such that each one is 
central in the field of the remainder It only achieves this object by 
creaUng fresh particles beyond each given particle as fast as they are 
required, and it brings them to birth with the velocity of light The 
frontier of limiting range of observability moves onward with the 
speed of light, it contains always the particles just being created, and 
it leaves in its wake a spray of decelerating newly created particles 
Since creation of matter within the epoch covered by our own 
experiences is contrary to our experience, we are bound now to reject 
the Einstein-de Sitter model It carries out the task assigned to it 
by relativity and the requirements of the cosmological principle, but 
only at the cost of violating experience Matter is conserved within 
the expanding light-sphere, but created at its frontier 

475. The case is entirely different for the kinematic model Here the 
field of vision contains at every epoch of observation an infinity of 
particles already created, merging into invisibility at great distances 
approaching ct, but forming an irresolvable continuous background 
There is no 'most distant particle’ The very distant particles possess 
arbitrarily early local times t' in the present experience of the 
observer at the origin (any arbitrary particle), but t', however small, 
IS always positive Creation is always a thing of the past, even when 
only just a thing of the past Creation is here always pre-experi- 
ential, a transcendental prior singularity There is 'all the difference 
in the world’ between an act of creation that no observer can experi- 
ence or witness, and acts of creation occurring within the temporal 
experience of each observer In the Einstein-de Sitter model, every 
particle is definitely created at some directly calculable epoch in 
the experience of any given observer, the system creates itself as it 
expands, instead of displaying, as does the kinematic system, the 
expansion of an already created system 

476. Investigators have long looked for a criterion which would 
enable them to choose between the different models proposed by 
general relativity We have at last found such a criterion We reject 
systems which imply the creation of matter within the finite experi- 
ence of an observer We accordingly reject the Einstein-de Sitter 
model and retain the kinematic model The Einstein-de Sitter model 
IS not a mass-conserving model, it implies the creation of matter at its 
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expanding frontier of visibility The kinematic model is, on the other 
hand, strictly mass-conserving 

We now turn to hyperbohc umverses, or expanding relativistic 
umverses of negative curvature 


Expanding spaces of negative curvature 

477. These systems have been seen in Chapter XVI to be defined by 
the metric . 

dLsS = — f-dy^+dz^) 

[l+P(a;24-2^2_|_22)j2 > (■'■A] 

m which i? is a function of t defined by the relations 


= A. — i 

P ^3 - ^3* 
9 



t 

We shall examine in detail 


A 




(liry+Ad)^' 


the case X > 0 


(12) 

(13) 


478. In this case h is negative Transform the spatial section of the 
metric by the well-known substitution 

® ^ (— ^ 4>> 

2 X , , 

^ ■“ (Xr ^5 2 -A: sin i/- sm ^ ( 14 ) 

Then the metric (1) becomes 

ds^ = C“ dt^— [dyS-i- sinh2;^(d^2_|_ d<fy‘)'\ (15) 

In the three-space of this metric the volume element is 

JJ3 

sinh^;^ sm ^ dxd^d<j>, 
i2® 

(16) 

where do. is the spatial sohd angle The proper mass enclosed between 
the spheres ^ and y+dy, withm the sohd angle dco, is accordingly 

(^|Smh2ydydco 
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If mo IS the proper mass of a particle or nebula, the number of nebulae 
m the element of shell dxdm is thus 


B^p 




Substituting for J?, p, and h from (12), this number is found to be 

^3 

(17) 

This, as it should be, is a constant independent of the time, and inde- 
pendent also of the purely conventional number 6 


479 We now consider Doppler effects Let a hght-signal leave the 
particle (y, at local time t', and arrive at the observer at the 
origin of X bis local tune is his epoch of observation Along 
this hght-track, ds = 0 and ^ and ^ are constant Hence by (15) 
cdt = B{f)dxl{ — k)^ and so the coordmate x defining the distant 
particle considered is given by 

,1S) 

X t 

Substituting from (12) for k and B, we have 



t' 


independent again of 6 as it should be By (13) this is 

6 

Here and 02 arc respectively p'-^, where p^p^ are the densities 
at times t' and 

By (18), for two neighbouring light-signals from the particle of 
given coordinate 

whence the Doppler shift coefEcient s for the particle at (x, as 
observed by the observer at x = 0 at his epoch is given by 


df R[i') 0' 

u u 


4021 


(20) 
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But by (13) the epoch is given m terms of 6^ by 


t. 


u 

=/ 


eidd 


i^-iry+Ad)^’ 


M7!) 


( 21 ) 


whilst the epoch t' is given in terms of 6^ by 




Side 


{^■ny+A6)i’ 


( 22 ) 


on putting 9 — d^/s by (20) Equation (19) may be lewritten as 
X = Aij 




(23) 


480. The constant A fixes the model under examination and is 
supposed known, if the actual umverse followed this model, A could 
be found observationally by companng the recession-ratio vjr with 
the local mean density />, by formula (39), Chapter XVI A being 
known, or given, equation (21) then fixes 9^ as a function of the epoch 
of observation f Equation (23) then determines the value of a at 
epoch ^2 for a particle of fixed coordmate y Equation (22) determines 
the local time t' on the nebula defined by s as observed at epoch of 
observation 


481. We must now determme the number of particles or nebulae 
with Doppler shifts lymg in a given range (s,s-f-ds) as observed at 
epoch #2 If this range corresponds to the range (y, y+dy) of the 

coordmate y, then differentiatmg (23), keeping and so d, fixed, wo 
Jiave 

dy = ^ . 

^bstitutmg for y and dy from (23) and (24) in (17), the number 
w of particles at epoch of observation with Doppler shifts 
iymg between a and s-f-ds, mside the sohd angle du>, is 


N dsdaj = 


niQA 




:/ 


d9 


] 




ds 


9Hi^+A9)^j\ 

mkW we'f observable 

ave called (i), (u), and (m) respectively, for the model 

t Conversely, Wledge of the local densRy p, fixes 5,. and then (21) fixes 
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defined by A, with 0^ given in terms of by (21) To deal with these 
formulae we now make a transformation which leads to the isolation 
of a new dimensionless parameter determming the state of affairs 


483. We have previously seen, in discussmg the parabohc model 
(A — 0), that the density is given in that case by ll&Trytl This 
suggests using the quantity l/6vyf| agam in the present case {A ^ 0) 
as a standard of density We accordmgly introduce a variable of 
integration x and a particulai value of it x^, defined by the relations 

0 = (67ryti)ix, 0^ = {^-iryiDix^ (26) 

The variable x is dimensionless Then (21) becomes 


3 r x^dx 


2j (l+aa;)4’ 


where 


0 

9 Atl 


(27) 


(28) 


4 (67ry)' ’ 

a IS a new dimensionless parameter Equation (27) defines as a 
function of a, and so of Similarly (22) becomes 


xjs 

t' = f 


(23) becomes 

and (25) becomes 

9cHo 


X= 


2 ^ J (l-(-a:c)^ ’ 

dx 


0 


J 

% h 


N dsdo) = 


1 GttWq y 


•4smh 

cx^ 


a 

ofidx 

J aii(l+otr)i 




' ds 


The local density pg at epoch of observation is given by 

1 1 


02 


91 67ryf|a;| 


(29) 

(30) 

dco (31) 

(32) 


484. We notice, first, the emeigence of the characteiistic factor 
^h/y (31)) common to all cosmologies We notice, secondly, that 
all relations appear m terms of the single dimensionless parameter a 


485. It IS clear without further discussion that for any given A, at 
any given epoch t^, the observable relations now found differ fiom 
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the corresponding relations for the simple kmematic system But 
two special hmiting cases of these formulae are of great interest 


486. Case (a) a ~ 0 When a is small, (27) becomes approximately 

1 


(29) becomes 



(ill") 


(30) becomes y ~ 2a:^a:|(l— 5-*) ~ 2ai(l— 5-i), (i") 

(31) becomes N dsdw ~ ^ ^ ilnf:!)! dsdco, (ii") 

477^0 y s^- ^ ' 

(32) becomes l/67ry^| (33) 

Comparison of these with formulae (i'), (u'), (in') given (§ 468) in 
this chapter shows that for a small, the model for > 0 coincides 
in observable properties with the parabohc Einstein-de Sitter model 
-4 = 0 (The coordinate x is equal to (6r/c)4.^(6'7ry)“^ ) Now a is small 
when the product Aq is sufficiently small This occurs when A is 
sufficiently small, for any ^nd when is sufficiently small, for any 
A It IS not surprising that the case -4 ~ 0 for any is approximately 
represented by the case .4 = 0 But it is rather unexpected that for 
any 4, for q sufficiently small, the hyperbohc umverse is approxi- 
mately coincident with the parabohc universe We may say that 
every hyperbohc universe, or universe of negative curvature, starts 
life and behaves in its youth as a parabohc universe, or universe of 
zero curvature This result is not really relevant to the main purpose 
of this book, but I have inserted it in order to illustrate the present 
method and also to demonstrate the highly conventional character 
of the curvature’ of space in relativistic phraseology The two models 
4 = 0 and 4^0 have totally different space-curvatures for their 
relativistic descriptions, yet give to observation the same appear- 
ance for q small Identical observational appearances are seen here 
to be compatible with totally different geometries 


487 Case (b) a large 


(29) becomes 


When QL is large, (27) becomes 


^2 ~ fa*, 

(34) 

2oii\s) s’ 

(m"') 

Xs 

C dx 1 
~ log 5, 

J cr 

( 1 -) 

X (s 



(30) becomes 


333 
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o2 1 

whence smh x smh(log 5 ) = 

Employing the latter relation in (31), we have 


iV dsdcxi < 


9c% 1 (52-1)2 


167rmQy oL 4s^ 
or, using the value of a given by (28), 

(52-1)2 


dsdcD, 


N dsdco - 


dsdoj 


(11'") 


Lastly, by (32) and (34), (35) 

488. Comparison of (i'"), (u'"), (m'") with (i), (n), (in) of the end of 
Chapter XV shows that when ql is large, the observable properties of 
the hyperbolic relativistic models {A > 0) become approximately the 
same as those of the observable properties of the simple kinematic 
model In particular, we notice from (i'") that for any fixed particle 
(fixed x) the Doppler shift s tends to a constant, and so the particle 
has a constant velocity in the coordinates and space of ordinary 
physics, (ill'") shows that the local time on the distant particle, as 
observed at epoch of observation is the same function of and s as 
in the kinematic case, and (ii'") shows that counting of particles of 
given range of Doppler shift gives the same result 


489 Now by (28), a is large either when is large, for given A, or 
when A is large, for given Thus, for any 'curvature’ defined by A, 
the hyperbolic relativistic model tends to pass into the kinematic 
model as the epoch of observation advances, and the two systems are 
approximately alike to observation, at any epoch of observation, if 
A IS chosen sufficiently large We notice from (35) and from the 
formula for the local density at m the kinematic case, namely 
P 2 = ^0 that the local density (near the observer) follows the 

same law of the inverse cube of the time 


490 The former of these results, that the two systems pass into 
coincidence as and accordingly 0, was obtained inde- 

pendently by H P Pobertsonf and by W 0 Kermack and W H 
McCrea X These authors used a method quite different from that 
here employed, and they did not show that the approximate equi- 
valence depends not primarily on the size of but on the size of the 
product At\, they did not isolate the parameter a Consequently 
t Zeits fur Astrophys , 7, 153, 1933 J M N ^ B A S , 93, 619, 1933 
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they did not notice the other equally interesting result that the 
approximate eqmvalence holds also for any for A large enough 
iheir method depended essentiaUy on showing that the metric ( 1 1 ) is 
eqmyalent to the metric ds^ = cUP-{dx^+dy^^j^dz^) for t large, 
this follows from the fact that the density tends to zero The point 
IS that a hyperhohc relatmstic model is not completely defined by 
the form of its metric, but depends on a constant A as well 

approximate equivalence of the hyperbohc relativistic 
model defined by ^ (> 0 ) to the kmematic model defined by B holds 
when a is large and when, in addition, 

1 B 

(36) 


Ai 




This Mows by eompanng formulae (u) and (n'") or by comparing the 
local densities Combmmg the conditions 

® ^ T 1 


> 1 , 


Pi = 


AHf 


4 ( 677 )/)^ 

by elimination of the condition may be thrown into the form 

I3.V A 


(37) 


\2/ 67Ty 


^ P2 


(38) 

This shows that given p^, the local density, we can always choose A so 
large that the correspondmg hyperbohc relativistic umverse is approxi- 
mately the same to observation as the simple kinematic system of the 
same density near the observer, whatever this density The corre- 
spondmg value assigned to is Ifp^Ai and so may be small This 
approxunate identity for any value of p^, on appropriate choice of A 
was not stated by Eobertson or Kermack and McCrea Their result’ 
which has been widely noticed, has led to the behef that the approxi- 
mate eqmvalence of the relativistic and kmematic systems holds only 
for small densities, 1 e for an almost empty universe This behef is 
false, approximate equivalence can be arranged for any density 

^ ^ interest to mquire to what extent the actual universe 

satisfies the mathematical conditions of equivalence of the two 
systems If (38) holds, then Apl > and hence equation ( 39 ), 

Chapter XVI, requires 

; > (hryPi)-, 
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For vjr corresponding to 500 km sec -1 per lO® parsecs, tins gives 
p 2 0 5 X 10“^^ gramme cm 

Present estimates of the local mean density assign as a rmnimwm 
value 10-30 gramme cm Were the actual mean density equal to 
the present estimate of the minimum density, it would follow from 
this that %f the umverse could be represented by a hyperbohc rela- 
tivistic model, then the history of the umverse is so advanced m tune 
that it IS locally approximately mdistmguishable from a sunple 
kinematic system 

Rejection of hyperbolic models 

493 . There are, however, fundamental objections to identifymg the 
universe with a hyperbohc relativistic model, of the same nature as 
those we encountered m the case of the parahohc Emstein-de Sitter 
model Let us consider a particle or nebula at the theoretically 
maximum distance of observabihty on this model (any A), at any 
epoch of observation For such a particle or nebula s = oo, and so 
by (29) t’ = 0, the local time, as observed, is the natural time-zero f 
By (30) the coordinate x of this nebula takes the value 

Xi ^ 

W(<2) = I (39) 

0 

where is given as a function of a by (27) From (27), as mcreases, 
and a accordingly increases, increases, and so by (39) XmaAk) 
increases Hence as the epoch of observation advances, new nebulae, 
defined by increasing values of Xmax. come into the theoretically 
possible range of observation This is equivalent to statmg that 
there is continual creation of matter at the frontier of observation, 
at the maximum possible distance For every nebula appears at the 
time-zero in its local history, and so has no pre-history f In the field 
of a sufficiently powerful telescope, new nebulae would be continually 
appearing as new spots of light not previously in observable existence 
Each would appear at some defimte calculable epoch, and with a 
red-shift, at first infimte, then decreasmg as the epoch of observation 
advanced This creation of matter within the temporal experience 
of the observer is in contradiction with physics, and compels the 
rejection of the hyperbolic models with A = 0 

t To allow negative values for f would be to encounter the infinite-sky-brightness 
difficulty, as before 
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494. The fact is that the approximate equivalence of the hyperbolic 
and kinematic models, under certain conditions, only extends to a 
defimte distance At "greater distances’, it breaks down A look-out 
man inspectmg a hyperbolic universe with a big telescope sees a 
speckled background — a fimte number of luminous objects at any one 
epoch given by integrating (31) from $ = Itos = oo (the integral is 
readily seen to converge, and can be evaluated) These luminous 
points would be visible as discretely separated on a black background 
But a look-out man inspectmg similarly the kinematic model would 
see a contmuous background, into which merge the luminous objects, 
infimte in number, with increasing faintness In the kinematic model 
no creation of matter occurs withm the temporal experience of any 
observer, the whole system is already created and in existence by the 
time any observer can observe it At any given epoch there is 
thus a fundamental observational difference between the hyperbolic 
and kinematic universes As increases, a more and more nearly 
contmuous background comes mto being in the relativistic world- 
picture, but it IS always essentially resolvable It converges to the 
kmematic world-picture as ^ -> oo, by the creation of matter, but 
always differs essentially from it 

Thus the kmematic model avoids the difficulties encountered when 
the sigmficance of the parabohc and hyperbolic systems is considered 
in detail It achieves this because it originates in an analysis of 
possible €xp&t%euccs, whilst the relativistic systems originate in a 
conceptual scheme of relations 

Oscillating universes 

495. It would be tedious to consider in similar detail the elliptic 
relativistic umverses (A = 0, A < 0), usually described as oscil- 
latmg universes They, too, begin as observationally indistinguish- 
able from a parabohc, Emstem-de Sitter umverse Just like the 
hyperbohc umverses, they create themselves at first as they expand, 
by the creation of matter at their expandmg frontiers But the velocity 
of any particle comes to zero as it decelerates, and ultimately re- 
verses When a is negative, say = ~p, the parameter cannot 
mcrease beyond the value 1/^, and it then decreases again A finite 
amount of matter is created and then collapses on itself Just as each 
particle is born with the outward velocity of hght during the outward 
expansion, so each particle after bemg decelerated to rest relative 
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to the observer is then accelerated inwards and it acquires the inward 
velocity of light at precisely the same distance from the observer, 
on its inward return journey, as when it was born It then suffers 
the converse fate, and disappears from view, in other words it is 
annihilated The inward collapse is accompamed by the complete 
annihilation of all the particles created during the outward expansion, 
until the immediate surroundings of the observer are annihilated 

496. It has sometimes been held that these oscillating universes of 
general relativity provide for cycles of evolution, and for this reason 
they have been favourably considered Actually they have not been 
previously analysed in the above detail as regards their appearance 
to observation, so that it has not been previously reahzed how re- 
markably and irretrievably they stand m conflict with expenence 
They imply not only the creation of matter within experience, hkA 
the parabohc and hyperbolic systems, they imply also the disappear- 
ance of the same matter on the return journey They must be totally 
and absolutely rejected as irrational They are the fantastic weavings 
of the mathematical loom, orgies of mathematical licence, divorced 
from experience They are possible only in the sense that in a dream 
everything is possible 

497. Is the case any better with relativistic systems for which A 0, 
assuming for the sake of argument that nature contains such a con- 
stant ’ If A < 0, inward accelerations are increased, and the creation- 
of-matter effect is but intcnsifled, matter must be created m still 
greater abundance at the expanding frontier as the newly formed 
particles lag behind the uniformly expanding frontier with enhanced 
deceleration If A > 0, outward repulsions are introduced These 
diminish the necessary rate of creation, and we have one case where 
no cioation occurs at all, namely Emstem’s original static system, 
but this end is achieved only by depriving the system of all motion” 
and no one has yet given a rational account of the world-picture in a 
static ‘spherical’ univeise, where every particle is m two places all 
the time, and in any case this contradicts the observed expansion, 
and sets up an absolute standard of rest Apart from this particular 
case, as the outward repulsions increase with distance, the Doppler 
shift increases to infinity, and thereafter the particle concerned dis- 
appeai-s from observation, and so is annihilated as far as experience 
IS concerned Positive values of A only serve to increase the rate of 
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annihilation These statements could be readily verified by an analysis 
in terms of observable relations of the formal results of Chapter XVI 
for X ^ 0, using the methods of the present chapter 

498. We have now achieved the object of Part IV of this work We 
have built a bridge joimng kinematic cosmology to current relativistic 
cosmology, by showing how the world-picture of the kinematic models 
IS approximated to under various circumstances by hyperbolic rela- 
tivistic models This shows that there is an underlying content 
common to kmematic relativity and to so-called general’ relativity 
But the resemblance broke down on further inspection All general 
relativity models fad because they invoke a creation or annihilation 
of matter within the experience of the observer, and precisely at this 
point kmematic relativity avoids this catastrophe, by constructing 
systems invokmg neither creation nor annihilation of matter but 
already contaimng, in the experience of any observer, all the particles 
ever observable, i e wholly observable at any epoch in the experience 
of any observer 

499. Kmematic relativity thus survives as the only system capable 
of givmg a rational account of the world Further, it is not included 
in 'geneiaP relativity, though it has well-defined relations with it 

Necessity of uniform velocities for fundamental particles 

500. We can now give a partial answer to a question raised at an 
earher stage of this work We began by constructing the kinematics 
of equivalent observers m arbitrary, possibly accelerated, relative 
motion, but for the sake of simphcity, and to avoid mathematical 
difficulties, we apphed this kinematics in detail only to uniform 
relative motion The structure we have erected contains as a funda- 
mental element the presence of equivalent observers in unifoim rela- 
tive motion What would have been the course of our analysis if we 
had carried it out for equivalent accelerated observers ? 

501. There would have been, as before, a frontier expanding with 
velocity c But the particles m this frontier would have been subject 
to acceleration or deceleration, m the experience of the observer at 
the origm There would thus have been a creation or an annihilation 
of matter at the expandmg frontier creation in the case of decelera- 
tion, as the particles lagged behmd the light-sphere, in order to fill in 
the otherwise-arising gap and ensure the continued centrality of each 
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s. 

particle in the field of the rest, annihilation in the case of acceleration, i 

as particles overtook the frontier and passed out of observation 5 

In the frontier itself, therefore, the material particles must move with ^ 

the light, with the constant velocity c in the experience of the ^ 

observer at the origin (itself a conventional constant introduced as : 

a means of describing experience) But we have seen how deep-lymg J 

IS the velocity-distance proportionahty, how it turns up from the ^ 

condition of hydrodynamical continuity, from kmematics, or in 
satisfaction of the cosmological principle, in Newtoman cosmology f 

and in relativistic cosmology Thus on any analysis we may expect 
the law V — rF(t) for the experience of the observer at the origin, j! 

and since v is constant in time for some particles, namely the particles 
in the expanding light-frontier, by proportional parts v is constant for ; 

all fundamental particles, F{t) must be l/t Thus the constancy of ' 

relative velocity for the fundamental particles is an essential condi- ^ 

tion for the avoidance of creation or anmhilation of matter Our ^ 

analysis is thus probably the most general analysis that could be / 

developed for obtaining the solution of the cosmological problem 
I state the foregoing considerations with reserve, but they would ap- , 

pear to justify our at-first-tentative restriction to uniformly moving 
equivalent particles 

Did the universe originate as a 'point ^ 

502, A further point which now becomes clear is the following A 
feature common to the kinematic systems, to the ^Newtonian systems, 
and to the ^general’ relativity systems with A = 0 (in fact to all 
general relativity systems save those that start from the pecuhar 
Einstein static system) is that at ^ = 0 the systems shrmk to a pomt 
Is this an accidental mathematical feature, or is it an essential 
property of the actual universe*^ Must we beheve that the umverse 
actually originated in a point *** 

The way to answer this question is to consider what would have 
happened if at i = 0 the system had a finite extension, in the experi- 
ence of an observer 0 Any system, to satisfy the cosmological 
principle, must include particles moving with all speeds up to that of 
light, otherwise there would be a maximum velocity (< c) and there 
would be an accessible boundary But, at any epoch at which the 
c-moving particles are observed, the local time t' as observed is zero 
a feature, again, common to kinematic and general relativity systems, 
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Hence at the most distant, most swiftly moving particles, the local 
state of affairs must he identical with that m the past experience of 
the observer at the origin at ^ == 0, i e must be consistent with a 
fimte extension But since these particles are movmg with the speed 
c, they are subject to a complete Lorentz contraction to a point, i e 
to the observer at the origin, the particles appear infinitely close 
together, and in the frontier at actually zero separation This does 
not rule out the possibihty of a finite separation in the experience of 
the particles near the frontier, hut I find it difficult to envisage any 
mathematical description of the state of affairs which provides for 
a fimte separation at = 0 and ^ == 0 yet permits an apparent 
infimte closeness of the particles concerned as viewed from a distance 
If there was a finite separation at = 0, it would be possible to con- 
template events for negative values of t, when contraction must have 
been occurrmg, and then there should be a distant portion of the 
universe now visibly contracting, for observation would not now be 
confined to the interior of the expanding hght-sphere Beyond its 
boundary there would be other particles visible, moving with speeds 
less than c, condensing towards the place where the velocity equalled 
c, and so disobeying the velocity-distance proportionality I find it 
impossible to envisage a violation of the velocity-distance propor- 
tionality compatible with the satisfaction of the condition of hydro- 
dynamical continuity — ^the conservation of particle-number All 
thmgs considered, it seems impossible to give any rational account 
of a complete world (satisfying all conditions) enjoying a finite 
separation at i = 0 We must therefore conclude that there was 
actually a reduction of the world to a point at if == 0 This is provided 
for fully m the kinematic models, both simple and statistical, for 
the sub-systems have then not yet begun to separate In the kine- 
matic systems the primeval singularity at ^ = 0 m the past history 
of any observer 0 is always the exact counterpart of the present 
singularity (m his experience) now observable at the frontier Our 
conclusion, then, is that the world was actually created as a point -j* 

503. The mathematical mvestigations of this chapter show that 
present-existing relativistic cosmologies are essentially only at the 
hydrodynamic stage, and hence it is only possible to compare them 

t This conclusion was first expressed by Lemaitre, in particular at the B A dis 
cussion of 1931 (London), but I wish expressly to dissociate myself from any adherence 
to his view that the world originated as a super-radioactive atom 
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With our Simple kinematic model, as has been done The features of 
our statistical kinematic model, which have been seen to go so far 
towards an understanding of the more detailed structural features of 
the universe, are beyond the present resources of ^general’ relativity 
It IS easy to calculate the trajectory of a single free particle in an ex- 
panding curved space of general relativity, but to introduce a large 
number of free particles, statistically distributed, each following a 
geodesic, would alter the metric (for this is required to be constructed 
in accordance with the totality of particles present), their mutual 
gravitation would affect the paths Our method of choosing a space 
first, free from conditions imposed by the material occupymg it, 
avoids this difficulty 

I conclude with a few remarks on 'general’ relativity 
Eemarks on general relativity 

504. In our procedure, we make observations first and construct 
coordinates by combinations of them General relativity begins quite 
differently If we follow the exposition of Eddington’s Mathematical 
Theory of Relativity, we find the following 

'Everything connected with location which enters into observa- 
tional knowledge is contained in a relation of extension between pairs 
of events This relation is called the interval, and its measure is 
denoted by ds ’ 

But no rule is given for converting observations into a number ds 
It remains at this stage a purely conceptual quantity 

It IS next supposed that an observer overlays a mesh-system on the 
external world, and locates an event by four coordinates x, y, z, t 
But no rule is given for ascertainmg the coordinates of an event 
from observations of it 
We next find 

'We have to keep side by side the two methods of describing the 
configurations of events by coordinates and by the mutual intervals 
— the first for its conciseness and the second for its immediate 
absolute significance It is therefore necessary to connect the two 
modes of description by a formula which will enable us to pass 
readily from one to the other The particular formula will depend on 
the coordinates chosen as well as on the absolute properties of the 
region of the world considered, but it appears that m all cases the 
formula is included m the following general form ’ The author then 
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proceeds to write down the most general quadratic form in the differ- 
entials of coordinates, namely 

ds^ = gfxydx^dx^ (iJL,v — 1, ,4) (40) 

Waiving the fact that neither the numerical value of ds^ nor the 
numerical values of the coordmates xi^ have been defined in terms of 
observations, we have here a fundamental assumption (We notice 
that the form is held to depend on the 'absolute properties of the 
region of the world considered’ It is curious to begin an account of 
relaUv%ty by postulating the existence of undefined ^absolute pro- 
perties’ of a region, when we have previously been told that 'every- 
thing we can know about the configuration of events’ is contained 
in a 'relation of extension’ and when we notice that all we know of 
the world are obseivations of events ) The author admits that this is 
not the most general case conceivable, that we might have a world in 
which was a general quartic function of the dx^s It might of 
course be any function whatever, not necessarily homogeneous, why 
should dt appear m the same way as dx ^ Actually all these statements 
are of purely conceptual content, for they make no contact with 
actual measures 

It IS then assumed that in a small region (40) is reducible to 

^^2 _ (40') 

and various physical facts are then derived by assuming that a clock- 
difference measures an mterval ds of the type considered But no 
immediate justification is given for the unexplained introduction of 
the mmus sign in (40') 

Enough has been said to show the entirely conceptual character of 
the procedure m this presentation A concept is something which I 
and the reader do not choose to define, but which, we agree, means 
something, and the same thmg, to both of us Eddington’s intro- 
duction to relativity involves a generous use of concepts, but I am 
personally quite unable to attach any meaning to his phraseology 

505. There is a conceptual element in relativity, but its introduction 
occurs at a much later stage than appears in Eddington’s formula- 
tion Erom the axiom of the constancy of the velocity of light to 
observers m uniform relative motion, assuming that velocity has been 
satisfactorily defined by means of measures with clocks and rigid 
length-scales, it is shown that if one observer A, from his measures 
with clocks and rigid length-scales, using Euclidian geometry, 
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attaches Cartesian coordinates x,y,z,t and x-\-dx,y-\-dy,z-\-dz, t+dt 
to two given events, and if a second observer B, moving witb um- 
form velocity F relative to A, attaches coordinates x', y', z', t' and 
x'-\-dx', , to the same events, then 

cW-dx^-dy^-dz^ = cHt'^-dx'^-dy'^-dz'^ (41) 

independent of the value of F The common value of these two 
equal quadratic expressions may now be defined to be ds^, the square 
of the ‘interval’ between the events 
The strdnng thmg about the formulae 

= c2 dx^ = c2 dx'^ 

IS not the equahty of value of two quadratic functions of the coor- 
dmate differentials, but the conservation of form of the two quadratic 
expressions Any observer whatever, provided only he knows himself 
to be in uniform relative motion with respect to either of A or B, 
but without usmg the value of his relative velocity, can observe the 
two events, determine their Cartesian coordmates and epochs, sub- 
tract them and then form the summation dt"^—'^ dx"^ with the 
full assurance that the number he gets is the same number as that 
got by A. or 5 The rule he has to use for findmg what he is to call 
ds^ IS precisely the same rule as that used by A and B, the actual 
details of the relations connecting say (x,y,z,t) with {x",y",z",t") are 
immaterial — ^the form is prescribed 

It IS this factor of conservation of form, apphed to the description 
of systems of moving particles and their accelerations, which we have 
used for constructing our kinematic relativity The principle has been 
in all cases equivalent observers use the same rules They use the same 
rules for constructing coordinates out of observations, and when 
systems have been constructed satisfymg the same descriptive rules, 
the equivalent observers once more use the same rules for calculating 
accelerations Thus our kinematic relativity is a generalization of the 
so-called ‘restricted’ theory of relativity carried out in the spirit of 
the latter theory 

506. Einstein’s generahzation of ‘restricted’ relativity proceeds quite 
differently Einstein’s procedure was to assume that given any two 
events described by conceptual coordmates derived from the super- 
position of a conceptual mesh-system on events, then the value of 
ds^ was conserved for all transformations of coordinates Conserva- 
tion of form, the most striking feature of the consequences of expeii- 
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ments with liglit-signals, was sacrificed in favour of conservation of 
value Eelation (40') was then held to be replaceable in general 
by (40) This is sometimes expressed by saying that the world of 
events is supposed describable, in "general’ relativity, by a Rieman- 
man space The statement is, however, meaningless until we have 
provided some rules for passing from coordinates to observations or 
vice versa 

507. This rule is simply that hght-rays are supposed to follow nul 
geodesics in the Riemanman space ds == 0 along a path 8 J = 0 
This rule provides a complete scheme of transformation from co- 
ordinates (the coordinates of any specified event), in any chosen 
metric (formula of the type (40) for ds^), to the observations that 
could be made by any specified observer (also specified by coordinates) 
who observed that event But it does not give any rule for passing 
from observations of events to the associated metric In fact it by no 
means follows from the principles of general relativity that any set 
of observations of any set of events can be described by a metric of 
the type (40), and our kinematic systems are examples of systems, 
duly defined by observations, which cannot be so described 

508. This IS the optical content of the "general’ theory of relativity 
Its kinematic content is now given by the fuither assumption that 
a free test-particle will follow a geodesic in the Riemanman space, 
8 J ds = 0 

509 But the structure so far obtamed is still meaningless We choose 
a metric, and we predict from this that a free test-particle, liberated 
in such and such a way, will pursue such and such an observable path 
But we do not know what we mean by having chosen a metric, m 
terms of observation We do not yet know what material occupies 
the contmuum so defined In the presence of what other particles 
does the test-particle move in the way predicted ^ This question is 
answered by supplementmg the conceptual scheme by "field equa- 
tions’. These state that if from the metric we calculate the tensor 
fbe matter-in-motion present is defined by a 
second tensor —kT^^ equal to the tensor just calculated, where the 
components of define the motion, pressure, and density of the 
matter present m terms of the conceptual coordinate mesh-system 
already used to locate events It is a self-consistent property of the 
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whole formulation that the motions defined by obey the stationary 
principle S J = 0 

510. Until the field equations are stated, we do not know the matter 
piesent, but we do know the paths of free particles in the conceptual 
scheme We can regard the question in the following way Let a 
metric be chosen, and the geodesics 8 J (Zs 0 calculated Let con- 
straints be introduced so as to compel any given test particle to follow 
a geodesic Then introduce matter into the system until the required 
constraints reduce to zero Then this is the matter imphed to be 
present This method of regarding the situation exhibits the analogy 
between the kinematic content of the 'general’ theory of relativity 
and our kinematic relativity For we first constrained our particles 
present to follow prescribed paths, then showed that free particles 
would follow the same paths without constraints 

511 It IS to be noted that the procedure can m principle be reversed, 
we can state and then derive the ^^^’s corresponding to it But 
a coordinate mesh-system must be chosen before 3^^ can be described, 
and this is usually stated in conceptual terms, not in terms of the 
observations that would m fact determine If T.,^ be stated, the 
process can be described as] one of building up a space appropriate 
to the matter-m-motion present according to certain rules, namely 
the rules contained in the field equations 

512 The formal relationships of the theory thus constructed are 

satisfied whatever value A has Thus if the are given, the matter 

present is in fact indeterminate, since the principles of the theory do 
not fix the value of A But the geodesics remain determinate and 
independent of A General relativity offers in fact a wide choice of 
distributions of matter-m-motion all compatible with the same set 
of free trajectories 

513. In its apphcations to the cosmological problem, general rela- 
tivity follows the first-mentioned procedure It first chooses a metric, 
partly on grounds of symmetry, partly from considerations of 'cosmic 
time’ , this IS equivalent to choosing a space and thus implying a set 
of trajectories that would be followed by free particles The field 
equations are then employed to ascertain (with the ambiguity conse- 
quent on the admission of the cosmical constant A) the matter-m- 

4021 y y 
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motion implied to be present Thus the space is first chosen, and then 
filled with matter according to the daws of nature’ which are assumed 
as part of the theory Lastly the whole structure is convertible into 
the observations that would actually reveal it, by means of the light- 
paths defined by = 0, 8 J = 0 

514. The above account is sufficient to disclose the essential differ- 
ences between the procedure of general relativity and our kinematic 
procedure As Eddmgton has written, in general relativity "we start 
with a general theory of world-structure and work down to the 
experimental consequences’ The general theory is stated first in 
terms of concepts and a conceptual symbolism, and the laws of the 
structure are stated m the same conceptual terms In the kinematic 
treatment, too, we start by choosing a space — ^the ordinary space of 
physics for each observer We relate different observers’ different 
spaces But we begin with no theory of world-structure, or the 
assumed existence of daws of nature’ We begin with the observations 
that could in principle be made, and work upwards to the regularities 
that these observations, to be compatible, must satisfy Whilst in 
certain cases general relativity chooses a finite space and then in 
accordance with its own laws fills it necessarily with matter of a 
fimte density, thus arriving at a fimte number of particles in the uni- 
verse, our method leaves the occupation of the space to be determined 
by our prmciple of selection of the systems to be considered, namely 
the cosmological prmciple We make no a 'priori decision as to 
whether the world contams or does not contain an infimte number of 
particles, or as to whether it occupies a fimte or an infinite portion of 
the observer’s space as customarily used in physics The procedure 
settles these questions for itself, and leads to the conclusion that the 
world contains an mfimte number of particles distributed inside a 
fimte volume of the above space It automatically leads us to con- 
sider the properties of "open’ sets of points, which play no part m 
general relativity The procedure generates descriptions of sequences 
of events which may be called "laws of nature’, but they are not 
inferred as consequences of obedience to supposed laws governing 
nature The structure is thus completely free from any appeal to 
specific theories about nature As originally maintained by Edding- 
ton, but on different grounds, we conclude that as far as gravitation 
IS concerned there is no such thing as "a law of gravitation’, only 
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a totality of possible gravitational situations, of which, we have here 
described in detail those satisfying the cosmological prmciple Gravi- 
tation disappears either as an assumed law or as a consequence of 
supposed properties of a supposed entity 'space-time’, sets of com- 
patible accelerations of particles, in one another’s presence, alone 
survive 

Conscious of many imperfections, and of hosts of fascinating 
problems awaiting further investigation, we now leave the subject 



APPENDIX 

MATHEMATICAL NOTES 

Note 1 The world-picture (§ 77) 

We have estahlibhed from kinematic considerations the formulae 

ft 


n(t) = N exp^— 3 F{t) dfj 


and 




where djdt denotes differentiation following the motion 

At time of observation t, the numbei of particles or nebulae actually within 
the range (r, r +dr) and inside a solid angle doj is 

drdo} n{t) 

= N exp^— 3 F{t) dt^T^ drdoj 

In the photograph, this same numbei of nebulae is visible at observed distances 
between and ri+drj, where 

r = fj^exp^ F{t) difj 

and accordingly, keepmg t constant m differentiatmg, 
dr = dr,exp( + 

Hence m terms of and dr^ the above number of nebulae is equal to 
Nexp^— 3 I 


This IS equal to 
n{t) 


,[n.^j'(^_^)]exp(3 dtyi dr,d<o, 

or approximately, if the variation of F(t) m an interval rjc is sufficiently small , 

E„t 

where Vi is the observed velocity of the nebula photographed as at distance 
Hence the number of nebulae between photographed distances and r^+dri 
at time of observation tis / \ 

n(i)^l + 4-^j7f dr^ dco 
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If this IS wiittcn as drido we have 

= n{«)^l+4^j 

This IS the formula quoted 


Note 2 Solution of the functional equations for the invariant velocity- 

distribution (§ 89) 

The functional equations in question are 

eu. w{l-V^lc^)l\ {l-UVc^)^ 

. I J\i_^ujcV i-uUjc’^ ’ 1-uUlo^ /(I-mCI/c^)*’ 

and two similar equations To solve them, make the substitution 

„ ,„\ F{u,v,w) 


J(u,v,w) = • 




We have 


\ [■/ U--U Y Ml~C72/c2)i\2 ^ (w{l~U^lc^)iY] 

cA\l-uUlcV l~uUlc^ / l~uUlc^ / J 


l-~U2/c2 




Hence the functional equation becomes 


F{u, v,w) 


J u-^U ^(l-Z72/c2)i w(l-uUlcm 
\l-uUlc^' l-uUlc^ ' l-uUlc^ ) 


“ " V1-mC7/c^’ l-uU/c^ ' ~T=^Vj¥~) 

Without appealing to the theory of invariants under the Einstem velocity - 
transformation, we may solve this functional equation m an elementary way 
as follows Since the equation is to hold good for all U, it is certainly satisfied 
when U is small Expanding the right-hand side by Taylor’s theorem to the 
first power of U we find 

/ , u^\ dF , uv BF , uw BF . 




Bu (? Bd 


This may be wiitton in the form 


1 BF ^ BF 


whence by symmetiy the other two equations must give 


I BF ^ BF ^ BF] 


Put = a, ^ — y 

Then the equations become 

0a "" ay ™ aa B^ By) 

The solution of the first two of these is of the form 

E^a>(a+i3+y), 
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as lb immedidtely pioved The remaining relation then gives 

®'(a+j8+y) = “+^+y q)>+j3+y), 

whence = 0, ^ = const , 

so that F = const 

The solution of the set of functional equations must accoidmgly be of the form 

B 

where B is any constant It is now readily verified by direct substitution that 
this IS an exact solution for any U 






Note 3 Solution of the functional equations for the acceleration (§ 101) 

The equations m question are (24), § 101, together with the similar equations 
obtained by replacmg (U”, 0,0) by (0, C/,0) and (0, 0, C7), P', V', and j 5' being 
connected with P, V, ^ by the Lorentz transformation The equations must be 
identities in the seven variables x, y, z, t, u, v, w 
To determme the functions/, h, substitute 

/(P,V,i)^ra(P,Y,i) 

g(P,v,i)^rj8(P,v,«) 

;i(P,v,i)^ry(P,v,o, 

where F is a function of V given by (25), § 101 Then/(P', V', t') - F'a(P', Y', t% 
etc Insertmg these in the given equations (24) and usmg (27') we find the 
functional equations 

= )8(P.V.«)+ 

y(P',V'.f') = y(P.V,0+Y^^,c.(P.V,«) 

Next, make the substitution 


a(P,Y,i) = {x-ut)L(^,y,t), 
^ (y^vt)M(V,Y,t), 


y(P,Y,f) = {z~wt)N{V,Vj) 


Then ^(P', Y',i') = {x'—u't')L(P\V\t'), etc By use of the Loientz formula© 
and the velocity-addition formulae we find that 


x'—u'f — 


(l-C/2/c2)^ 

l-uU/c^ 


{X—Ut)y 


v'—n't' = + ^2/) 

^ l-uUjc^ 


(z—wt)~\-(JJ ld^)(wx—uz) 
l-wC7/c2 
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The functional equations for a, y then become 
X(P',V',n = X(P,V,«), 

[(2/-t’i5) + (U^/c2)(va;--iA2/)]M(P',V',^') = ( 2 /— yi5)(l-'ul7/c2)Af(P, V,j?)+ 

+ {vUjc^)(x—ut)LiJ^, V, t)y 

[(2_^^)4.(C7/c2)(^a;~W2:)]iV(P',V',f) = {z~-wt){l-uUlc^)N{V,Y,t) + 

+ {wTJ lc^){x—ut)L(^ , V, t) 
The first of these equations shows that L is an mvariant function of 
Xfy,z^tyU^v,w under a Lorentz transformation It is easily proved that the 
only invariants under such transformations are 

X and ZVF, 

where X, Y, Z aie given by (25) and satisfy (27), (27'), (27") Hence 

Xh=X(X, Z^IY) 

The analogous equations obtamed by consideration of (0, 17,0) and (0,0, U) 
show that = M{P,V,i), 

N(1?',V',t) = N(V,V,t) 

These may be written accordmgly as M(X, Z^jY), N{X, Z^/Y) 

The functional equations for M and N now simplify, on noticing that 
[y^vt'^(Ujc^){vx-~uy)']—{y—vt)(l—uUlc^) = {vUlc^)(x—ut), 
[z—ivt-{-(U/c^){wx--uz)'\—{z—wt)(l—uUlc^) ^ {wU lc^){x—ut), 

M(X, Z^IY) = X(X, Z^IY), 

N{X,Z^IY)^L(X,Z^IY) 

Accordingly, the solution of the original set of functional equations is of the 
form ^ ^ Y(x-ut)0{X, Z^IY), g = Y(y-vt)G{X, ZyY), 
h = Y{z-wt)Q{X,Z^IY) 

We now notice that/, g, h are of dimensions (length) (time )'"2 Consequently 
(7(X, Z^jY) IS of the form X'“'^Qi{X, Z^jY), where is dimensionless Since 
X and Z^JY are of the dimensions (time)^, must be a function of the single 
dimensionless variable Z'^jXY or and we may write it 0-^ ^ Q{^) The 
solution IS accordmgly y 


to 




9 = (y- 




h = iz—wt)^Q{$), 


01 , la vector form, 


g 


{P-Vt)|(?(f) 


The substitutions we have employed obtain the most general solution of the 
original equations They are, however, by no means obvious, and they were 
determined only after the solution had first been found by more tentative 
methods The method employed in my ongmal paperf was to express the 
vector g m the form g == AP-f HV-f- C(PAV), 

f Zeit9 fur Astrophys 6,53, 1933 
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where A, B,G are three scalar functions of a;, ,w to be determined The 
condition that this expression shall transfoim as an acceleration was then 
worked out, usmg easy four-dimensional vector calculus It appeared that 
AjY must be an invariant, that (At-\-B)IY^ must also be an invariant, and 
finally that At-\-B must be zero Thus B — —At, and the result follows The 
appearance of the symbol t in the apparently odd form At-\-B arose from ex- 
pressing the scalar product P V in the form 


Note 4 The vector %ntegrals (§ 168) 

We have from the equations of motion 


dt 


= V, 


that 


Also 




dt 

dt 




d 

dt 


(PAV) = PA^= -(PaV)«|g(^) 


dt 


(Z^ 


,dZ dX^ 


dY 


^XY) 2Z^-^Y-X ^ 
dt dt dt 


2z[r(n- (?(|)^^}] -iYZ^2Y{tY-Z)G(^) 


whence 


= -iO(l)^t(Z^-XY), 
j^(Z^-XY)i = -t^amz^-XYf 


To establish identity (17) of § 167, we have 

]^V\2 

C2 




V2^2 /p V) P2 1 


==-,(P-W)^ 


1 


(PAV)2 


To solve equations (13) and (14) of § 166, insert for P from (13) m (14) We 

(W+Vi)AV = e\9, 

or, smce VaV == 0, (lAV) = cl 

Multiply this vectorially by f Then by the continued vector product theorem 

-f(V f)-fV/2 = clAf 

But the equation f AV = cl is impotent to determine the component of V 
along f Hence i . « 

where A is undetei mined We have then 

P = W+Xt 

= c i-f" (A^-j-^)! 
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Note 5 Derivation oj Boltzmann’s equation (§ 209) 

If x,y, 2 are tlie components of P, x^, y^, % of Pj, u,v, w of V, ofVj, , 

9i> 53 of ^ ^ ^ 

wliei© 




do dr 

e{x,y,z,u, 




= a;+t{A*, j/i 

= 2/+«A<, 

z^ = 


: 

= w+5i 

AiJ, 1}-^ 

= v+y^M, 


w+ysAiS 

Jacobian is 





1 

0, 

0, 

Lt, 

0, 

0 

o> 

1, 

0, 

0, 

At, 

0 

0, 

0, 

1, 

0, 

0, 

At 

dx 

dy 

dz^*’ 

‘+t“’ 

^ At, 

dv 

dw 


dy 

^At, 

C^Z 


1+&M i-i. 


dy 

fiAt, 

dz 



H-^A« 

dw 


whicli to the first power in Lt expands as 


1 d- A;{^’ 


du dD ^ dw 




The condition that particles are noitlicr created nor destroyed is aceoidingly 
given by 

jf(P-t-VA«,«H-Ai,V+gAi)[l + A<A g] =/(P,«,V) 

By the deiinition of voctoi derivatives, this i cquiros 

+ g) = 0 

dt^ c>v^‘' \av 

This is the dosirod equation 

Note 6 A velocity relwtionsMp (§316) 

The problem is to eliminate the unit vector i from the relation 


y;= 


where 


smh € = 


i)fo 


(i-Yijc^r 

To effect tho elimmation, multiply (1) voetoriaUy by V,. Then 

y;a V.- -cuay.)(i-W 5 ^±|l 


( 1 ) 

( 2 ) 
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Taking the square of tlie modulus of each side we have, since 

(1AVo)2=:V§-(1 

(VS A = c2a-V§/c“)[Vg-c2(l-V§/c2)smli2e] 

= c=(l-Vl/c2)[V?cosh2€-c2smh2e] 

COSh2(€ — 2772) 

Also from (1), 

Hence 


[App 


COSh2(€ — 2-^2) 


c^{VS-%)»-(VS A %)2 = c2{l-Vg/c!‘)~g^^^(c2-Vg)cosh“6 


But multiplying (1) scalarly by Vq, 


VJ Vo = Yl-c\l~Yl/c^) 


smh € sinh 27]i 
cosh(e— 27^jr) 


By (3) and (4), 
which IS the desired eliimnant 


A^ \ 7 ' Y — yQ. cosh € cosh 2r]i 
c VoV„_(c 

(c^-VS Vo)^ 


(3) 


(4) 


Note 7 The ajpparent brightness of a receding nebula (§§ 140, 149) 

In order to show that the simple kmematic model gives a continuous back 
ground of finite mtensity, it is necessary to have a formula for the apparent 
brightness of a receding object as measured photometrically or spectro 
photometrically by a given obseiver at a given epoch of his experience The 
lummosity of an object such as a nebula may be supposed given as a function 
of local time, the same function for all nebulae on the average. This function, 
which depends on the evolutionary optical history of the nebula, is entirely 
unknown, but foi our purpose it is sufficient to leave it as an imdetermined 
function, the form of the formula for the apparent brightness will then show 
sufficiently well whether the backgroxmd intensity converges to a finite limit 
in spite of the mfinite number of lummous objects present The effect of the 
recession, of course, is to dimmish the appaient brightness, for the recession 
dilutes the stream of photons m space as measured by the observer This diminu - 
tion m apparent brightness amounts to complete invisibility as the speed of 
recession approaches that of light, and hence it comes about that the back- 
ground mtensity, due to the infimty of fast-movmg objects with velocities in 
excess of any given velocity, can be finite 

An approximate formula for the effect, vahd for small velocities, has been 
given by Hubble, f fiom physical considerations But for our purpose of apply- 
ing the result to velocities approachmg that of light, an exact formula is re- 
quired The following is a revised version of the origmal mvestigation given 

by the author,} which has been confirmed by another method by A G Walker || 

t Astrophysical Journal, 74, 71, 1931 } Ze^ts fur Astrophys , 6, 90, 1933 

11 M N , E A , 94, 162, 1934 
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As brightness is measured in energy units, it is necessary to depart somewhat 
fiom a purely kinematic treatment 

Our general method is to begm by considermg a nebula at rest and an energy- 
leceiver in motion relative to it We then transform the mtensity at the 
receiver, as measmed by the particle-observer on the nebula, into the mtensity 
measured by the particle observer at the receiver The optical properties of 
the nebula are supposed gi\ en, however, m terms of the umts appropriate to 
an observer on the nebula, as this gives the standard behaviour of the nebula 
We have of course to express the result m terms of the epoch at which the 
observation m made, m the experience of the observer at the receiver 


V nl 



Tig 20 Calculation of radiation from a receding surface element 


For convenience we consider first the case of any uniform relative motion 
of source and receiver, not necessarily one of pure recession Pruned symbols 
refer to jB’s measures Let cZ/Sq be a radiating surfaee centred at the point H, 
with its normal in the direction of a unit vector nj Let dS' be a leceivmg 
surface whose centre, at the epoch V in H’s experience (i e at time t' by P’s 
clock) IS at the point A Let n' be a imit vector normal to and let V be its 
velocity Let BA = r', and let i' be a imit vector m the direction HA, dcu' the 
solid angle subtended by dB' at B when dS' is at A Then 

Consider the energy that would be received by dB' from dHJ in the interval 
{t\ t ' + dt^) of B ’s experience If dS' were stationary at A , the amount of energy 
it would receive durmg would be, by the general theory of radiation, 


ni)dcu'd^' = 


n',)dS'(i' n')df 


Here 7/ is the specific intensity of radiation from dS'^ in the direction i', in 
frequency as measured by the particle observer B When dS' is in motion, the 
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amount of energy it receives is altered Let [Ml denote the position of dS' at 
[A^] its position at Project dS' at A conically from B on to the plane of 

[A’'], and call this projected position [P] Then the radiation crossmg dS' as it 
passes from [Ml to [N], to the first power of the differentials concerned, is 
equal m amount to the radiation which would have crossed dS' had it passed 
fiom [M] to [P] The error is m fact of the order of the energy passing through 
the curved surface of the cylinder foinaed by the motion of dS' from [M] to 
[A^], this energy is equal to the difference between the energies that would 
cross, m the same time, the area dS' stationaiy in the positions [M] and [N] 
respectively, which is of a higher order than the differential we are calculating. 

Now the amoimt of energy fallmg on dJS' in its motion from [M] to [P] is less 
than the amoimt that would fall on dS' if stationaiy at [M] by the amount of 
energy trapped m the truncated cone cut off between [M] and [P] as subtended 
from B The amount of this energy is equal to the amount of energy falling on 
a stationaiy dJS' at [M] m one second, namely 

n'o)dS'{i' n') 


multiplied by the time taken by radiation to move from [M] to [P] along BA 


produced, namely 


1 (V n')dt' 


The product of these expressions is 

{I'^dv') dSi (1' n^) ^ (^) dt' (2) 

Subtracting this from (1) we have for the amount of energy passing through 
the movmg dS' m time df 

m-dv')dSi{i' ni)^di'[(x' n') (3) 

as measured by B Call this B' 

Take now V parallel to i', so that V — Fi' Then 

E' = {I'^dv')dSi(i' n'o)^ dt'ii' no(l- (4) 


To calcidate 4’s meastire of this energy, it is sufficient to notice that A 
receives, in the interval (4', <'4 dt') of B’s reckoning, E'jhv' quanta, each of 
winch he will count as a quantum of energy hv, where 


V 



(5) 


Thus the energy leoeived by 41, in J.’s measure, is 


1 6 by (4) 



E = {I'^dv') 


dS'l x' nJ)dS"(i' n.')dt' (l-F/c)^ 
r'2 (l-FVt,2)i 


( 6 ) 

(7) 


This nmiaber must now he expressed, m terms of measures used by A The 
event of the arrival of the light at A has the coordmates ( —r', t') m B’s expen- 
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ence (taking for convenience an a;-axis from A to B) Also here, r' = Vt\ by 
the recession law and the definition of the origm of f The formulae 

, t—VxIc^ 

where (0, t) is the description of the event by A Hence 

r' — — ( 8 ) 

(l-FVc")i’ 


, x—Vt 
^ ~ (l-FVc2)i’ 

give accordmgly here 

(l-FVc=)i’ 


dt' = ■ 


dt 


1 (9) 

(1_F2/c2)^ 

Enrther, since dS and dSQ are directly receding from one another, and i' is 
the direction of mutual recession m B’s reckonmg, we have i' = i, and 
dSii{i' iio) and dS'{x' n'), bemg projections of areas normal to the direction of 
motion, are unaltered by transformation from H’s measures to A’s, and so 

dS',{i' n',) = dS,{in^), (10) 

dS'{i' nO = d/S(i n) (11) 

Inserting from (8)-(ll) m (7), we have that the energy E received by A 
during the interval {t, tA-dt) of his (A’s) experience, from B, is given by 

Al-Vjcf 


E = {Ii>dv')dSQdS(t no)(i XL)dE- 


VH^ 


(12) 


and this energy is received as of frequency v given by (5) Here J^'dv' is the 
‘jpiopci’ intensity of radiation of the nebula reckoned in its own frame, by an 
observer at itself 

The important term in (12) is the factor (1 — F/c)^, which cancels the similar 
factor in the denominator of the expression for the particle-density for the 
simple kinematic model, thereby ensurmg no smgularity at F = c m the 
integral for the total background-brightness 


Note 8 Impossihhty of a discrete distribution of particles in motion 
satisfying the cosmological principle (§ 397 ) 

Consider a set of discrete particle-observers, in three-dimensional space, 
finitely separated We have shown m Chapter II that m one -dimensional 
space it is possible to construct such a system of particle observers satisfymg 
Emstom’s cosmological prmciple, i e such that each describes the system, 
from his own point of view, m the same way We are now gomg to prove that 
it IS impossible to construct such a system m three dimensions t 

It IS sufficient to consider the velocity distribution alone, and it is sufficient 
to consider the case where all the particles have uniform velocities m the 
exporionco of any one of them If possible let such a system exist, and let 
A, B, C bo any three particle observers of the system 'We propose to estab- 
lish a contiadiction 

*1 In preparing this not© I benefited greatly from a conversation with Mr J 
Hodgkinson, Jesus College, Oxford, for whose interest m the matter I am very 
grateful 
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A observes B and O to be moving with certain velocities in his experience 
Hence O sees B to be movmg, in O’s experience, with a velocity that can be 
calculated by transforming H’s velocity from ^’s description, of it to O's 
Since the descriptions of the whole system from A, and O are to be identical, 
A must see a particle movmg with the same velocity in A ’s experience as O sees 
B to bo moving with in G ’s experience Call this the double prime mdicatmg 
that C s description is involved Similarly, smce O sees A to be movmg with 
some velocity in <7 s experience, B must see some paiticle movmg with the 

^ same velocity m his experience Call 
this particle A o, the single prime mdi- 
catmg that a description by B is m- 
volved This paiticle must be seen 
somewhere by A 
Thus A should see — 

( 1 ) a particle Bq movmg in his (A ’s ) 
expeiience with the velocity with 
which C sees B movmg, 

(2) a particle A'c movmg with the 
velocity in H’s experience with which 
G sees A moving 

In Hewtonian time and space, Bq 

Pia 21 Positions of equivalent particles m coincide in velocity, as is 

a discrete distribution in three dimensions ^ eadily established When we use the 

appropriate relations between the 
times and spaces of the different observers given by the theory of relativity, 
the velocity of A Jr as judged by A should agree witli the velocity of Bq as 
judged by A, if a discrete system m three dimensions satisfying the cosmological 
pimciple IS possible 

Take axes of reference such that m A’s experience — 

A has the velocity (0, 0, 0) or say w, 

B has the velocity (u-^, 0, 0) or say u, 

G has the velocity {Vi, 0) or say v 

The law of transformation of velocities fiom A’s experience to the 
experience of an arbitrary particle-observer O' moving with the arbitrary 
vector -velocity V is given by the followmg formula Let v be the velocity of 
a particle P in A’s experience, V the velocity of the same particle m 0'\ 
experience Then 



^ “ l-(v V)/c2 

(This IS readily verified to reduce to Emstein’s addition-foimulae for velocities 
when V is taken to be (F, 0, 0) ) 

Hence G describes B as possessing m O’s experience the velocity u" or 
{ul, Wg, where 

u ______ 

(Verification n" u— v for c ^ cx) ) 
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Further, since A describes 0 as moving with the velocity v m A ’s experience, 
C describes A as movmg with the velocity w" = — v m O’s experience Hence 
B sees a particle movmg with the velocity — v in H ’s experience This velocity 
IS described by A as — v^, where (smce A has velocity — u m H’s experience) 


= 




1_{(_U) (-v)}/c^ 

(Verification — -v+u for c^(jo) If the cosmological prmcij)le is 

satisfied, u" must be equal to —v^ This requires 


U( 1 — uVc2)i - V+ ^ [1 - (1 — yYc^)i]V 


= U-V{l-M2/c2)i ^[l-(l-wVc2)i]U 


( 1 ) 


The vector condition (1) is equivalent to three scalar conditions 
Multiply ( 1 ) vectorially by v Then 

u V. 

u A V = 0 


(u A v)(l— yVe“)i = (u A V)-^[1-(1-M7c2)i](u A v) 
Hence either 


or 


or 


(2) 

(l-«Vc2)J = l_]^[l_(l_M7c7i] (3) 

Multiply (1) vootorially by u Then, by a similar argument, either (2) holds 




Equations (3) and (4) may be regarded as a pair of simultaneous linear 
equations m (1 — and (1 Solving them we find at once 

(l-'yVc2)i = (l_uVc2)^ 


(5) 


provided 




1 e provided u^v^— (u v)^ ^ 0, 

1 e provided (u A v)^ 0, 

which IS violated only if (2) holds Hence if (2) does not hold, (5) gives 

lu| = [vj. 

Call tho common value of this modulus V Then (1) gives 
u( 1 - FVc“)i - V + [1 _ (1 - FVe^Wv 

=. u- v(l-FVc=‘)i-^^[l-(l-FVo7i]u 

Multiply (6) scalarly by v, and put u v = a: Then 
x{ 1 - FVe^S- - F^ +*[1 - ( 1 - F7c2)i] 

= a: - F2( 1 - FVe^i - [1 _ ( 1 - F^/c^i], 


( 6 ) 


whence 
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Hence 

or F^ = (u v)2, 

in which [ill = |v[ = F This requires either u==v orxi = v Hence 
u A Y == 0, or u IS parallel to y Hence in A’s experience B is moYing paiallel 
to (7 For the cosmological principle to he satisfied, B and (7 must accordmgly 
be collmear with A, and we aie driven back to the one dimensional universe 
of Chapter II 

It follows that a discrete system of uniformly movmg particle- observers in 
three dimensions satisfying the cosmological prmciple cannot exist, Small 
discrepancies must exist between the different dcsciiptions of tho system as 
seen from the different members of it, of the order of the ratio of the square 
of the occurrmg velocities to the square of the velocity of light. We have 
seen (§§ 600, 601) the overwhelmmg importance of umforomty of velocity of 
fundamental particles, for this ultimately ensures neither creation nor annihila- 
tion of matter, withm the experience of an observei , near tho expandmg frontier - 
It IS not therefore necessary to attempt to generalize the calculation for rela- 
tively accelerated fundamental particles, and many case it is highly improbable 
that a discrete distribution satisfying the cosmological prmciple would exist 
in this case when it does not exist in the case of unifoim relative velocity 

It now follows that departures from exact identity of description of the 
system from the different members must be accompanied by what would b© 
called, in a dynamical mode of description, residual fields These will be 
resolvable mto residual relative accelerations, tidal couples, and other couples, 
which m turn will ‘cause’ departures from the strictly spherical symmetry of 
the sub systems associated with the fundamental particles These will b© 
apparent as relative ‘proper motions’ of their nuclei, the commg mto existence 
of a preferential axis defnmg an axis of rotation and a plane of equatorial 
fiattemng, and other tidal effects. It will remam for the future to investigate 
what IS the mmimal extent of departures from satisfaction of the cosmological 
prmciple by a discrete system, and to see whether the unavoidable departures 
are accompanied by rotation, the formation of spiral arms m the manner 
oiigmally suggested by Jeans, and other regularities It may be observed that 
the whole ‘rest of the universe’ is mvolved Thus wq may well piovisionally 
attribute spiral arms to the tidal effect on a rotating system of the whole of tho 
‘rest of the universe’, m accordance with Jeans’s views Our statistical analysis, 
as explamed m the text, deals only with averages, from which all local dis- 
tortions and deviations cancel out, hence the average spherical symmetry of 
a sub-system m the general theory 
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